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PREFACE 


T HE present work is a companion book to my Dynamics of a 
Particle and of Rigid Bodies. It is meant to cover the 
usual course of Statics for Students who arc reading for 
a Degree in Science or Engineering, and for Junior Students 

for Mathematical Honours. 

The book starts with the elementary Principles of the 
subject, but a Student would profit more by its use it he had 
previously read some elementary work, such as my Elements 
of Statics. A knowledge of the ordinary processes of the 
Differential and Integral Calculus is assumed, and also, in 
some articles, of the notions of Solid Oeometry. 

It will be evident that, in a book of this size, many parts 
of the subject must be quite untouched, but. I have some hopes 
that, within the limits I have set to myself, the book is fairly 

complete. 

The number of examples is large, and is intended to be 
useful for Students of very varying capacity. I have verified 
most of the questions, and hope that the number of important 

errors will l)c found to bt* sinsill* 

For any corrections, or suggestions for improvement, 1 shall 

be grateful. 
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Royal Holloway College, 

Enolkfihld Ghkkn, Sukkkv. 
January 2d, Hi 12. 
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STATICS 


CHAPTER I 


INTRODUCTION. COMPOSITION AND RESOLUTION 


OF FORCES ACTING AT ONE POINT 

TZZ ;ri W x * - '- l - T ** f c»»_k; '•*>•/ /«0 

j A Body is a portion of matter limited in every direction. 

Force is anything which changes, or tends to change, the 

state of rest, or uniform mofion/oT a body. 

A body is said to be at rest when it does not change its 

position with respect to surrounding objects. 

Statics is the science which treats ot the action of forces 
on bodies, the forces being so arranged that the bodies arc 

at rest. 

The science which treats of the action of force on bodies in 
motion is called Dynamics. 

2 A Particle is a portion of matter which is indefinitely 
small in size, or which, for the purpose of our investigations is 
so small that the distances between its different parts may b<* 

neglected. . , , 

A body may be regarded as an indefinitely large number 

of indefinitely small portions, or as a conglomeration of particles. 

A Rioid Body is a body whose parts always preserve an 

invariable position with respect to one another. 

This conception, like that of a particle, is idea*isti<* 
nature no body is perfectly rigid. Every body yields, per baps -. 

only very slightly, if force be applied to it. It a rod made of 
wood, have one end firmly fixed and the other end be pulled, 
the wood stretches slightly; if the rod be made ot non the 

deformation is very much less, «-•' *<»-* f- 

To simplify our enquiry we shall assume unless it be 

otherwise stated, that all the bodies with which we have to 
deal are perfectly rigid. 


Ill (N * 

At ■% Ct*J < 


L. 8. 
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Statics 


3. Equal Forces. Two forces are said to be equal when, 

if they act on a particle in opposite directions, the particle 
remains at rest. * ** t.v. 

4. Mass. The mass of a body is the quantity of matter 
in the body. The unit of mass used in England is a pound 
and is defined to be the mass of a certain piece of platinum 
kept in the Exchequer Office. 

In France, and other foreign countries, the theoretical unit 
of mass used is a gramme, which is equal to about 15432 
grains. The practical unit is a kilogramme (1000 grammes), 
which is equal to about 2 2040 lbs. 

Weight. The idea of weight is one with which everyone 
is familiar. We all know that a certain amount of exertion is 
required to prevent any body from falling to the ground. The 
earth attracts every body to itself with a force which is called 
the weight of the body. 

5. Measurement of force. We shall choose, as our unit of 
force in Statics, the weight of one pound. The unit of force is 
therefore* equal to the force which would just support a mass of 
one pound when hanging freely. 

It is found in Dynamics that the weight of one pound is 
not quite the mine at different points of the earth’s surface. 
In Statics, however, we shall not have to compare forces at 
different points of the earth’s surface, so that this variation in 
the weight of a pound is of no practical importance; we shall 
therefore neglect this variation and assume the weight of 
a pound to be constant. 

„ In practice the expression “weight of one pound” is, in 
Statics, often shortened into “one pound.” The student will 
therefore understand that “a force of 10 lbs.” means “a force 
equal to the weight of 10 lbs.” 

6. Forces represented by straight lines. A force will be 

emnpleu.lv known when we .know (i) itsmagnitude, (ii) its 

bred,on am (...) ,ts pomt of appliBStt^Vrthe point of the 
bouj at which the torcu acts. 

Hence we can conveniently represent a force by a straight 

line drawn throng, its point of application; for a straight line 
has both magnitude and direction. 


Forces 


3 


supported by means 

C 


e 


7. Subdivisions of Force. There are three different forms 
under which a force may appear when applied to a mass, viz. 
as (i) an attraction, (ii) a tension, and (iii) a reaction. 

8. Attraction. Ail attraction is a force exerted by one 
body on another without the intervention of any visible in- f 
strument and without the bodies being necessarily in contact,^ 
The most common example is the attraction which the earth 
has for every body; this attraction is (Art. 4) called its weight. 

9. Tension. If we tie one end of a string to any point of 
a body and pull at the other end of the string, we exert a force 
on the body; such a force, exerted by means of a string or rod, 
is called a tension. 

If the string be light [i.e. one whose weight is so small that p ^ 
it may be neglected] the force exerted by the string is the same 

throughout its length. 

For example, if a weight W be 
of a light string passing over the smooth 
edge of a table, it is found that the same 
force must be applied to the string 
whatever be the point, A, B, or C, of 
the string at which the force is applied. 

Now the force at A required to 
support the weight is the same in each case; hence it is clear 
that the effect at A is the same whatever be the point of the 
string to which the tension is applied, and that the tension of 

the string is therefore the same throughout its length. 

Again, if the weight W be supported by a light string 

passing round a smooth peg A, it is found 
that the same force must be exerted at the 
other end of the string whatever be the 
direction (AB, AC, or AD) in which the 
string is pulled and that this force is equal 
to the weight W. 

[These forces may be measured by 
attaching the free end of the string to 

a spring balance.] . 

Hence the tension of a light siring passing round a smooth 

peg is the same throughout its length. ^ 


w 
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If two or more strings be knotted together the tensions are 
not necessarily the same in each string. 

10. Reaction . If one body lean, or be pressed, against 
another body, each body experiences a force at the point of 
contact; such a force is called a reaction. 

The force, or action, that one body exerts on a second body 
is equal and opposite to the force, or reaction, that the second 
body exerts on the first. 

This statement will be found to be included in Newton’s 
Third Law of Motion. 


* • r *<X 


11. Tensions of Elastic Strings. All strings are ex¬ 
tensible, although the extensibility is in many cases extremely 
small, and practically negligible. When the extensibility of the 
string cannot be neglected, there is a simple experimental law 
connecting the tension of the string with the amount of exten¬ 
sion of the string. It may be expressed in the form 

The tension of an elastic string varies as the tension of the 
string beyond its natural length. 

Suppose a string to he naturally of length one foot; its tension, when 
the length is 13 inches, will be to its tension, when of length 15 inches, ns 

13 — 12 : 15 - 12, i.e. jis 1 : 3. 


This law may he verified e.\]>eri men tally thus ; tike a spiral spring, or 
an india-rubber band. Attach one end A to a fixed point and at the other 
end li attach weights, and observe the amount of the extensions produced 
by the weights. These extensions will be found to be approximately 
proportional to the weights. The amount of the weights used must 
defend on the strength of the spring or of the rubber band ; the heaviest 
must not t>e largo enough to injure or permanently deform the spring or 


The above law was published in the year 1G7(> by Hooke 
( A.n. 1035—1703), and enunciated by him in the form Ut tensio, 
sic vis. I* rom it we easily obtain a formula giving us the 
tension in any case. Let a be the unstretched length of a string, 
and T its tension when it is stretched to be of length a.\ ThJ 
extension is now - a, and the law states that T ac a — a 


r l his is generally expressed in the form T=\.~ _ 

r l he quantity \ depends only on the thickness of the string 
and on the material of which it is made, and is called the 


Elastic Strings 


Modulus of Elasticity of the String. It is equal to the ^>1 e 
which would stretch the string, if placed on a smooth horizontal^ 
table, to twice its natural length ; for, when * = 2a, we have the 
tension = X. No elastic string will however bear an unlimited 
stretching; when the string, through being stretched, w on the 
point of breaking, its tension then is called the breaking tension. 

Hookes Law holds also for steel and other bars, but the 
extensions for which it is true in these cases are «tremel> 
small We cannot stretch a bar to twice its natm.il Icn , 
but X will be 100 times the force which will extend the bar 


by T ^jth of its natural length. For it a.- a 


100 ’ 


then 


T = 


100 ' 


The value of T will depend also on the thickness of tlic tor 

and the bar is usually taken as one square inch f , . 

the modulus of elasticity of a steel bar is about 13o00 tons pi 

square inch. 


12 Equilibrium. When two or more forces act upon a 
body and are so arranged that the body remains at rest, 

forces are said to be in equilibrium. bo(ly wo 

We shall assume that it at any point ot a g 
am.lv two equal and opposite forces, they wall have no effect on 

theequTh briu m of the body; similarly, that it at ; 

body two equal and opposite forces are acting they mu> 

removed. 


he rigidly connected -with the body. 


MM 


A 
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Let a force F act at a point A of a body in a direction 
AX. Take any point B in AX and at B introduce two equal 
and opposite forces, each equal to F, acting in the directions BA 
and BX ; these will have no effect on the equilibrium of the 

The forces F acting at A in the direction AB, and F at B in 
the direction BA, are equal and opposite; we shall assume that 
they neutralise one another and hence that they may be removed. 
We have thus left the force F at B acting in the direction 
BX and its effect is the same as that of the original force F at 
A. The internal forces in the above body would be different 
according as the force F is supposed applied at A or B. 



14 Smooth bodies. If we place a piece of smooth polished 
wood, having a plane face, upon a table whose top is made as 
smooth as possible we shall find that, if we attempt to move 
the block along the surface of the table, some resistance is 
experienced. I here is always some force, however small, be¬ 
tween the wood and the surface of the table. If the bodies 
were perfectly smooth there would be no force, parallel to the 
surface* of the table, between the block and the table; the only 
force between them would be perpendicular to the table. 

When two bodies, which are in contact, are perfectly smooth 
the force, or reaction, between them is perpendicular to their 
common tangent plane at the point of contact. 

In the case of an ordinary curved surface this direction is 
therefore along the normal to the surface at the point of contact, 
whose direction is definite. 

If one of the bodies be in the shape of a thin wire, or edge, 
then at any point V there are an infinite number of lines per¬ 
pendicular to us surface; for any line through P in a plane 
perpendicular to the tangent line at P satisfies this condition; 
but, if we have two edges in contact, the common perpendicular 
is a definite direction. For it must be perpendicular to each 
Of the two edges and therefore to the plane passing through 
thern, i.e. its direction is that normal to the plane through the 
t wo edges which passes through their point of contact. “ 



Composition of Forces 7 

Composition and Resolution of Forces ^ 

' ~ 15 Suppose a flat piece of wood is resting on a smooth**' 
table and that it is pulled by means of three strings attached 
to three of its corners, the forces exerted by the strings being 
horizontal; if the tensions of the strings be so adjusted that the 
wood remains at rest it follows that the three forces are m equi¬ 
librium. , 

Hence two of the forces must together exert a force equal 

and opposite to the third. This force, equal and opposite to the 
third, is called the resultant of the first t wo. 

Resultant. Def. If two or more forces P, Q, S ... act upon 
a maid body and if a single force , R, can be found whose effect 
upon the body is the same as that of the forces P, Q, - ... this 
single force R is called the resultant of the other forces and the 

forces P,Q,S ... are called the components of R . 

It follows from the definition that if a force be applied to the 
body equal and opposite to the force R, then the forces acting 
on the body will balance and it be m equilibrium : com ersely, 
if the forces acting on a body balance then either of them is 
equal and opposite to the resultant of the others. 

16. If two forces act on a body in the same direction then- 
resultant is clearly equal to their sum ; and if they act on the 
body in opposite directions their resultant is equal to then 
difference and acts in the direction of the greater. 

When two forces act at a point of a rigid bod} m diffcic 
directions their resultant may be obtained by means of t e 

following 

Theorem. Parallelogram of Forces. If two forces, acting 
at a point, be represented in magnitude and direction by t ie 
two sides of a parallelogram drawn from one of its angular 
paints, their resultant is represented both in magnitude an 
direction by the diagonal of the parallelogram passing tlnouj 

that angular point. 

This fundamental theorem of Statics, or rather anothei loin 
of it, vU. the Triangle of Forces (Art. 21), was finst eiiunca ed 
by Steyinus of Bruges in the year 1586. Before his turn th 
science ofStatics rested on the Principle of the Level as 

basis. 


c. *•- a o 

F*r 

A •>?»*.«W.R 

., CA.f 
o 

oc 


(H- *ft . .. 


V 


*;h\^ 


fcv.^c, ^ -f *fc #•*■.•'—m* •"■ 

r U^» FOA. . . s — A **“3 °*. 1* 

/. oo*. Statics - ** fr ' 




» .. ^ .. .. 

-.v, - 


vl 


•• oc>)^u,cp. 

Oft. p^>. -f»' ? 


oB # 

oc 

*c 4- Co* 
IVit^ OO’ 


V 3. i7. “ 4 fcxperi’3ental Proof. Take three light strings and 
knot an end of each together at a point 0. Let two of the 


rs~- 


strings pass over light pulleys free to turn in any manner which 
are attached to fixed supports, and at the other ends of these 
strings let there be attached weights equal to P and Q lbs. 
respectively. To the end of the third string let there be 
attached a weight R lbs. and let this string hang vertically 
and freely. Then provided that neither of these three weights 
is greater than the sum of the other two, the system will take 
up some position of equilibrium. In this position of equili¬ 
brium mark oft* lengths OA, OB, OC along the three strings 
proportional to P, Q, and R respectively and complete the 
parallelogram OADB ; then it will be found that OC will be 
equal and opposite to OD. But since P, Q, and R balance 
therefore R must be equal and opposite to the resultant of P 
and Q, i.e. OD must represent the resultant of forces which are 
represented by OA and OB. 

The pulleys and weights of the foregoing experiment may 
be replaced by three Salter’s Spring Balances. Each of these 
balances shews, by a pointer which travels up and down a 
graduated face, what force is applied to the hook at its end. 

Three light strings are knotted at 0 and attached to the 
ends of the spring balances. The three balances are then drawn 
out to shew any convenient tensions, and are laid on a hori¬ 
zontal table and fixed to it by any convenient hooks or nails. 
1 he readings of the balances then give the tensions P, Q, R of 
the three strings. Just as in the preceding experiment we 
then verify the truth of the parallelogram of forces. 


Dynamical Proof. A proof may also be deduced from 
the Parallelogram of Accelerations and Newton’s Laws of 
Motion. 

It a particle, of mass m, have accelerations f and f 2 repre- 
sented_both in magnitude and direction by the straight lines 
IU_rmd_0/L its resultant acceleration, /„ is represented by the 
diagonal OC of the parallelogram OACB. 

Since the particle has an acceleration f in the direction OA 
there must be a force P(= mf x ) in that direction and similarly 
a force Q(= mf 2 ) in the direction OB. Let 0A lt 0B t represent 
these forces. in magnitude and direction. 
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p »<— > «*- 



> > 0— 



0 8 ( 0 — 


Then 


oc. 

Parallelogram of Forces 

OA t _P_fx sm OA 
OB, Q f t OB • 


Complete the parallelogram OA,C,B,; then by simple 
geometry, we see that 0, C. C, are in a straight line, and 

OC, _ OA, 

OC ~ OA ' 

Hence OC, represents the force which produces the accelera¬ 
tion represented by OC, and hence it is the Joree w »c • a 
equivalent to the forces represented by OA, and OB,. 

J 18 The magnitude and direction of the resultant R of 
t£ forces P and <2 acting at an angle a ™ay be -sdy obtained; 
For let OA and OB represent the for ces P and Q a g 

angle a. Complete the parallelogram ami 

perpendicular to OA, produced it necessaiy. 

. j n T> i (j COS 0 7) = ^ ^ 

Then OD — OA +ACca*J)AC=*l + ucosxm/j 

rif fall between (1 and d, as in the second figure, we have 

0 n_ Od - , 10 cos DAO-P-Q «.(>» ->“ />+ ^ - 1 




Also DC=AC sin i)dC = Q sin a. 

... = 00» = 0D‘ + CB' = /* + <? + 2PQ cos a .(i). 

DC Q sin a .(ii). 

and bin COD - oJ j p + Q cos a 

These two equations give the required magnitude and 
direction of the resultant. 


Cor. 


If the forces be at right angles, we have «. »<> > 80 tlmt 


It = Jp l + (p, a»d tan CO A = y. 






10 


Statics 


19. A force may be resolved into two components in an 
infinite number of waj’s; for an infinite number of parallelograms 
can be constructed having OC as a diagonal and each of these 
parallelograms would give a pair of such components. 

The most important case occurs when we resolve a force into 
two components at right angles to one another. 

Suppose we wish to resolve a force F, represented by OC, 
into two components, one of which is in the direction OA and 
the other is perpendicular to OA. 

Draw CM peqiendicular to OA and complete the parallelo¬ 
gram OMCN. The forces represented by OM and ON are the 
required components. 

Let the angle A OC be a. 




Then OM = OC cos a = F cos a, and UN = OC sin a = F sin a. 


[If the point M lie in OA produced backwards, u.s in the second figure, 
the component of /-’in the direction OA 

= - OM = - OC cos < '0.1/--= OC cos a = /’cos n. 

Also the component perpendicular to 0.1 = O.V= .1/0= OOsiu 00J/= /’sin a.] 


Hence, in each case, the required components are 

F cos a and F sin or. 

Ihe R e so l yef j[_ Par t ot a given force in a given direction is 

tho component in th<- given direction which, with a component 

m a direction perpendicular to the given direction, is equivalent 
to the given force. 

Thus the resolved part of the force F in the direction OA is 
/ cos a. Hence the Resolved Fart of a given force in a given 
( nei tion is obtained bg multiplying the given force by the cosine 
of the angle between the aiven force and the given direction. 
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20. A force may be resolved into two components in any two assigned 

the components of a force F, represented by OC, in the directions 

OA and OB be recjuired and let the 
angles A 0C and COB be a and & re- 
spectively. 

Draw CM parallel to OB to meet 
OA in M and complete the parallelo¬ 
gram OMCN. Then OM and OX are - - M A 

the ^Thl C sidro n ;t trian g le OMC are proportional to the sines of the 
opposite angles, we have 

OM F 

sin (i sin « sin(a + £) 



„ sin ft iw , r “ 

Hence the required components are /• sin („+£) -sin (« + /*)' 

The student must carefully notice that the ^ 

OA is, by Art. 19, Fcos a. 


Sill rt 


(p* 


.A 


21 Triangle of Forces. Iftliree forces, acting at a point be 

represented in magnitude and direction by the sides of a triangle, 

taken in order, they will be in eipuhbruun. 

Let the forces 1>, Q, and li actmg at the po tO ^ 

renresented in magnitude and direction by the sides cl , 
represent b fYimnlete the parallelogram 

BC, and CA of the triangle ABC. Complete me A * 

A BCD. 




. a u.r Tifl -imI AD are the same, since 
The forces represented by BC aim ^ 

BC and AD are equal and parallel. 

Now the resultant of the forces AB and AD is, > 

n a «i,ui iu therefore zero. .... 

Hence- the three forces P, Q, and R arc ... equilibrium. 

Cor Since forces, acting at a point and represented by 
AB BC, and CA, arc in equilibrium, and since, when three 
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forces are in equilibrium, each is equal and opposite to the 
resultant of the other two, it follows that the resultant of AB 
and BG is equal and opposite to GA, i.e. their resultant is 
represented by AG. 

Hence the resultant of two forces, acting at a point and 
represented by the sides AB and BG of a triangle, is represented 
by the third side A G. 


22. The converse of the Triangle of Forces is also true, 
viz. that If three forces P, Q, and R acting at a point 0 be in 
equilibrium they can be represented in magnitude and direction 
by the sides of any triangle which is drawn so as to have its 
sides respectively pa rati el *73 the directions of the forces. 

Measure off lengths OL and OM along the directions of 
P and Q to represent these forces 
respectively. Complete the paral¬ 
lelogram OLNM and join ON. 

Since the three forces P, Q, 


be equal and opposite to the 
resultant of P and Q, and must 
therefore be represented by NO. 

Hence the three forces P, Q, and R are parallel and proportional 
to the sides OL, LN, and NO of the triangle OLN. 

Any other triangle, whose sides are parallel to those of the 
triangle OLN, will have its sides proportional to those of OLN 
and therefore proportional to the forces. 

Again, any triangle, whose sides are respectively perpen¬ 
dicular to those of the triangle OLN, will have its sides 
proportional to the sides of OLN and therefore proportional 
to the forces. 


and R are in equilibrium, li must 



Hence we have an easy graphic method of determining 
the relative directions of three forces which are in equilibrium 
and whose magnitudes are known. We have to construct 
a triangle whose sides are proportional to the forces, and this 
can always be done unless two of the forces added together arc 
less than the third. 


23. Lami’s Theorem. If three forces acting on a particle 
keep it in equilibrium , each is proportional to the sine of the 
angle between the other two. 




Polygon of Forces 


13 


For, in the previous article, since the sides of the triangle 
OLN are proportional to the sines of the opposite angles, 

wehave OL LN_ -VO 

sin LNO sin LON sin OLN' 

P __ _9_. 

sin QOtf sin HOP sin POQ 

24 Polygon of Forces. If any number of forces ; acting 
„„ particle be represented, in magnitude and MrecUom by 
TnTTkT^a polygon, taken in order, the .forces shall be ,n 

equilibrium. E 


.v 

,'mLI. I*?) 

V « 

3 S 0 » V OV 


/ • 




A 


5 "«-T 2 ?= S 

Id £/? by A If and the resultant of forces AE and 

* HL «. -•“ ;• rut"”: 

of Fanil FA, t.e. the resultant vanishes,« 

equilibrium. ... . whatever be the 

A similar method of ^ that the 

X bC of t ftl 

/lZf and draw yl F parallel to / wra llel to those of the polygon 

A'BCDEF' has Its sides resj > \ , t pr o,H)rtionul. 

ABCDEF but the corresponding sides are 
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s.rwvf5^a$*- 

25. The resultant of two forces, acting at a point U m direc¬ 
tions OA and OB and represented in magnitude by X. OA and . 
/ j . . OB, is represented by (X + /x). 00, whei'e G is a point in AB 
such that X . CA = fx . CB. 

For by the corollary to Art. 21, the force X. OA is equivalent 
to forces represented by X . 00 and X . CA, and the force /x . OB 
to forces /x. 00 and /x . CB. 

Hence the given forces are together equivalent to forces 
(\ + n).OC together with forces X.CLi and /x.CB. Also the 
two latter balance. 

Cor. The resultant of forces represented by OA and OB is 
2 00, where O is the middle point of AB. This is also clear 
from the fact that 00 is half the diagonal OD of the parallelo¬ 
gram of which OA and OB are adjacent sides. 



EXAMPLES 

1. Shew that the system of forces represented by the lines joining 
any point to the angular points of a triangle is equivalent to the system 
represented by straight lines drawn from the same point to the middle 
points of the sides of the triangle. 


2. Find a point within a quadrilateral such that, if it be acted on by 
forces represented by straight lines joining it to the angular points of the 
quadrilateral, it will be in equilibrium. p*»- •* »•■***. 



.A.r prr*f. 


- 3. Four forces act along and are proportional to the sides of the 
quadrilateral A BCD ; three act in the directions AB , BC, and CD and the 
fourth acts from A to D ; find the magnitude and direction of their 
resultant, and determine the point in which it meets CD. 

4. The sides BC and DA of a quadrilateral A BCD arc bisected in /’ - 
and II respectively ; shew that if two forces parallel and equal to AB and 
DC act on a particle, then the resultant is_parallel to IIF and equal to 
'2.1/F. { A ‘_ ' * • r* 

pi •• , »h , h' J ** *■ sz • /.mm* 



5. The sides AB, BC, CD, and DA of a quadrilateral A BCD arc 
bisected at E, (j, and II respectively - Shew that the resultant of the 
forces acting at point, which are represented in magnitude and direction 
by EG and IIF, is represented in magnitude and direction by AC. 




v at •-' *■ _ 

A r 

,, /%} 

- 


6. From a point P, within a circle whose centre is fixed, straight 
v lines PA j, PA-,, PA 3 , and PA , are drawn to meet the circumference, all 
being equally iucliued to the radius through P ; shew that, if these lines 
represent forces radiating from P, their resultant is independent of the 
magnitude of the radius of the circle. 

T-*a. =" r *e B I tr. /, SN tW 0 


’O 

kn* n- 


J*N 


’ Nf 1 




Fc* 

nl4 


* 

f* •» “ H 




X S 


Ml 

<<4 -t f 


rc- 


?) 




Parallelopipcd of Forces 


15 


7. Two constant equal forces act at the centre C of an 
tn SP ind PH where P is any point on the ellipse and * and // are th 
tff XeVlt the end JL straight line which presents the.r^ 

resultant lies on a circle which passes through C. L fju** 

8 Explain how a vessel is enabled to sail in a direction nearly 

opposite^ that of the wind. If its ^ 

3 hew that it should he set so -to b,sect the ^ t „ t w 


shew that it should he set so as to Insect rue aug.c «■ - 
th^wnrrenfdirection of the wind harder that_the force 

vessel on may be as great as possiWe. . eU> 

-| -A f ' •^ k *'**‘ 




fr-* qr 



- - j - ° U)A# (kv C(4> . 

26*' Parallelopiped of Forces. Th.ee force. acting «t 
a point 0 and represented by straight lmes OA, OB OC a 
equivalent to a force representedl by OD. the d.agonal o. the 

1 For the two forces OA, OB are equivalent to a force OE, 

where OA EB is a parallelogram. 

Also forces OE, OC are equiva¬ 
lent to a force OD, since OEDC 
is a parallelogram. 

If_ the parallelopiped is 
rectangular* so that OA, OB, 

(jC may be taken to be along 
rectangular axes of coordinates, 
and if the forces OA, OB, OC 
be X, Y, and Z, their resultant 
if - and acts along a line whose direction 

cosines are cos AOD, cos HOD, and cos COD. 

. OA OH OC . X Y Z 

te ' OD’ OD' OD' B B B 

Conversely, a force It acting at the origin 0 along a line 

// u \ has as components along 
whose direction cosines aic(, > > and 1(= „R). 

the axes of coordinates X (- IB), t _. |4M , * .... 

97 The sum of the resolved parts of two forces in a given 

di ,*uoni: i *. ^ * ** r w the 

8 “ 7 'For'iHstasily seen that if OA, OB represent t-c- two force, 
to the projection of OC on the same line. Hence the .esu 
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28. To find the re sultant of any number of forces acting ata_ 
given point 0 , and the conditions that they may be in equilibrium. 

Take any three mutually perpendicular axes Ox, Oy, Oz 
through 0. Let the given forces be Ry acting along a line 
whose direction cosines are (/,, nh, n,), i£» acting along a line 
(l 3 , m, iy n^), etc. 

By Art. 26, R x is equal to the components M*i> nvyKy, n x tti 
along the three axes, and similarly for the other forces. 

If the total components along these axes be X, Y, Z, then 

X — l\Ri + l a Rt ■+■ I 3 R 3 •••> 

Y = iiiyR} + ni ~2 R? + M 3 R 3 + ...» 

Z — n x Ry + HjUj ■}■ n^R^i •••• 

Hence, by Art. 26, the resultant force R = VA* + Y- + Z-, 

(X Y Z\ 

and acts along a line whose direction cosines are f ■• 

If the forces are iiy equilibrium their resultant R must be 
zero,, and thus 

X 9 + F J + Z a = 0. 

.*. X = 0, Y = 0, and Z = 0. 

Hence, if the forces acting at a given point are in equilibrium, 
the algebraic sum of their components in three directions 
mutually at right angles must separately vanish. 

Conversely, if the sum of the components along three such 
directions separately vanish, the forces are in equilibrium. 

If the forces of the previous article are coplanar , we need 
only resolve along two straight lines in their plane. 

When there are only three c oplanar forces acting at a point- 
the conditions of equilibrium are often most easily found by 
Land’s Theorem (Art. 23). 


v 29. Equilibrium of a particle at rest in contact with a smooth 
material curve or surface. 

0) Let the particle be at rest at a point P of the curve whose 
coordinates are (./•, y, 2 ) and let s be the length of the arc OP 
measured from a fixed point O. 

The direction cosines of the tangent to the curve are 

dx dy dz *** 

ds ' ds ’ ds iZ y 

and arc known if the form of the curve is known. 
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Equilibrium on (i Smooth Curve 


Since the curve is smooth, the only action it can exeit on 
the particle is in a direction normal to the curve;, hence the 
resultant force tangential to the curve must vanish. II therefore 
X, Y, Z be the components parallel to the axes ot the forces 

.acting on the particle, we have 


X + Y-/ + Z-- = 0. 
ds ds d s 


If the curve be in one plane. this condition becomes 


X^+Y^ = 0, 

ds ds 


u, x + rg = °. 


If the particle be in contact with a snnToth suHacg f (x,y, z) 0 


at a point P, the resultant force along any tangent line at 1 
must dearly vanish. Hence the resultant force ot the com¬ 
ponents X Y,Z (which acts along a line whose direction cosines 

are proportional to X , Y, Z) must coincide with the non,nil at 

/ 1 rf.'V^ df dt df\ 

P (whose direction cosines are proportional to ^ > dy • j 2 ) * 

V df df df 

dx _ dy _ dz 
Hence we must have ~x ~ ~y ~ Z ' 

Also the normal reaction of the surface must be equal to 


the resultant force X* + Y 1 + 


30. Ex. 1. A bead rests on a smooth wire in the form of the ellipse 
■*! + ^= 1, being acted on by forces X*» parallel to the axes. Find Us 

position o f equilibri um and consider the case when n is unity. 

dx dtf 

The position is given hy X.r" ^ + V'J n ds ' 


i.e. 


dt/ xb 2 

\x n = -*na 


(i), 


from the equation to the ellipse. 


x 


y 


ya 

1 


giving the position of equilibriuni. condition of equili- 

SttX the jJL. wili est at any 

point of the curve. Under forces proportional to ^ 6 , parallel to t ie 
the head will therefore rest anywhere. g 


2 


1 





h. B. 


i 
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Ex. 2. A particle P is acted upon towards two centres at A and B by 


Mi 


forces jp, and B£ ,, 


0 curve whose equation is of the form 
•y-v «_*• 

.e--x <o«.J E ' J >- (r - pc) (r, - = ppicr, 

AI where AP = r, BP=r x and c is any constant. 



>o 


If s be the length of the arc OP measured from any fixed point 0 on the 
arc of the required smooth curve, and PT be the tangent at P } we have by 
resolving the forces along PT, 


$ cos A PT+ ^ cos BPT= 0, 
r 2 r 2 2 


i.c. 


f^dr u l dr 1 _ 
r 2 ds ^ r,* ds 


Hence, by integration, 


- + — 1 = const. = - . 
r r x c 

K c •. -r v- # 

(/• — /*c) (ri - mi< 0 = MMi c3 - 


»*r 

EXAMPLES 


S + ” r 


<*Z 


•JC 


B-t * Z 


■4 * 


X 4 » 


x- roKil 


1. A small bend P can slide on a smooth elliptic wiro ; it is attracted 



towards the foci S and // by forces proportional to SP m and HP 
spcctively ; find tho position of equilibrium. 


re- 


2. A particle P is acted upon by forces ~ and ^ res[>ectivoly towards 


*“> r»**- fc ’**>rr v , . r i r - 

^ c „ two fixed points 0, and 0 2 ; shew that it will rest at any point of a 

„i_, * Art smooth groove whose equation is r.r 3 = constant, where 

0 x P = r x and 0 2 P=r 2 . 


If it be acted on by constant forces P, and P 2 towards the same points, 
tho equation to the corresponding groove would be P x r x + P 2 r, = constant. 


S o 


1 t1, ‘ i*"~ 3. A particle P is acted upon by an attractive force, tht-h towards 

(Jr 






y - *>- a fixed point 0 and a repulsive force, jjrpi* from a fixed point O'. Shew 

* * ^■.v<~'P‘othat the equation of the curve on which Plies, if the attraotioij on it is 
o alwaysjvlo ng the tangent at P, is given by cos 6 —cos &— constant, where 
* A*’. iU1( l ^ are the angles that OP and O'P make with O'O produced. 

M M 


■»» 


>- If the forces be jyp and -jjr-pi show that the curve is given by 

0 — d'=const., so that it is an arc of a circle. 


A — ql I«,* . 


rfc 


«*-0 trili' 


-0 ! 




A-r 

At 


U AS 

if +* 

V 


^ * o . 
o 


^ -r f 


q & i ».i 
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4 A tube in the form of a parabola is placed with its axis vertical 
and vertex downwards, and a heavy particle is placed within it; shew that 
the particle can be kept at rest by a force along an ordinate, and outwards, 
which varies as the ordinate, and that the corresponding reaction of the 
tube varies inv e rooly as the square root of its dista^e from Jhe^focus 

the parabola. — ^ = ~ - ■ t - V ^ .eg* 

5. Shew that the point on the sgioqjh surface - 3 + £ + ^ - l , "here a 

particle would rest if acted on by any fo&c towards the origin, is given by 
^ l 

2L __j? _ £ = £ = . 

ifijzy*. - M 3 6 s C 3 Va*+&*+<* 

- *T 



W 


T 


* *■ w 


VA-S 

vJP 


X 

V4 


6 A framework consisting of eight equal light rods jointed so as to 
have the appearance of half a regular octahedron, is placed with its square 
base on a horizontal plane. When a weight H ,s siypended from the T 
vertex, shew that the stress in the slant rods is \ U J2, and that in the . 

horizontal rods is J H J2- 



7 Twelve equal light rods are smoothly hinged together so as to form - 
a regular octahedron. One corner is fixed and the framework hangs ^ ^ 
freely with equal weights attached to each of the remaining eorne s.,. T , , 

Shew that the tensions in the lower rods, the horizontal rods, and the T ., w , («. 


W 


X - 
* <. 




upper rods arc in the ratios 1:3:5. 


* V~'iWpoles, each 9 feet long, form a tripod from the vertex of 

* ’ . - . ^ .1 . _ 1_.—* /vn «» win */ikilt :ll 1 


,T. 

V 


vn 
v G 


&- - 
TV 


which a weight 1 V is hung ; the feet of the poles rest on a horizontal plane 
rough enough to prevent any sliding, and form a triangle the 1 « n b t,,J \ 
w^rfdea'are 5, 5, and 6 feet; if T u T„ and T, b. .tl-ftm-U «f *• 

r x _ t- o ir 

25 “ l 4- 8 ^4559 ^ ^ a M p ..2 

v s 



poles, shew that 


v n 


r V/ 


** ^ t? (y n ) j 


.cM-r'O 

? >• 


<- r* 

i . - 


f 






1 * 

1 
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CHAPTER II 


PARALLEL FORCES. MOMENTS. COUPLES 

31 To find, the resultant of two parallel forces acting upon 
a rigid body. * r 

Case I. Let the forces be like, i.e. let them act in the same 
direction. 

Let P and Q be the forces acting at points A and B of the 
body, and represented by the lines AL and BM. 

f7:1 fj, an ;‘ 5 <T“> forces, each equal 

to S, and acting m the directions BA and Ali respectively and 

represented by AD and BE. These two forces balance one 

another and have no effect upon the equilibrium of the body. 

Complete the parallelograms ALFD and BAfGE: let the 

diagonals FA and CrB be produced to meet in 0. Draw OC 
parallel to AL to meet AB in C. 

bv JP T°T S t F and S at A have a resultant P > ■ represented 
D y Let its point 


A'Mj ^application be re 
moved to 0. So the 
forces Q and S at B 
have a resultant 

represented by BG. 

Let its point of appli¬ 
cation bo transferred 

to O. 

The force P, at 0 
may be resolved into 
two forces, 8 parallel 
to AD, and P in the 
direction OC. So the 


/ « 

fk 
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= so that P.CA^S.OC 

LF S 


(D- 


Parallel Forces 

force Q, at 0 may be resolved into two forces, S parallel to 
BE, and Q in the direction OC. Hence the original lorces I 
and Q are equivalent to a force (P + Q) acting along 06, i.e. 
acting at C parallel to the original directions ol P and Q. 

By construction, OCA and APP are similar triangles; 

oc 

• • CA 

So, since the triangles OCB and BMG are similar, we have 

Q.CB = S.OC .( 2 >- 

, CA Q 

Hence P.CA=Q.CB, so that m = p> 

i.e. C divides the line AB internally in the inverse ratio of the 
forces. 

S Case II. Let the forces be unlike, i.e. let them act in 
op po,te anection^te^ ^ the tw0 forces . Making the * 

construction as before, the diagonals ^ and BO - ways 

i„ a point 0, unless they are parallel m which case the lorces f 

ftnd As befoTthe original forces P an,. Q are now equivalent to 

a force P-Q acting in the 
direction CO produced, i.e. 
acting at C in a direction 


o 


>s 


parallel to that ot P. 

As in Case I we have 




CA _ Q . 

cB~T>' e ' 


C divides the 



line AB externally in the in¬ 
verse ratio ot the forces. 

To sum up ; If two paral¬ 
lel forces, P and Q,act at points 

the same , s that of the greater component. 
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(ii) the point of application is a point C in AB, such that 

P.AG=Q.BG. 

(iii) the magnitude of the resultant is the sum of the two 
component forces when the forces are like, and the difference of 
the two component forces when they are unlike. 

32. Case of failure of the preceding construction. 

In the second figure of the last article, if the for ces P and Q 
be ec|uaL_thc triangles FDA and GEB are equal in all respects, 
and hence the angles DAF and EBG will be equal. In this 
case the lines AF and GB will be parallel and will not meet in 
any such point as 0 ; hence the construction fails. 

c l *' t Ui Hence there is no single force which is equivalent to two 
equal unlike parallel forces. 


33. If we have a number of lik e parallel forc es acting on a 

ligid body we can find their resultant by successive applications 

of Ai t. 31. We must find the resultant of the first and second, 

and then the resultant of this resultant and the third, and so 

on. The magnitude of the final resultant is the sum of the 
forces. 

If the parallel forces be not all like, the ma gnitude of the 
resultant will be found to be the algebraic sum of the forces 
each with its proper sign prefixed. 


34. Parallel forces P„ P, ... act at points A „ A, ... whose 
coordinates referred to rectangular cues are 


(*i»y»,*i), (* 3 ,y a , z.A, ...; 

to find the point at whivh their r esultant acts whatever be the 
injection s in which the foi'ces net. " 

By Art, 31, the resultant of the forces nt A„ A, cuts A, A, 
at Cr, such that 


-J = G ' A » = ^ ~ OiN , 

P-2 G t A i G } A, — 2 , ’ 

where G, A, is perpendicular to the plane xOg. 

. n \r P\Z\+PzZ 1 
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Centre of Parallel Forces 

The resultant of the force P, + P 2 at G x and P 3 at A 3 cuts 
G X A 3 at G 2> such that 

P, + P, G,A 3 z*-G 9 1\\ 


so that 


GoNn = 


G..G 1 G,N, - GiiV, ’ 

(P t + P,) G X N t + P 3 z 3 P x z x + P,z, + P 3 z s 


P, + P, + P a >1 + ^ + ^3 

and so on, whatever be the number of the forces. 



Hence, finally, Uie ^-coordinate.of the point ot action ot the 
parallel forces is given by 


_ P x z x + P 3 z 2 +... _ $(Pz) 

P. + P.+ ... 2(P") ' 

So the other coord inates of the point o! action are 

l(Pa:) _ 2(P.y) 

X(P) and y “W) • 

This point is called the centre of the System ot Parallel 
Forces. 


EXAMPLES 

1 At the angular points of a square, taken in order, there act parallel 
forces in the ratio 1 : 3 : 5 : 7 ; find the distance from the centre of the 
square of the point at which their resultant acts. 
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2. Ay By C, and D are the angles of a parallelogram taken in order ; 
like parallel forces proportional to 6, 10, 14, and 10 respectively act at 
Ay By Cy and D ; shew that the centre aud resultant of these parallel 
forces remain the same, if, instead of these forces, parallel forces, pro¬ 
portional to 8, 12, 16, and 4, act at the points of bisection of the sides AB, 
BCy CI)y and DA respectively. 

3. Find the centre of parallel forces equal respectively to P, 2 P, 
3P, 4 P, 5 P, and 6/*, the points of application of the forces being at 
distances 1, 2, 3, 4, 5, and 6 inches respectively from a given point A 
measured along a given line AB. 

■ Dc . 4. Three parallel forces, P, Q, and R, act at the vertices A y By and C 
1 ' '"of "a triangle and are proportional respectively to a, 6, c. Shew that their 
^ resultant passes through the in-centre of the triangle. 


Moments 

V 35. Def. The moment of a force about a given point is the 
product of the force and the perpendicular drawn from the given 
point upon the line of action of the force. 

Thus the moment of a force F about a given point 0 is 
Fx ON, where ON is the perpendicular drawn from 0 upon 
the line of action of F. It will be noted that the moment of a 
force F about a given point 0 never vanishes, unless either the 
force vanishes or the force passes through the point about which 
the moment is taken. 

Suppose the force F to be represented in magnitude, 
direction, and line of action by the line AB. 



Join 0A and OB. 

The moment of F about 0 is F x ON, i.e. AB x ON. But 
AB x ON is equal to twice the area of the triangle OAB. 

Hence the moment of the force F about the point 0 is 
represented by twice the area of the triangle whose base is the 
line representing the force and whose vertex is the point about 
which the moment is taken. 



Moment of a Force 
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36. Physical meaning of the moment of a force about a 

^Suppose the body is a plane lamina resting on a 
table and that the point 0 of the body is fixed. 1 »u eftect 
of a force F acting on the body would be to cause it o 
turn about the point 0 as a centre, and this effect would not be 
unless (1) the force f were zero or (2) the ^ F pa-d 
through 0 in which case the distance 0i\ would 
Hence^he product F x OrV would seem to be » W" 
of the tendency of F to. turnjl.e body about 0. 1 his may 

exnerimentaily verified as follows: . 

■^Let the lamina be at rest under the action o» two strings 

whose tensions arc F and F>. which are tied to hxed points 

itJr m i r zi 

forces F and F x , it will be 
found that the product F. ON 
is always equal to the pro¬ 
duct F x .ON x . Hence the 
two forces, F and F lt will 
have equal but opposite ten¬ 
dencies to turn the body 
about 0 if their moments 
about 0 have the same mag- 

These forces F and F, may be measured by .canying the 
-trines over light smooth pulleys and hanging weights at then 
ends sufficienfto give equilibrium; or by tying the strings to 
the hooks of two spring balances and noting the readings 
balances, as in the cases ot Art, 17. 

37 ^PoMive'arid negative ,uo,rent. In Art 30 the force 
F would if it were the only force acting on the lamina, mak 

on the lamina, make it turn in the same 
which the hands of the watch move. 
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The moment of F about 0, i.e. in a direction *), is said to 
be positive, and the moment of F , about 0, i.e. in a diiection^, 
is said to be negative. 

The algebraic sum of the moments of a set of forces about 
a given point is the sum of the moments of the forces, each 
moment having its proper sign prefixed to it. 

v 38. The algebraic sum of the moments of any tw o forces 
about any point 0 in their plane is equal to the mom ent of their 
resultant about the same point. fl : '• A** 

Case I. Let the forces P and Q meet in a point A. 

From 0 draw OC parallel to the direction of P to meet the 

line of action of Q in the point C. 

Let AC represent Q in magnitude and on the same scale 
let AB represent P\ complete the parallelogram ABDC, and 
join OA and OB. Then AD represents the resultant, R, of 

P and Q. 

(a) If 0 be without the angle DAC, as in the first figure, 
we have to shew that 2 A 0 A B + 2 A OA C = 2 A OAD. 

[For the moments of P and Q about 0 arc in the same direction.] 



Since AB and OD are parallel, A 0AB= A DAB = A A CD. 

.-. 2A0AB+ 2A0AC = '2AACD + 2 A OA C = 2 A OAD. 

(#) If 0 be within the angle CAD, as in the second figure, 
we have to shew that 2 A AOB — 2A/1 OC = 2A AOD. 

[For the moments of P and Q about O are in opposite directions.] 

As in (a), we have A AOB = A DAB = A A CD. 
hence 2 A A OB - 2 A A OC = 2 A A CD - 2 A OA C = 2 A OA D. 

Case tl. Let the forces P and Q be parallel. 

From Q draw OACB perpendicular to the forces and their 
resultant -f Q) to meet them in A, B, and C respec¬ 

tively. v 




Moments 
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By Art. 31 we have P. AC = Q.CB .( 1 >• 

Hence the sum of the moments of P and Q about 0 
= Q.OB + P. OA = Q(OC+CB) + P(OC-AC) 

— (P + Q ). 00, by equation (1), 

= moment of the resultant about 0. 

The case when the point has any other position, as also the 
case when the forces have opposite parallel directions, are left 
for the student to prove for himself. 

39 If the point 0 about which the moments are taken 
lie on the resultant, the moment of the resultant about the 
point vanishes. In this case the algebraic sum of the moments 
of the component forces about the given point vanishes re 
The moment of two forces about any point on the hue of 
nf their resultant a re equal and of opposite sign. 

^40 Generalised^theorem of moments. If aiiy number 

, , o* P O R S in one plane acting on a rigid bodg haie 

f^utnt'.the aiyelnaic su m of their moments «*£»»* point 
0 in their plane is equal to the moment of the i rj es i dtai 

Let P, be the resultant of P and Q, 

P. t the resultant of Pt and R, 

P 3 tlie resultant of P-j and 6, 

and so on till the final --.tant is obtmnec. moments of 

Then the moment of 1 j about, u 

P and Q (Art. 38); moments of 

Also the moment of P, about U xun 

P, and R = sum of the moments of 1 , Q, and it. 

So the moment of Ps about 0 

= sum of the moments of P* and S 
= sum of the moments of P, Q . B, and S, 

and so on until all the forces have been taken. 

Hence the moment of the final resultan 
= algebraic sum of the moments of the component force. 

«. „ Mr.. 

sum of the moments of any nu conversely, it 

the line of action of them resultant is zcio, , 
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the algebraic sum of the moments of any number of forces 
about any point in their plane vanishes, then, either their 
resultant is zero (in which case the forces are in equilibrium), 
or the resultant passes through the point about which the 

moments are taken. . 

We can thus find points on ilie line of__action of_til£- 

resultant of a system of forces. For we have only to find 
a point about which the algebraic sum of the moments of 
the system of forces vanishes, and then the resultant must 

pass through that point. 

If we have a system of par allel forces the resultant is known 
both in magnitude and direction when one such point is known. 


V Ex. Forces equal to ZP, 7 P, and f »P act along the sides AB, BC, and 
CA of an equilateral triangle ABC; find the magnitude, direction, and 
line of action of the resultant. 

Let the side of the triangle be a, and let the resultant force meet 
the side BC in Q. Then the sum of 
the moments of the forces about Q vanish. 

. •. -IPx(QC+ a) sin 60° = 5/’x <fC sin 60°. 

• 


A/' 


• • 



/ \ 


VoP 


The sum of the components of the forces 
perpendicular to BC 


7 P C, 


-* Q 


= :>P sin G0 J — 37* sin OCT = P JZ. 


Also the sum of the components, in the direction_5C 

= 7 P- 5 P cos GO 3 - 3 P cos GO' = 3 P. 

'3 

Hence the resultant is P inclined at an angle tan -1 ^-, i.e. 30°, 
to BC and passing through Q where L'Q='iBC. 


EXAMPLES 

V 1. Forces proportional to AB, BC, and 2(7.1 act along the sides of 
a . '•iangle .1 BC taken in order ; shew that the resultant is represented 
in » agnitude and direction by (7.1 and that its line of action meets Zf(7-at 
a pi nt A' where CX is equal to BC. 

•> A BC is a triangle and D, E, and F are the middlo points of the 
sides • forces represented by AD, r, BE, and A OF act on a particle at the 
point where AD and BE meet; shew that the resultant is represented in 
magnitude and direction by A-1(7 and that its line of action divides BC 
in the rartlo 2:1. 
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3 Three forces act along the sides of a triangle ; shew that, if the 
8 « m oft of the forces be equal in magnitude but 
the third force, the,, the resultant of the three forces t^es through 

centre of the inscribed circle of the tr,angle. 


4 The wire passing round a telegraph pole is horizontal and the two 
4v/3 times that «>f the telegraph wire. 



! e eA~iT.fi -? i 


; rir;.;... «-•—-*™ **— 

the pillar overturn ? 

, The n,a g nitu£of a force 

two given points A and /A ^ *,*. " 171^'/““ 

(•faction. ° * *t r 


*6 w . cv u^tKJ 




fcv w» x**- , 

7. Find the loots of all points m a pl^suchES 

in magnitude and position shalMiJU J ^ <rC - l 

round any one of these points. 

. • /{/> BO are chords at rignt 

angles * mm w^the ™.u»,.U of forces represented by 

/J/> and JBC? about A are equal. 


* \ 


ft »u BQ about A are equal 

how does the pressure on his shoulder change 

10. A cyclist, whose weight UU» ‘^Hhe' 

pedal of his bicycle wli thc lellgt h of the crank is 6 inches 

Sthfr/Z ofTe 8 chain-wheel is 4 inches, find the tension of the 

chain. 


u. A letter-weigher consist, of a ponied ^ 

right-angled isosceles triangle AH , plumb-line is also *-f 

by its right angle C from a feud !««»*« J U „J tllci ,- weight I , 

attached. The letters are suspended from the fc^ , engraved"* ' 

read off by observing where the phnnh-hne ,^.dersects a ^ s|l0W> . { i.c 4t 

•ilontr AB, the divisions of which are mar ct * ’ f a harmonic'* - * 


?r kt-‘=- - * . . 

progre«8ion 


♦t 


MPBach of cards i- laid on a 
direction of the length of the par *.yo y,. extren.it,cs 


«.**•« <*4 4 


direction of the “L^thTtheXIlnces tetween^eextremiti^ __ ^ . 

‘T—ive -rd. will form a harmonical progression. . ... .< 


(X, R. 


. - X 


W. 1C 


= * 


V/ 
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+ U.C 




V-» «n‘ 


- 2\) :.l- 


13. A cylinder, whose length is b and the diameter of whose base 
is c, is open at the top and rests on a horizontal plane ; a uniform rod 
rests partly within the cylinder and in contact with it at its upper and 
lower edges ; supposing the weight of the cylinder to be n times that of 
the rod, find the length of the rod when the cylinder is on the point 
of falling over. 

Couples 

42. Def. Two'equal unlike parallel forces, whose lines of 
action are not the same, form a Couple. 

A couple is by some writers called a Torque; by others the 
word Torque is used to denote the Moment ol the Couple. 

Examples of a couple are the forces applied to the handle 
of a screw-press, or to the key of a clock in winding it up, or by 
the hands to the handle of a door in opening it. 

The Arm of a couple is the perpendicular distance between 
the lines of action of the two forces which form the couple. 

The Moment of a couple is the product ot one of the forces 
forming the couple and the arm ol the couple. 

Thus the arm of the couple (P, P) is AB and its moment 
is P x A B. 

From any point 0 in the plane of the couple draw OAB 
perpendicular to the lines of 
action of the forces to meet 
them in A and B respectively. 

The algebraic sum of the a 

moments of the forces about 0 o 

= P.OB-P.OA = P.AB 

— the moment of the couple, j 

and is therefore the same 
whatever be the point 0 about which the moments are taken. 

\ 43. Two couples, acting in one plane upon a rigid, body, 
whose moments are equal and opposite, balance one another. 

Let one couple consist of two forces (P, P), acting at the 
ends of an ami p, and let the other couple consist of two forces 
(Q, Q), acting at the ends of an arm q. 

Case I. Let one of the forces P meet one of the forces 
Q in a point O, and let the other two forces meet in O'. 
From O' draw perpendiculars, O'M and O'N, upon the forces 
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Q 


N 


p r ^ 

*/- •' { 1 i* t 4 r 


O 


P 

M 


r 


i p 
o 


which do not pass through O', so that the lengths of these 

perpendiculars are p and q respectively. 

Since the moments of the couples are equal m magnitude, 

we have P. p = Q ■ q- 

Hence, (Art. 41), 0^ is on the line ot 

action of the resul tant of P and Q acting 

at 0, so that 00' is the direction of this 

resultant. 

Similarly, the resultant of P and Q 
at O' is in the direction O'O. 

Also these resultants are equal in 
m agnitude: for the forces at 0 are respec- 

tively equal to, and act at the same angle as, the forces at 0. 

Hence these two resultants destroy one another, and theietou 
the four forces composing the two couples are in equilibrium. 

Case II. Let the forces composing the couples be all 
parallel and let any -straight line perpendicular to their 
directions meet them in the points A, B, C, and D as in 
the figure, so that, since the moments are equal, we ha\e 

P . AB = Q . CD .(*)• 


I-)-'* 


y 

Q 


Let L be the point^application of the resultant of Q 
at C and P at B, so that 



Jtfs = Q.CL...{ ii) 

(Art. 31). 

By subtracting (ii) Irom 
(i), we have V . AL = Q • LD, 
so that L is the point of 

application of the resultant 

of P at A, and Q at D. 


A 


1 


B 


—i D 


Q 


l J at ii, anu v . , » . r%\ 

But the magnitude of each of these resultants is (1 + Vi¬ 
and they haveopposite directions; hence they are in equ.li- 
b jj, y/and therefore the four forces composing the two couple. 


14 Since two couples in the same plane, of equal but 
°PP° V Etc moment, balance, it follows, by reversing the directions 

°* Je forces composing one of the couples, that 

Uny two couples of equal moment in the same plane or 




■I 


rr f o **0/4 j 
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fi- ^ 45 . Any number of couples in the same plane acting on 

a rigid body are equivalent to a single couple, whose moment is 
equal to the algebraic sum of the moments of the couples. 

For let the couples consist of forces (P, P) whose arm is p> 
(Q> Q ) whose arm is q, (R, R ) whose arm is r, etc. Replace the 
couple (Q, Q) by a couple whose components have the same 
lines of action as the forces (P, P). The magnitude of each of 
the forces of this latter couple will be X, where X.p—Q.q, 
(Art. 44), so that 


X = Q q . 

P 

So let the couple (R, R) be replaced by a couple 1 R - , R — 1, 

\ *p p 

whose forces act in the same lines as the forces (P, P); similarly 


for the other couples. 

Hence all the couples are equivalent to a couple, each of 


(1 T* 

whose forces is P + Q ^ + R ^ + ... acting at an arm p. 

The moment of this couple is P .p + Q.q + R.r + .... 

Hence the original couples are equivalent to a single couple, 
whose moment is equal to the sum of their moments. 

If all the component couples have not the same sign we 
must give to each moment its proper sign, and the same proof 
will apply. 


4 «/' 


46. The effect of a couple upon a rigid body is unaltered 
if it be transferred to any plane parallel to its oum, the arm 
remaining parallel to its original position. 

Let the couple consist of two forces (P, P), whose arm is 
AB, and let their lines of action be \ 

AC and BD. I 


Let be any line equal and 

parallel to AB. Draw A,C, and 
B X D X parallel to AC and BD respec¬ 
tively. 

At A, introduce two equal and 
opposite forces, each equal to P, 
acting in the direction A,Pj and 
the opposite direction A X E. \ At B x 
introduce, similarly, two equiil and 
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opposite forces, each equal to P. acting in the direction BJ), 
and the opposite direction B,F. These forces will have no 

effect on the equilibrium of the body. 

Join AB X and A X B, and let them meet in 0 : then 0 is the 

middle point of both AB X and A X B. . 

The forces B at B and P acting along A x b have a resultant 

9 P acting at 0 parallel to BD. 

The forces P at A and P acting along B X F have a resultant 

2 P acting at 0 parallel to AC. 

These two resultants are equal and opposite, and therefoie 

balance. Hence we have left the two forces (P, P) at A, and 

Bx acting in the directions A A and B x D lt t.e. parallel to the 

directions of the forces of the original couple. 

Also the plane through A A and BJ)> is parallel to the 

plane through AC and BD. 

Hence the theorem is proved. 

Cor. From this proposition and Art. +4 we conclude that 
A couple may be replaced by any other couple acting in a pat allel 
plane, prodded that the moments of the two couples are the same. 


1 k.l A 


a r>f! 


Cm » . 

Ifs-t (r M 
'V- 


47 The Axis of a couple is a straight line OP drawn horn 
a point 0 in the plane of a couple perpendicular to the plane 
of the couple and proportional to the moment of the couple. 

Ti .i;motion in which this axis is to be drawn, t.e. Us sense, 
is determined by the following convention: Suppose a watch 
to be placed in the plane ofv couple; if tocouple 
rotation in the direction of the mOtlOH-of the faial, of the uaUj, 
the axis is drawn upwards through the fact of the much -whilst 
if the couple would produce rotation in the oppomte direction the 

axis is drawn through the back a) the watch. / , ,, a. . - 

In the case of the figure of Art. Hi an axis dra«» ;do >b *■o' ” 

positive direction of Ox would represent a couple 
of yz which would turn the body from Oy to Oz , " hdst . 
drawn in the direction xO produced would represent a c,m 
in the plane yz tending to turn the body from Oz towards J- 
The directions of rotation of positive couples about the a„ • 

Ox, Oy, Oz thus follow the cyclical order ' v 

From Art. 44 it follows that the effect of a couplers 

•> 

L. B. 


i 
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when its moment and its plane are known, i.e. when its moment 
and the direction of the normal to its plane are known, i.e. when 
its axis is giv en in magnitude an d direction. 

48. Resultant couple of two couples whose planes are not 
parallel. 

Let the planes of the two couples meet in a line AB. If 
the arm of each couple is not AB, replace each by a couple in 
its own plane of suitable moment whose arm is AB, as in 
Art. 45. 


r 





With this arm let the forces of the SfSt couple be AIT and 
BRi, each equal to P, and thos^- 0 f the second couple AL 
and BL ,, each equal Complete the parallelograms 

AKML, BK X M X L V . Then clearly the forces P, Q at A com¬ 
pound into a forcg represented by AM ; and the forces P and Q 

at B into a force BM X which is equal, parallel, and in an 
opposite dir^ cfcion to 

Hence*^h e two couples compound into a couple. 

Dr /iw Ap, Aq perpendicular to the planes KABK lt LABL X 
to rei jresent the axes of the couples, so that 



Ap _ moment of the couple (P, P) _ P. AB _AK 
Aq moment of the couple ( Q, Q) Q. AB~ AL ' 


and 


Hence Ap, Aq are perpendicular and proportional to 4/T 
Hence if we complete the parallelogram Aqrp, Ar 


is peiqA dicular and proportional to AM, so that 
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A p ___ ^<1 _— 

momenFof the cobble (P, P) moment of the couple ( Q, Q) 

Ar _ 

= moment of the couple (AM, BM X ) 


Hence Ar is the axis of the resultant couple. 

Therefore two given couples compound into a couple whose 
axis is obtained by compounding the axes of the given couples 
according to the parallelogram law. 


49 . The rule for the composition of couples is thus similar 

to that for the composition of forces, so that all theo reigs 

relating to the composition or resolution of fprces_appjy 1? the 

composition or resolution of couple s^ 

Thus (Fig., Art. 26) if we have three component couples 

about the axes of or, y and * whose moments L M, A **■' 
represented by OA, OB, OC, they compound into a couple 

whose moment is G (= VZ a + M* + N l ) about a line whose 

( L M N\ 

direction cosines are \ ^, q . q j • 

. i A » ) I. \ » • /"• T t 1 1! 


Q P . zoc f 


Converselyf'"a couple G about aline OD whose direction 


cosines arc (l, m, n) is equivalent to three couples about the 
axes whose moments are IG, mG, and nG. 


50 Wo can now compound into one couple any_sy.ste]n .oX 
couples acting in any planes whatever on a rigid body. For 
IS^y point 0 as origin and .my three rectangular axes Oa 
O'y Oz. Any one of the given couples, it its plane docs not 
pi through 0, can, by Art. 46, be replaced by an equivalent 
couple In a parallel plane through 0 , and its axis may be taken 
to~~be a straight line through 0 perpendicular to this plane. 
Resolve this axis, by the parallelogram law, into axes along 
ihT^Tes of coordinates, and let the component couples be 
(£„ il„ N,)- Similarly for all the other ol the given couples. 

Wo thus have a component couple 

L = L x + L. + ... = 2 (L x ) about Ox, 


and 


M= M t + M, + ■ = 2 M) about ' 

N = N, + K, + ... = 2 (A,) abor 
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These compound into a couple of moment 

G ( = V/, 2 + M * + JV*) 

about an axis whose direction cosines are ^^^. 

It Lr (x 

^51^ A single force and a couple acting in the same plane 
upon a. rigid bodg cannot produce equilibrium , but are equivalent 
to the single force acting in a direction parallel to its original 
direction. 

Let the couple consist of two forces, each equal to P, their 
lines of action being OB and 0,(7 respectively. 

Let the single force be Q. . 

It Q be not parallel to the forces of the couple, let it be 
produced to meet one ot them in 0. Then P and Q, acting 
at 0, are equivalent to some force R, acting in some direction 
OL which lies between OA and OB. 

Let OL be produced (backwards if necessary) to meet the 
other force ot the couple in 0,, and let the point of application 
of R be transferred to 0,. Draw 0,A X parallel to OA. 

Then the force R may be resolved into two forces Q and P, 
the former acting in the direction 0 1 A l} and the latter in the 
direction opposite to 0,0. 

This latter force P is balanced by the second force P of 
the couple acting in the direction 
0 , 0 . 

Hence we have left as the re¬ 
sultant of the system a force Q 
acting in the direction 0,A , parallel 
to its original direction OA. 

When Q is parallel to each of 
the forces P, it is clear by Art. 31 
that theiAresultant is parallel to P 
and equal Q- 

52 * If thr^e forces, acting upon a rigid body, be represented 
in magnitude, (Erection, and 1 ine of action by the sides 6f a 

and^A? 1 } 00 \ der > the y are equivalent to a couple whose 

is nernr , by twice the area of the triangle. 

.-dicular thi> triangle and P, Q, and R the forces, so 


f 





O.f 
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that P, Q, and R arc represented by the sides BC, CA , and ^ ^ r q ,R 

AB of the triangle. , r , • '* “ 

Through B draw LBM parallel to the side AC, and in 

troduce two equal and opposite forces, A 

equal to Q, at B, acting in the direc- ,/ 

tions and 7iit7 respectively. By . q \ 

the triangle of forces (Art. 21) the Q \ 

forces P, R, and Q acting in the B- p c 

straight line BL are in equilibrium. 

Hence we are left with the two Q ‘ 

forces, each equal to Q, acting in the M 

directions CA and BM respectively. 

These form a couple whose moment is Q x BJV,«he.e£ 
is drawn perpendicular to CA. Also Q x BN = CA x B.\ 
twice the area of the triangle ABC. 

JZXX2.TZVS - S3* 

53 4 couple and a force which does not lie in its plane 

C0 " For kt'the^force ^R™meet the p..of the couple in 0 and _ _ ^ 

replace the couple if necessary, by Art. 

equilibrium. _ ? rto 

j iK.w k -‘7 4 ‘ ^ \ ,. --- ^ 

-«■ «_•.**. C. : — - c - V 
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CHAPTER III 



EQUILIBRIUM OF A RIGID BODY ACTED ON BY 

FORCES IN ONE PLANE 


54. In the present chapter we shall discuss the equilibrium 
of a rigid body acted upon by forces lying in a plane. 

By the help of the following theorem we shall find that, 
when the forces are only t hree in n umber , the conditions of 
equilibrium reduce to those of a single particle. 

tJ‘ ree forces, acting in one plane upon a rigid body, keep 
it in equilibrium, they must either meet in a point or be parallel. 

If the forces are not all parallel, at least two of them, P and 
Q, must meet in a point 0, and their resultant must be a force 
passing through 0. But, since the forces P, Q, and R are in 
equilibrium, this resultant must balance R. Also two forces 
cannot balance unless they have the same line of action. 

Hence the line of action of R must pass through 0. 

By the preceding theorem we see that the conditions of 
equilibrium of three forces, acting in one p lane, are easily 
obtained. For the three forces must meet in a point; and by 
using Land’s Theorem, (Art. 23), or by resolving the forces in 
two directions at right angles, (Art. 28), or by a graphic 
construction, we can obtain the required conditions. 


55. Trigonometrical Theorems. There are two trigono¬ 
metrical theorems which are useful in Statical Problems, viz. 

Lj P° int 1,1 the ha * e AB of a triangle ABC, and if 

divides AB into two parts m and n, and the angle C into 
two parts a and /3, and if the angle CPB be 6, then 

(m -+-/<) cot 6 = m cot a — n cot /3 . 

(/a + a) cot d = n cot A - m cot B 


and 


< 1 )> 

( 2 ). 
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n 



F ° r ap AP PC sin A CP sin PBC 

PB = PC ' PB ~~ sin PA C sin PCB 

sin a sin (0 + 0) c otft + cotj 
“sin^^V »in^ cot a — cot 0 

;rt cot a — n cot £ = (m + «) cot 0. 

Again 

m sin A CP sin P-PC 
n ~~ sin PAC sin PCB 

sin (6-A) sing 
_ sin A ’sin (0 + 2*) 

cot yl - cot 0 
= cot B + cottf ’ 

v *.\ (m + n) cot 6 = n cot A - m cot B. 

'56. Ex. 1. 

a and fc, i* placed inside a smooth spie, ’ y /e iU i ten ded 

to the horizon in the position of equilibria and 

by the beam at the centre of the sphere , then K+ l * ' 

b - a d 

tan 6 = * an a# 

. i c* -»t the cuds of the rod 

In this ease both the reactions, II mu\ . _ 

pass through the centre, 0 y of the sphere 

Hence the centre of gravity, 0, of the tod 

must be vertically below 0. Let 00 nice 

the horizontal line through A in A. Lira 

OD perpendicular to AB. 

Then L A0D= lBOD-o, 

and u DOG = 90° - L DG0=L I)A N= 6. 

The second relation of Art. 55 then gn os 

(«+ b) cot 0GB = b cot 0A B-a cot OB A , 

■ e (a + b) tan 6 = (b - a) tan «. 

II _ * S ' 

Also, by Land’s Theorem, ^fjfOG sin A0G 

II X _ _JL_ t giving the reactions. 



al - 1 V 

' .Aoir 


A^+B) ~ sin (a - 6) Hi«»2a 
Ex. 2. A Aeoiy ,^ c ) ; the rim of 

y 2/* co* 2d = « cos 6. 
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Let the figure represent that vertical section of the hemisphere which 
passes through the rod. Let AB 
be the rod, G its centre of gravity, 
and C the point where the rod 
meets the edge of the bowl. 

The reaction at A is along the 
line to tho centre, 0 , of the bowl ; 
for A 0 is the only line through A 
which is perpendicular to the sur¬ 
face of the bowl at A. Also the 
reaction at C_ is p erpendicular to 
t he rod. ; for this is the only direc¬ 
tion that is perpendicular to both the rod and the rim of tho bowl. 

These two reactions meet in a point D which lies on the geometrical 
sphere of which the bowl is a portion. Hence the vertical line through G, 
the middle point of tho rod, must pass through D. 

Through A draw A E horizontal to meet DG in E and jbin OC. 



Then l. OAC= l. OCA = t-CAE=6. 

a cos 6= AE=AD cos 26 = 2r cos 26. 



Also, by Lami’s Theorem, if ft and S bo the reactions at A and C, we 
have 

it _ jS _ ir 
sin 6 ~ sin A DG sin A DC ’ 


It 8 = W 

sin 6 cos 26 cos 6 * 


EXAMPLES 


1. A bowl is formed from a hollow sphere, of radius a, and is so 
placed that the radius of the sphere drawn to each point in the rim makes 
an angle « with the vertical, whilst the radius drawn to a point A of the 
bowl makes an angle /3 with the vertical ; if a smooth uniform rod remain 
at rest with one end at A and a point of its length in contact with the 
rim, shew that tho length of the rod is 



. a — /9 

4a sin (i sec — •. 

2. A cylinder, of radius >*, whose axis is fixed horizontally, touches a 
a vertical wall along a generating lino. A Hat beam of uni form'material, of 
length 2/ and weight IF, rests with its extremities in contact with the 
j H wall and the cylinder, making an angle of 4f>° with the vertical. Shew 

'that, iu the absence of friction, -= » that tho pressure on the wall 


is h It, and that the reaction of the cylinder is k y/5 W. 

1 i-*-.*• -Vu J* T 


1/v a a 


•MJAO 
t AO 
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3. A hemispherical howl, of radius ^^"weight equal to 

rta^flmbowl^ttw Z the^sition 5 equilibrium is given ,,v the 

equation ( sill („+0) = rshin = - 2 r cos (0 + 2 ®, 

where o is the inclination of^the base^ th b “ ™f the kkI within 

and 23 is the angle subtended at the centie u, i 

the howl. 



I"-* smooth rod, of length 2«, 

inclination n to the horizon, and is supp J that the iliclma- 

^ >»• - - . - 

e sin n = « sin 2 0 cos (6 - a). 

- 5. A solid cone, of height A and soxn .-vei i y a stringy , , _ 

UTed in the widlishew tludthe 

potible length of the string is ta„, U<fe- 

' 6. The altitude of a cone is * and tbf ™^"VheUrcumfcreiico of the '[d.fe 
i* fastened to the vertex and t> . l shcw that, if the cone 

circular base, and is then l>uM™r a a to \'AM-4A 
rast with its axis horizontal the . „ re placed^ * ? 


■ with its axis noruoi.no, .®~ iced 1 ”’ - 

7 . Two equal circular discs of radmsr. Vertical planes 




7. Two equal circular discs ot nuin smooth vertical planes 

on their flat sides in the “--^^ ‘the n tbe lnie bisecting the 
inclined nt an angle fa, and ton.disc that can to pressed „ 

“I,,, 

vertical wall, from two points m which i ^ ^ ^ thc frame , the 

attached to two points m thc apper ^ \ Q J M of the fraino. Shew that, 

length of each string being equal to = ^ ;t , tre „f figure, the 

if the centre ol grant, of the .. b to thc vertical. 



ii hik .. o- • . -1 ”, *0 the vertical, 

picture will hang agrtinst the wall at an aug e ;j« 

* __ tlio met 


piCLiiru win w* 

where « is the height and b the thickness of the pletn re. 

9. H is required to ... • “,‘iTto sorted by a coni 

rest at a given inclination, «, « ,, oig ht h above the lowest edge 

attached to a point ... the walll at■ *fc ‘ c ^ struction , the point on the 

- * •* ... . *'• ,cngt 

of the cord that will Ikj required. 


- -• . . i 

no d „„ snsfem of force,, acting in one plane "ponang, 

■ t^/rr-^ose 

By the parallelogram ot torces any 
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directions meet, can be compounded into one force ; also, by 
Art. 31. two parallel forces can be compounded into one force 

provided thee are not ecpial and unlike. 

First compound together all the parallel forces, or sets ot 

parallel forces, of the given system. 

Of the resulting system take any two forces, not forming 
a couple, and find their resultant ft,; next find the resultant 
It, of if, and a suitable third force of the system ; then determine 
the resultant of and a suitable fourth force of the system , 
and so on until all the forces have been exhausted. 

Finally, we must either arrive at a single force, or we shall 
havo two equal parallel unlike forces forming a couple. 

58. If a si/stem of forces act in one plane upon a 
ln.nl i/, a ml if the ahjehraic sum of then' mome nts _aboat. .CiLch. 
of three /mints in the plane (not hpnp in the same straiffht line) 
ranish sejniratehf, the si/stem of forces is m e</m1 ihrium. 

any such svstem of forces, bv the last article, reduces 

Til T_ * * % 

to cither a single force or a single couple. 

3 i* In our ease t he v can not reduce to a single couple , tor. it 

tiny did. the sum of their moments about any point in their 
plane would, l»y Art. 4‘2. be equal to a constant which is not 
zero, and this is contrary to our hypothesis. 

ITetiee the system of forces cnutiof reduce to a single couple. 
The >ysiem must therefore either he ill equilibrium or reduce to 

a single force F. 

,0 *t L.-t the three points about which the moments are taken 

1»- .1. It. 1 Since the algebraic sum «>f the moments of a 
system ot forces is equal t>> that *»t their resultant (Art. 40), 
therefore the moment of F about the point .1 must be zero, 
lienee F is either zero, or passes through A. 

Similarly, since the moment of F about It vanishes, F must 
1 m* *• 11 1h• r /.i to or must pass through H, i.e. F is either zero or 
a«*ts in t ho lino -*1 />. 

Fmallv, sinoo tho iiioinoiit ahont vanishos, F must be 

either zero or pass through C. 

Ilut (since tin- points .1, It, (* are not in the same straight 

line) the force cannot act along Alt and also pass through C. 

Hence the only admissible case is that /•’should be zero, i.e. that 

% 

the forces should 1 *«• in equilibrium. 
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The system will afe be in equilibrium if (D “ ' 

klUZSUf^* ££ "f "('if Ji the r^sdint, 

r^rrtr „ 0 —— 

Hence the system is in equilibrium. 

59 Any system of forces, actin£in o',^ plane] upon arigid >•»= **.» 
bochp is equivalent to ljurce .«*>» ^SStSSOJSSL^ *• 

hndy together with a couple. of tb* 1 

Let P be any~fbrce of the system acting at a point ,1 

body, and let 0 be any arbitrary 
point. At 0 introduce two equal 
and opposite forces, the magnitude 
of each being P, and let their line 
of action be parallel to that ot 1 . 

These do not alter the state ot 

equilibrium of the body. 

The force P at A and the opposite 

parallel force P at 0 form a couple . 

t of ^ ,e on^l 

force P. Hence the force P at A is equivalent to a paral 

force P at O and a couple of moment I ■ P- 

So the force Q at B is equivalent to a parallel toice Q 

iv.-s-irs.vrw izssiz 

of the system of forces. equivalent to forces 

Hence the original system ot torces is eqm 

P O R acting^at 0, parallel to their original directions, and 
a number of couples; these are equivalent to a sing e resu an 
force at 0, and a single resultant couple of moment 

P .p + Q -Q + •••• 


o 

} 

Pf 





60 Let the forces of the previous article be in equilibrium. 
By Art. 51 a force anil a couple cannot balance unless each 

ZCr °Hence the resultant of P. Q. B. ... at 0 must be zerm ami 
therefore, by Art. 28, the sum of their resolved parts ... 
directions must separately vanish. 


-nr 
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Also the moment Pp + Qq +... must be zero, i.e. the algebraic 
sum of the moments of the forces about an arbitrary point 0 must 
vanish also. 

The first condition ensures that there shall be no motion of 
the body as a whole; the second ensures that there shall be no 
motion of rotation about any point. 

The above three statical relations , together with the 
geometrical relations holding between the component portions 
of a system, will, in general, be sufficient to determine the 
equilibrium of any system acted on by forces which are in 
one plane. 

Great simplific ations can often be introduced into the 
equations by properly choosing the direct ions along which we 
resolve. In general, the horizontal and vertical directions are 
the most suitable. 

Again, the position of the point about which we take 
moments is important; it should be chosen so that as few of 
the forces as possible are introduced into the equation of 
moments. 


61 We have shewif that the conditions given in the 
previous article are sufficient for the equilibrium of the system 
of forces; they are also necessary . 

Suppose we knew only that the first two conditions were 
satisfied. The system of forces might then reduce to a single 
couple; for the forces of this couple, being equal and opposite, 
are such that their components in any direction would vanish. 
Hence, resolvin g in any t hird direction would give us no 
additional condition. In this case the forces would not be in 
equilibrium unless the third condition were satisfied. 

Suppose, again, that we knew only that the components of 
the system along one given line vanished and that the moments 
about a given point vanished also; in this case the forces might 
reduce to a single force through the given point perpendicular 


to the given line; hence we see that it is necessary to hav e the 
sum of the components parallel to another line zer o also. 

X 62. In solving any statical problem the student should 
proceed as follows: 

( 1 ) \ Draw the figure according to the conditions given. 

(2) y.Mark all the forces acting on the body or bodies, 
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taking care to assume an unknown reaction (to bo determined) 
wherever one body presses against -ther^and ^rnark 

- -y ofer body m W prnnt 

two convenient perpendicular direction,, (gcncai.N 
and (I) erl S equate to zero the moments of the forces about 
any con^ien^pointany relatio „s connecting the 

lengths or angles involved in the figure. 

63 Resultant force and couple corresponding to «mJ OX 

At Pi, the point (a?,, !/i)> h't »/ 
there act a force whose com¬ 
ponents parallel to the axes are 

Xi and Y x . . . 

Then A, at 1\ is equivalent t -~-x 

to a parallel loic< A, at j. y at /> ( j s equivalent to 

gether^vitha couple ^ # y y [Al , 5 fi ] 

aPa ^eeTeLe at A is equivalent to ... A„ 1. 

along Ur, Op and a couple 1 

other forces at l 2 , 1 3 , 

Hence the system of fumes is equivab-nt to s 

x Y along Or, Op, and a couple (,*) about U, 

X = X x + A a + X 3 + ... - -A,, 

Y = Y t + r. 4 Y, + ... = -r», 

and G = («.r, - » A',) + - * A) + - “ 

X and K compound into a single torce 7? actm & . 


k 


p* 


.p 


l: X j 

y. 


64. E(fii/iJinn__to_ the resnlta nt_of a 

system of forces in one plane. 

As in the last article the system can 

be reduced to components A and V along 
any two rectangular axes Ox and 0y, and 

a couple G about 0*). 


y l 


o; x n 


Q 

k 
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Let Q be any point ( h , k) which lies on the resultant of the 
given system. By Art. 40 the moment of the system about it 
is equal to the moment of the resultant about it and is there¬ 
fore zero. 

Now the moment of the system about Q 

= G + X. NQ - Y. ON = G - hY + kX , 
so that G — hY 4- kX = 0. 

Hence the locus of (h, k), i.e. the resultant, is the straight line. 

G — x Y + if X = 0. 


t* Or*. 

« pt . ? 


65. Bodies connected by smooth hinges. When two 
bodies are hinged together, it usually - happens that, either 
a rounded end of one body fits loosely into a prepared hollow 
in the other body, as in the case of a ball-and-socket joint; or 
that a round pin, or other separate fastening, passes through 
a hole in each body, as in the case of the hinge of a dc)br. 

In either case, if the bodies be smooth, the action on each 
body at the hinge consists of a single force. 

Let the figure represent a section of the joint 
connecting two bodies. If it be smooth the 
actions at all the points of the joint pass 
through the centre of the pin and thus have 
jis resultant a single force passing through O. 

Also the action of the hinge on the one body is equal and 
opposite to the action of the hinge on the other body; for 
forces, equal and opposite to these actions, keep the pin, or 
fastening, in equilibrium, since its weight is negligible. 

In solving questions concerning smooth hinges, the direction 
and magnitude ol the action at the hinge are usually both 
unknown. Hence it is generally most convenient to assume 
the action of a smooth hinge on one body to consist of two 
unknown compo nents at right angles to one another; the 
action of the hinge on the other body will then consist of 



components equal ami opposite to these. 

1 he forces acting on each body, together with the actions 
•if the hinge on it, are in equilibrium, and the general conditions 
of equilibrium of Art. 60 will now apply. 

In oixler 'to avoid mistakes as to the components of the 
i eaction acting on each body, it is convenient, as in the second 



Actions at a hinge 
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figure of the following example, not to produce the rods to 
meet but to leave a space between them. 

66 Ex Three equal uniform rods, each of weight 11, arc smoothly 

jointed so as to form an equilateral triangle. If the system be s ’ l PP or e j a 
the middle point of one of the rods, shew that */«? action at the lowest angle x. 

^ IK, and that at each of the others is IK • 

6 Let ABC be the triangle formed by the rods, and D the middle point 

of the side A IS at which the system is supported. 

Lot tho action of the hinge at A on the rrf \AB ^ 

:;=s si z&rM xzZL'Z a — 

and A', horizontally to the right, so that the action of the aame h.ngc 
CA consists of two components opposite to these, as 



For AD, resolving vertically, we have 

,S'= ll r +2 Y .’ 

- d tokin * ,,loments 

about C, wc have v+ v =0 . 

i .. (3)> 

un( j IK. a cos 60° + X. '2a sin GO" = Y. 2a cos GO .( 4 1- 

For CA, by resolving vertically, we have 

ik = r- . . (5) - 

Solving these equations, we have 

Xi= |F, r, = 0, Y= IK, A'= IK and S = Z IK. 
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Hence the action of the hinge at B consists of a force \ f X*+ Y- 
(j.e. ir » act ' n S ,lt an angle tan - 1 (»'.e. tan - 1 2 % /3), to the horizon ; 

also the action of the hinge at C consists of a horizontal force equal to 

f T- 

A priori reasoning would have shewn us that the action of the hinge at 
C must be horizontal; for the whole system is symmetrical about the line 
CD, and, unless the component )'i vanished, the reaction at C would not 
satisfy the condition of symmetry. 


.\ v -' 


a- 


A 




v’.* 


1 I 

vt*— 1 b 


EXAMPLES 


1. A pair of compasses, each of whose logs is a uniform bar of weight 
11', is supported, hinge downwards, by two smooth pegs placed at the 
middle points of the legs in the same horizontal line, the legs being kept 
apart at an angle 2n with one another by a weightless rod joining their 
extremities ; shew that the thrust in this rod and the action at the hinge 
are each J, 11’cot u. 


2. A gate weighing l'WDlbs. is hung on two hinges, 3 feet apart, in a 
vertical line which is distant 4 feet from the centre of gravity of the gate. 

*Emd the magnitude of the reactions at each hinge on the assumption that 
tbo whole of the weight of the gate is borne by the lower hinge. 

c. 

3. A gate, of weight IT, is hung by means of two circular headed 
staples driven into the gate at ( 1) and placed over two L shaped staples 
driven into the gate post at .I, />. Shew that the pressure at the upper 

11 


r J,i- f/ . . . 

hinge will be II' ^ or H . y according as CD is just a little less or 


w 


■i 


greater than A Ii % where is tin? horizontal length of the gate and h — GD 


4. A square hoard is hung flat against a wall, by means of a string 
fastened to the two extremities of the upper edge and hung round a 
perfectly smooth rail ; when the length of the string is less than the 
diagonal of the hoard, shew that there are three positions of equilibrium. 


5. A square, of side :2o, is placed with its plane vertical between two 
smooth |H*gs, which are in the same horizontal line anil at a distance r ; 
shew that it will be in equilibrium when the inclination of one of its edges 

a* - c r 

to the hori/.on > s either 4a or \ sin 1 --—. 


c* 


6. An isosceles triangular lamina ivsts, with its plane vertical and 
vertex downwards, between two smooth jiegs in the same horizontal line; 
show that there will be equilibrium if the base make an angle sin “ 1 (cos- o) 
with the vertical, l\i being the vertical angle of the lamina and the length 
f tlic base bsjng three times the distance between the l>egs. 


*» 



p*. <» p </-% pi **-—J 


Vi a-L. 0 ( r~ o> <a sjL ?—t l - 
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• 7*W!A prism, whose cross section is an equilateral triangle, rests with 
two edges horizontal on smooth planes inclined at angles «. and 3 to the 
horizon. If 6 be the angle that the plane through these edges makes with 

the vertical, shew that 

. 2^/3«in a sin ^ (« + £.' 

tan 6 =-- tt. -• 

Vdsin (a~p) 


8. A triangle, formed of three rods, is fixed in a horizontal position 
and a homogeneous sphere rests on it; shew that the reaction on each rod 

. . •« » . \ *S ^ *• *' w } ,1^, *4“ 

is proportional to its length, u. ;•/. r. c h w ' 2 .) 

9. A n elliptic lamina is acted on at the extremities of pairs of conjugate 
diameters by forces in its own plane tending outwards and normal to its 
edge ; shew that there will he equilibrium if the force at the end of each 
diameter is proportional to the conjugate diameter. 

10. A step-ladder in the form of the letter A, with each of its legs 
inclined at an angle a to the vertical, is placed on a horizontal Hoor, and 
is held up by a cord connecting the middle points of its legs, there being 
no friction anywhere ; shew that, when a weight If is placed on one of the 

steps at a height from the floor equal to ~ of the height of the ladder, the 

increase in the tension of the cord is ^ II tin «. 

11. Three uniform beams A IS, ISC, and CD, of the same thickness, and 
of lengths l, 2 l, and l respectively, arc connected by smooth hinges at IS 
and C, and rest on-a perfectly smooth sphere, whose radius is 2/, so that 
the middle point of AC and the extremities, A and I), are m contact with 
the sphere ; shew that the pressure at the middle point of ISC is yi* " f 
the weight of the beams. 

• 12. Three uniform rods A IS, DC, and CD, whose weights are pro¬ 
portional to their lengths a, b, and e, are jointed at D and C and are in a 
horizontal*'i^sitfon resting on two pegs P and Q ; find the actions at the 
i_ joints D and C, ami shew that the distance between the pegs must be 

5r “ —* ww.* c* , ~ = h— ^ > 

- Jl t «*2a + 6 !c + 4 t- ‘ >/ 

* • 13. AD and AC are similar uniform rods, of^length </. smoothly 
jointed at A. DD is a weightless bar, of length fcfsmoothly jointecl at D, 
and fastened at D to a smooth ring sliding on AC. The system is hung 
on a small smooth pin at A. Shew that the rod AC makes with the 

,p vertical an angle - *✓ 

\ " ^ = *■ - V - -. - * .. 

r «- * ‘S- a + s 'a*-It* 

' *• *lt = A ‘Spmrc figure A BCD is formed by four equal uniform rods 

jointed together, and the system is sus|>cnded from the joint .1, and kept 
in the form of a square by a string connecting A and C ; shew that the 
tension of the string is half the weight of the four rods, and find the 
direction and magnitude of the action ut either of the joints D or 1). 
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iB v / f ~ C- 



jp « w. t^BPN - 15 . Three uniform rods A B, BC, CD , of lengths 2 c, 2b, 2c respectively, 
w.« — rest symmetrically on a smooth parabolic arc whose axis is vertical and 
,' u ._» ^' vertex upwards ; the rods all touch the parabola and are hinged at B and 

C. If IF be the weight of either of the slant rods, shew that the reaction 


a-c 


of the parabola on it is IF.» » "'here 4a is the latus rectum of the 
, , (a* + b*)b 

parabola. 



rpyKi. 

• 16. A light wire, in the shape of a quadrant of an ellipse cut oft' by 


v the principal axes, lias two equal weights tixt*d at its ends and rests on a 



placed inside a hollow cylinder open at both ends which rests on a 

horizontal plane ; if a be the radius of the cylinder, show that the leastpp 
^ / r \ s . r._ tr > N J* 

weighty it can have so as not to be upset is 2 IF ( 1 — ) 

' a J - Iw.CI 


♦ 18. A tipping basin, whose interior surface is spherical, is free to 
turn round an axis at a distance c below the centre of the sphere and at a 
distance o above the centre of gravity of the basin, and a heavy ball is laid 
at the bottom of the basin ; shew that it will tip over if the weight of the 

a 


ball exceed the fraction - of the weight of the basin. 

c 




£ / 


r< 


19. A circular disc, of weight IF and radius a , is suspended hori¬ 
zontally by three equal vertical strings, of length b , attached symmetrically 
to its perimeter. Shew that the magnitude of the horizontal couple 
required to keep it twisted through an angle 0 is 

w ~ 3T i,. . 2 sin 0 

—t- 

=?==- . _ N / 1>- - 



A 

W *> • o 

- sill- - 
•> 


67. Astatic equilibrium. When forces in one plane act 
at given points <>f a laxly, and keep it in equilibrium, it is not 
iii general true that those fo rces keep the body in equilibrium 
when they are turned a bout th eir p oi nts of application about 
any angle (the same for each). When this is the case the 
equilibrium is said to be Astatic. 


68. If nlI (he forces in a coplanar system are rotated about 
thar jKimts of application through the same angle in their own 
plane, their resultant passes through a fixed point, in the body. 

Lot l\ be any force of the system acting at a point (a,, ?/,) 
m a direction inclined at 0, to the axis of x, and let X lt F, 
bo its components parallel to the axes; so for the other forces. 
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Let X, Y be the components of the system along the axes 
Ox, Oy and G the moment of the forces about the origin, so 

that 

X = S P, COS 0, , 
r = 2P 1 sin0 1> 

an( l G = SPi (*, sin 0, - y x cos 0,). 

As in Art. 04, the equation to tho_re sultant of the system is 

G+yX-xY= 0 .< 1 )- 

Let all the forces be turned through an angle a about then- 
points of application so that 0, becomes 0, + «, and hence 
P, cos 0, becomes P, cos 0, cos a - P» sin 0, sin a, 

P, sin 0, becomes P, sin 0, cos a + Pi cos 0, sin a, 

and Pi (*i sin - */» cos ^ 

x x (sin 0, cos a + cos 0, sin a)) 
becomes P, ^ (cos ^ cos a _ s in 0, sin a)) ’ 

i.e. cos a. P, (*, sin 0, - y, cos 0,) + sin a. P, (*. 0, + y, sin 9,). 

Hence X becomes X cos a - 1 sin i, 

Y becomes X sin a + 1 cos a, 
an( j G becomes G cos n + J_sin a, 

where V S £ (X t x, + l'.y, ) and is called the Viri a|_of the 

SyS Thc equation to thcjj gw resultan t of the system then 
becomes 

O cos « + V sin « + y (X cos — r .in «) — (-V »» « + >' «>“ °' 

COS a [G + yX - xY] + Sin « [ V- y Y - *X] = 0 . < - >• 

Whatever be the value of «. (2) always passes through the 
point whose coordinates are given by 

o + yX — x y’ = o, 

V - y Y - xX = o, 

ie through the point whose coordinates are 

GY+VX VY-GX 

X* + Y* ’ X ' J + Y 1 

This point is called the Aat atic_Cciitrtf L 
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69. Suppose the forces to be in equilibrium before their 
displacement so that 

X = 0, Y — 0, and G = 0. 

Then they are in equilibrium after displacement if 
A r cos a — Y sin a = 0, X sin a 4- Y cos a = 0, 
and G cos a + V sin a = 0. 

They are thus in equilibrium after being rotated through 
any angle if V = 0, i.e. if ^ (A’’,#, 4- Y J y l ) = 0, which is thus 
the condition that the equilibrium is astatic. 

It also follows that if the original forces are in equilibrium 
and each is turned through the same angle a, they are then 
equivalent to a couple whose moment is Fsin a. 


70. The quantity A r ,a*, is equal, as we shall see in Chapter V, 
to the work that would be done in a displacement in which the 
point of application of A”, is moved from the origin to the point 
(.r,, i/ t ), and 4- V”,?/, is the work done by the force P x as 

its point of application is moved from the origin to (a?,, t/ x ). 

Hence the virial of the system is the work that would be 
done by all the forces of the system as their points of applica¬ 
tion are moved from the origin to their actual positions. 


71. It may be easily seen geometrically that if each of 

a system of forces is turned through 
the same angle or, then their re¬ 
sultant always passes through a 
definite point whatever a may be. 

For let two of the forces, P x and 
P a acting at A , and A.., meet in 0 
and let 0 Ji x be the direction of their 
resultant mooting in B x the circle 
through 0, A t , and A.,. 

Let P t be turned through any 
angle a into the position A/)' cutting 

this circle in O'. Then clearly OA.b' = 0A X 0 ' == a, so that A,G' 

is the new direction of P., , when it has been turned through 
the same angle a. 

Also z li x 0 d 2 = z JitOA.j, so that O'/i, is the new position 
oi the resultant of the new forces P x and P., acting along Afi’ 
and A JJ'. 
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Hence the point B , is a point through which the resultant 
of Bi and P 2 acts, whatever be the angle through which the 

forces P, and P 2 are turned about and A*. Also t ^ e an S^ 
OBJJ' = ^ 0A.0' = a, so that the resultant has turned through 

the* same angle as the component forces. Similarly, taking 
another of the given system 1\ acting at A,, we find a point 
B. through which always acts the resultant ot P 3 and the 
resultant of P, and P 2 acting at P„ U IL is the point through 

which always acts the resultant of P,. P 2 . and 1\. 

By continuing in this manner until all the forces have been 

exhausted, we find a point through which the resultant ot all 

the forces act whatever be the angle through which they have 

been turned. . a .. , . 

If the forces P, and I\ are parallel then 0 is at infinity and 

the circle becomes a straight line through A, and A t . B> 
the point where the resultant of the parallel forces 1 , and 1... 

meets A X A, is, by Art. 31, then such that 

P } . A = P‘2 • B\A». 

Ex Shew that three coplanar forces I\ t P>. Pa * ctl, '8 at 
Al X Z arc in astatic equilibrium if they meet in a pant 0 situated ou 

the circutncircle of A ■, A s , A 3 , and if 

P\ '• P-i '• Pa • • At A 3 : A :i A | : A ... 
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FRICTION 


72. In Art. 14 we defined smooth bodies to be bodies such 
that, if they be in contact, the only action between them is 
perpendicular to both surfaces at the point of contact. With 
smooth bodies, therefore, there is no force tending to prevent 
one body sliding over the other. If a perfectly smooth body be 
placed on a perfectly smooth inclined plane, there is no action 
between the plane and the body to prevent the latter from 
sliding down the plane, and hence the body will not remain at 
rest on the plane unless some external force be applied to it. 

Practically, however, there are no bodies which are perfectly 
smooth; there is always some force between two bodies in 
contact to prevent one sliding upon the other. Such a force 
is called the force of friction. 

11MCTION. Def. If two bodies be in contact with one 
another, the property of the two bodies, by virtue of which 
a farce is exerted between them at their point of contact to 
prevent one body sliding on the other, is called friction; also 
the force exerted is called the force of friction. 


73. Friction is a self-adjusting force; no more friction is 
called into play than is sufficient to prevent motion. Lot 
a heavy slab of iron with a plane base be placed oh a hori¬ 
zontal table. If we attach a piece of string to some point of 
the body, and pull in a horizontal direction pissing through 
the centre of gravity of the slab, a resistance is felt which 
prevents our moving the body; this resistance is exactly equal 
to the force whkm we exert on the body. If we now stop 
pulling, the force of friction also ceases to act; for, if the force 
of tiiction did not cV»ase to act, the body would move. 


! 



Laws of Friction 


•)0 


The amount of friction which can he exerted between two 
bodies is not, however, unlimited. If we contmmdly ***** 
the force which we exert on the slab, we find that finaHj the 
friction is not sufficient to overcome this force, and the >«< V 

moves. 


74 . Friction platan 

our b Ws°anT Ihe ground, « should ^L^ond! 

AeMderwouW nofrlt, unlesTheld, in any position inclined 
to 6 the vertical ; without friction nails and screws would not 
remain in wood, nor would a locomotive eng.ne ^ able to v^ 


draw a train. 

75 The laws of statical friction are as follows: c 

V ' Law I. When two bodies are in contact , thedirectio^of the 

- • 7. "I 0 f tfl ern at its point of contact is opposite to the 
friction on one 0 them a j j CQmmence tu move. 


.u.vj'r 

j- k 


- * 


srzrs-** - .. r , ~ 

Ltw II The magnitude of the friction xs, when thexe to 

equilibrium, just sufficient to prevent the body from niovmg. 
The above laws hold good, in g-end; >mt ; 

Ittnnes on X poidHf being destroyed, and -notion often 


PIictioN ‘"*When one body is just on the 

It/m^gn" alwaysH.,.^ 

•' C "r' LAW U l^lZCTe Irnll renctl; and this ratio ^ 

til ZfZ^mxbstances of which the bodies are composed- 

0 P r .... iv The limiting friction is independent of the extent fix 

the normal 

rm tZ% '"'titmotion ensues, by one body sliding oner the 

7 ZTt tdZenZ^L * 


<*0 


|- , *T M 
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velocity,, but the ratio of the friction to the normal reaction is 
slightly less than when the body is at rest and just on the point 
of motion. 

The above laws are experimental, and are by no means 
rigorously accurate, though they represent, however, to a fair 
degree of accuracy the facts imder ordinary conditions. 

For example, if one body be pressed so closely on another 
that the surfaces in contact are on the point of being crushed. 
Law III is no longer true; the friction then increases at 
a greater rate than the normal reaction. 


76. Coefficient of Friction. The constant ratio of the 
limiting friction to the normal pressure is called the coefficient 
of friction, and is generally denoted by /x; hence, if F be the 
friction, and R the normal pressure, between two bodies when 

F 

equilibrium is on the point of being destroyed, we have^ = /x,- 
and hence F = y.R. 

The values of /x are widely different for different pairs of 
^substances in contact; m> pairs of substances are, however, 
known for which the coefficient of friction is so great as unity. 

Angle of Friction. When the equilibrium is limiting, if 
the friction and the normal reaction be ‘compounded into one 
single force, the angle which this force makes with the normal 
is called the angle of friction, and the single force is called the 
resultant reaction. 

Let A be the point of contact of the two bodies, and let AB 
and AC be tin* directions of the normal , Q 

force R and the friction y,R. Let AD be / 

the direction of the resultant reaction S, B \ 
so that the angle of-friction is BAD. Let R V'J'/ 
this angle be X. ' ' 

Then »S cos X = R, and <S sin X = /xR. 

Ilcnce *S' = R -+ yj t and tan X = /x. 

Hence we see that the coefficient of friction is equal to the 
tangent of the tingle of friction. 

Since the greatest value of the friction is y.R, it follows that 
the greatest angle which the direction of resultant reaction can 
make with the normal is X. i.e. tan -1 y.. 


V- 

A 
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Hence if two bodies be in contact and if. with the common 
non^l axis, and the point of contact as vertex, - < -nbe 

'"’“This cone is called the Cone of friction. 

77 . The following table, tike,, from ^Sfora 

ifillwrl-, gives the coefficients and angles of f, at,on_ 


Su dstanckh 

x 1 

Wood on wood —Dry 

—Soaped 

Metals on metals —Dry 

— W et 

Leather on metals—Dry 

—\\ et 

” ” ;; -oiiy 

9* M »* 

•25 to *5 14 to 

•04 to -2 f !° r 

15 to *2 

•3 lb i 

•50 2,1 

•so i so e 

■15 

« « 


70 Eauilibrium on a rough inclined plane. - 

:sf 7 , 7 “ 

m aril 


« *• «""7 7'° ' the n ane tn the horizon, If tin 
Let a be the inclination of the pi«»n 

_ . % 1 _17^ fKn nnrm;i .P 


lAa u w . .. * 

weight of the body, and R the normal 

reaction. , Q 

If the force P act at an angle 0 

with the inclined plane when the 

body is onjhe_^oinlo.f jnotion dow n 

the plane, and the friction therefore 

acts up the plane, the equations ot 

equilibrium are 



and 


Pcos 0 + pR= W»ma . (1)> 

P sin 0 + R =Wcos* ..(* 2 )- 

• * \ V 


sin a - p cos a _ .. r smja - .(3), 

Hence P — W ^ ^ sin 0 cos (0 + *■) 

■""mi: tllZuntoma**** . . .. 
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friction g.R acts down the plane. Hence, on changing the sign 
of /i, we have v * 1 - **■ 

.(4). 

cos (0 — X) 

For any value of the force, between P and P X , there is 
equilibrium, but the body is not on the point of motion in ^ 
either direction. 

The force that will just be on the point of moving the body 
up the plane is least when (4) is least, 

i.e. when cos (0 - X) is unity, i.e. when 6 = X. 

Hence the force required to move the body up the plane will 
"be least when it is applied in a direction making with the 
inclined plane an angle equal to the angle of friction. 

From (3) it follows that P is zero if X = a, i.e. a body will 
rest on an inclined plane and be on the point of motion ii the 
inclination of the plane to the horizon is just equal to the 
angle of friction. On account of this property the angle of 
friction is sometimes called the angle of repose. 

From this result also the coefficient of friction between two 
substances may be experimentally obtained. For let the in¬ 
clined plane be made of one substance and let the body be a 
slab, with a plane face, of the other substance. If the angle of 
inclination of the plane be gradually increased until the slab 
just slides, the tangent of the angle of inclination is the 
coefficient of friction. By this method the laws of Art. 75 may 
also be verified ; Coulomb used it in the year 1785. 

79. The results of the previous article may be found by 
geometric construction. Cl ' on 

Draw a vertical line KL to represent IF on any scale that 
is convenient (e.g. one inch per lb. or one inch per 10 lbs.). 

Draw L0 parallel to the direction of the normal reaction 11. 
Make ULF, (>LF , each equal to the angle of friction X, as in 
the figure. Then LF y LF X are parallel to the directions DH y 
DH X of the resulting reaction at J) according as the body is on 
t he point of fiantion down or up the plane. 

Draw VOAil/, parallel to the supporting force P to meet 
LF. Ll\ in Af and M x . Then clearly KLM and KLM X are 
respectively the triangles of forces for the two extreme 
positions of equilibrium. Hence, on the same scale that KL 
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AD, making an angle 6 with the line of greatest slope, so that the 
particle would begin to move in the direction DA produced. 

Since the forces acting along the surface of the plane are in equilibrium, 
we have, by Lami’s Theorem, 


It 


If sin a 


sin (i sin (6 + (3) sin#' 

From (1) and (2), eliminating It and TT, we have 

It _ sin a sin £ 
c° sa —If - „sin(0+/3)* 


( 2 ). 


Hence 

giving the angle 6. 


sin (0 + /9) = 


tan a sin & 



81. Equilibrium of a particle constrained to rest on _a 
roughs cu rve under any given forces. 

Let the curye_.be plane, and X, Y the component forces 
parallel to the axes of co- 
ordinates. 

Let R be the normal re¬ 
action and F the friction along 
the tangent PT which makes 
an angle 0 with the axis of x. 

Resolving along and per¬ 
pendicular to the tangent, we 
then have 

X cos 0 + 1' sin 0 = F .(1), 

and -V sin 0 — 1” cos 0 = R .(2). 

If p be the coefficient of friction, there will be equilibrium 
provided that F is not greater than pR or less than — pR, 
i.e. provided the numerical value, without regard to sign, of 
A' cos 0 + Y sin 0 is equal to or less than that of 

p ( X sin 0 — Y cos 0), 

i.e. if (A' + Y tan 0)~ ^ p 3 (A' tan 0 — Y)-, 



i.e. if 
where 




d~v 1H £* vcu h - v known equation of the curve. 


82. If the curve is not a p lane curve let ( l , m, ??) be the 
direction cosines of its tangent at any point P. Then since the 
resultant reaction at any point of a rough curve cannot make 
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Rough Curves and Surfaces 

an angle greater than X with the normal, and thus not an 
angle less than?-X with the tangent, there can be eqmhbrnuu 
if the angle that the resultant force makes with the tangent is 

1 7T ‘ -v 

equal to. or greater than ^ A -> 


i.e. if 


i.e. if 


/IX + viY + yZ_ i ™ __ x 

cosr ' \7WTWTW ''2 


sin A, 


i.e. if 
since tan \ = y~ 


IX 4- inY + nZ 

VX 2 + P+^ 

(IX + ntY+vZ)-^ j£_ 
Y’+Z- < 1 + ’ 


qo Tf th<* narticle rest in .•--- 

83. It the pame _ i el . f orccs whose components 

whose equation is <f>(x,y,z) . «»*isilv found. For 

Y V / the conditions of equilibrium ai ‘ . 

arc X, i, A tne comm- 1 . tl s „ r f. ic c at the point 

the direction cosines of the normal ^ ^ ;rv r . 

(x, y. z) are proportional to ,J>y. p'rce' makes with 

There will be equilibrium it the it suu.m 

the normal an angle not greater than X 

— ir i i I - //i 


contact with aJmSh^urtace 


i.e. if cos 


i.e. if 


p X+b±J 4 >» + /j b _ 1 5 x 

s * Iy3r* + F* +”2* + W + J 

__ // f Vi 


(X<t>z+ _- 5 cos 2 X, 

( xf+ F» + £*) ( + < k’ ) J 


i.e. 


5 1 +/i a * 

examples 

, Shew that the -J ^ ^1“'" 

rough horizontal plane .» •' «» *• J 10 ho attached to a 

2. At wh.it angle of me| »na with the least exertion ? 

uledge that it may he drawn «| inclincd ,t 

3 A weight W is laid upon a rough plane (m - » 

3 ‘ A g . . l,v L string passing through a smooth 

45 * to the horizon, and »h cornice c y < ^ . p himgillg vertically, 

ring, ,1, at the top of the P^^ st , XJ ,,ihlc inclination of the 

£?« «-*- **; j; tW "" u,c ' t "°" 

COM 0 = —j • 

Find .1*. the direction in which if wouid commence to move. 
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4. A weight IT rests on a rough plane inclined at an angle a to 
the horizon, and the coefficient of friction is 2 tan a. Shew that the 
least horizontal force along the piano which will move the body is 
v /3irsina, and that the body will begin to move in a direction inclined 
at C0° to the line of greatest slope on the plane. 

5. A heavy particle is placed on a rough plane iucliued at an angle a 
to the horizon, and is connected by a stretched weightless string A P to 
a fixed point A in the plane. If AB he the line of greatest slope and 6 
tlie angle PAB when the particle is on the point of slipping, shew that 

sin 6 = /x cot a. 

Interpret the result when a cot a is greater than unity. 

. •''7 f-B 

6. Two weights, A and B, are connected by a string and ^daced^n wrj 
a horizontal table whoso coefficient of friction is A force P , </* (d + B), 

r _ is ap plicd^frp -1 in J.he d irection BA and its direction is gradually turned 

>rizontul plane. If P be greater than ps'A*+£F t 
cp = B - ~ "*^»hcw that both B and .1 will slip when 

^ r% * -'^^fc-A^ + P! 

COsa ~ 2 M BP ’ 

T*^ 4 — —. A A «i A* 

/ but if P be less than \x < A- + IJ- and greater than pA, tlien A alone will 

m--i 


»• 


blip when sind = - 


P * 


CTo? S> 1 Jf fSrv A cycloid is placed with its axis vertical and vertex downward. 

-«^T-^Shcw that a particle can rest on it at any point which is not higher than 

* above its lowest point, where e is the angle of friction and a is the 


b 

i. 


; t..-it radius of the generating circle of the cvcloid. 

- --- sRT 


particle rests on the surface :ci/z = (- i under the action of a 

-3--5- -w^stant force parallel to the axis of z ; shew that the curve of inter- 

i^.s.*-***^ t { a.u. r ] x 

> 3 ^eclinn or the surface with the cone + —, = will separate the part 

Ino : s* a- .//- 1 1 

of the surface on which equilibrium is possible from that on which it is 

not possible. 


9. 


>/- 


• » 


The ellipsoid 1 is placed with the axis of x vertical 

t/~ o- 

and its surface is rough. Shew that a heavy particle will rest on it auv- 
where above its intersection with the cylinder 

.y-V‘ (h-Ij- + #i*) 4- z-b* ( M V + a-) = nV,*c*, 

where ^ is the coefficient of friction. 

•» •» 

10. 1 be paraboloid --+■(- = :2c is placed with its axis vertical and 

its vertex uppermost ; if /x be the coefficient of friction, shew that a particle 
will rest on it at any point above its curve of intersection with the cylinder 


.r 


^ * 


\* -4 X- 


7 r • ^ 

Rough Joints . 




'i 

t- ^ 


1 .^ . 
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- 11. A surface is formed by the revolution of a rectangu ar hJAda 

about a vertical asymptote ; shew that a if.*""' t “> 
beyond its intersection with a certain circular cylinder. 

& -i2 •' A^ough VraiSoid of revolution, of latus rectum 4., and of 
efficient of friction cot ft revolves with uniform angular velocity » about 

its axis which is vertical; if <->>J oot 7, or < V 2 o ,a " t>' 

for all positions of the particle. t if we put on an 

the particle upon the axis of the paraboloid. J 

84. Rough joints or hinges. In the figure of Art. 05 

the resultant reaction will not be normal 
to the joint at A if there be friction. 

In this case the reaction P at A is 
equivalent to a parallel fo.ee V through 
the centre 0 together with a couple whose 
a. O moment is the perpendicular from 0 upon 
the line AP. Similarly for the reactions 

set":? t, acting 
together with , Th f w en 

th-t --- 

^hf joint'llrough but contact take place dLfv one 

2^aS5£52T- 

85 Wo give some examples illustrative of the applications of the 

X ,, r , rT7 ;^z yt X X 

XL VX xxxxx IX —- * - - *• 

t/ie horizon i» ^ ■ 2X 
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Let A B be the rod, G its middle point, and O the centre of the sphere. 


so that 

L. GOA = i- G<JB= a. 

Through A and B draw lines 
AG and DC making an angle X 
with the lines joining A and B to 
the centre. By Art. 7(>, these are 
the directions of the resultant 
reactions. It and S, at A and B 
respectively. 



to meet CG in D so 


Since these reactions and the 
weight keep the rod in equilibrium, 
the vertical line through G must pass through C. 

Let AD be the horizontal line drawn through A 
that the angle GAD is d. 

The angle CA G = L.OA G - X= 90°-q - X, 

and the angle C BG = L.ODG A-'K—OW — a + X. 


Hence theorem (2) of Art. 55 gives 

2 tan 6 = bin (« -f X) — tan (« — X) 


sin 2X 


cos (« + X) cos (a — X) 


.( 1 ). 


Otherwise thus ; The solution may be also obtained by using the 


conditions of Art. 00. 

Resolving the forces along the rod, we have 

It sin (a + \) — S sin (« — X)= ll’sin d .(2). 

Resolving perpendicular to the rod, we have 

It cos (n + X) .S' cos (« — X) = M' cos 6 .(3). 

By taking moments about A, we have 

2S cos (n — X) = Il'cos#. .(4). 

From equations (3) and (4), 


It cos (a + X) = .S’ cos (a — X) = A H'cos 0. 
Substituting these values of U and .S' in (2), we have 

tan (u + X) — tan (n - X) = 2 tan 6. 


Ex. 2. A beam AB rest* with one end A in contact with a rough 
horizontal door, and the other end B in contact with a rough vertical wall," 
the vertical plane through AB being perpendicular to the wall; to discuss 
its equilibrium , the inclination of the beam to the horizontal being given. 

Let the normal reaction and friction at .1 l>e A* and F\ and those at 
B be .S' and F\ as in the figure. 

By resolving in two directions and taking moments about a point we 
obtain three, and only three equations, between the four unknown 
quantities It, .S', /•’, and F'. They are thus indeterminate. 

This may be also seen geometrically. For draw AL and BM inclined 
to the normals .1C and BC at angles X and X', equal to the angles of 
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friction at A and B , and let the vertical through <7, the centre gr.n »ty 
of the beam, meet them in U and V. Then, provided that \ is within 
the space QAL and U within the space CBM as in the figure, i.e. provided 
that the vertical through G cuts the space CQ A A, we may bike any point 
P between U and V and the resultant reactions at A and B ma) ha' e 
L Sons BP and still give erpnlibrium. If P were at , he 
equilibrium would be limiting at A and not so at B; if / were at the 

equilibrium would be limiting at B and not so at A ; and me i» 
any arrangement of forces between these two extreme cases. 




r If the vertical through G were to the right of A', then there could be 
found no point P on it such that AP was within the cone of friction at A, 
ind at the P samc time BP within the cone of friction at A Hence equi¬ 
librium would bo impossible. . .. . . 

■ If the ladder be in such a position that the equilibrium .wm hnntn.fr 

and hence the ladder on the point of sliding ‘he po.nts tad 

would coincide with K, the point of intersection of , 1 £ and /IJf a, ,n the 
second figure. If AO=«, OB = b, then, by the theorem of Ait. no, 

haV ® (a+b) cot KGB=u cot A KG-beat OKB , 

(a+b) tan 6—a cotX — 6 tanX, 

_, a - V/* 

so that ^ = t.m ^{a + b)' 

.. rc - Ex 3 A uniform heavy elliptical wire , whose semiaxes are a and b, is 

m,han,, point of it in contact with the peg , the coeffic.ent o) f, action mutt 

a 2 - b' 1 s~' 

not be less than -5-5- • . 

CP must be vertical and — 


LB. 




M w *> 


66 


Statics 


If 0 be the eccentric angle of P, we have 


tan PCG = - tan 0, 
a 


and 


tan PGN-*^ = &»in 6 -v- ^ . CN^ = | ton d. 


ton 6 


ton X = ton CPG=t*n (PGN— PCN) = j _j_tan^5 


a ‘ sin 2d. 


2ab 

Hence sin 20 = v™*, gives the limiting position of equilibrium. 

a- — b- 


If 


2 abfji 


.. ,> 1, there is no real value for 0, i.e. there is no limiting 

position of equilibrium, and hence the wire will rest with any point of it 
in contact with the ]>eg. 


Ex. 4. The handles of a drawer are equidistant from the sides of the 
drawer and are distant 2c from each other ; if p be the coefficient of friction 
at the sides of the drawer , and its base be smooth, shew that it is im/tossible 
to pull it out by pulling one handle straight outwards unless the length of 
the drawer from front to back exceeds 2pc. 

Let A BCD be the drawer and let its length and depth, AB and BC, 
be 2 a and 2b. If E be the handle 
nearest B, the effect of the pull P at 
E will be to jam the corners C and 
A against the fitment, so that tho 
thrusts on the sides AD and BC will 
be It and S at A and C , as marked. 

The maximum resist ance to the 
motion of the body will be when 
tho frictions at A and C are pit 
and fo S. 


Resolving parallel to AB, R = > S'.(1). 

Taking moments about A, we have 

P(a + c) = pS. 2a + S. 2b .(2). 


Also, if there is to be motion in the direction DA, we must have 


c 


S 

R 

23 C 

M R E 

“V - 

• 

20 

1 > 

i 

\ 6 C | E 

1 D 



P>^H+S), i.c. /', 

so that (/> — pc). P> 0. 


iu 


This requires that b>pc, and then the magnitude of P is immaterial. 

Thus if b>pc, any pull P, however small, will move the drawer ; whilst, 

if b<pc, no pull P, however great, will move it. 

- (Ro-<.v x t ,z '*) 



- R 

V* v 0 ' 

J"*_ 

-wf 

Lsi _ kV_ A hw.l . 
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Ex 5. The length of the line joining the lowest points of the wheels oj 
a hicucle is 2a, and the centre of gravity is at a height h above this line and 
at a distance x in front of its middle point. No account being taken of 
axle friction, find the slope of the greatest incline on ^hthe bieyde can 
rest without slipping, according as the back or front wheel 

The hind wheel being braked, the fr.ct.on at it » pS. If 
centre of gravitythen 0’D=a+x ; D0 = a-x- t CG=h. 





°,r' 

r ° 

A 

q _ _ 

Resolving along and perpendicular to the inclined plane and taking 
moments about (J, we have ^. = , f , s|n .( 1 ), 

/f + ,S'= IK cos a. 

Mld S[pA+«+.r]-*<«-*) . (3) - 

(2) and (3) give S |jM + 2«M« 

* M ( a ~ x ) .(4). 

Hence from (1) 1,111 a yji+2a 

If the front wheel be braked, the friction » P* acting: a.. and, if H 

be the corresponding inclination of the plane, wo have amnlarly 

h it= irsi.i a 
It + .S' = IK oob/3, 

and 

p (« +•*) .(5). 

Hence, as before, tan p 2a- ph . 

ia • i «->„ » e the bicycle can rest on an incline of greater 

*£ whlTb^n^hi. U hxed than when the hack wheel ia lixed. 

11 eV (T d Aat Wy circular dice lie on a rougk plane and can turn 
fjy'lut apin JiU conference; Mere -« 

position if tin, coefficient of friction i. > ^^,aherc n the tttdtnalton 

Me Jane to Me /.orfron, , oernraed Mo, Me ./ Me dree - 

^^'^rwunie^thr^the^eflu^ibHun^f th^di^^a hinitink^vh<^» ^ho^d^nnetcr 
“^.wr c s - - - L -... 

urea, and « its radius, so that its weight .s w. 
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If p be any point of the disc, such that OP=r and L.AOP=d, the 
ele ment of area at P is rdd. Sr. The friction on this clernent is thus 
aic.i-dd8r.cosa and acts through P at right angles to OP , since P would 
move, if it did move, at right angles to OP. Hence, by taking moments 
about 0, we have 


it a 1 io siu a. a sin rf> 


/ 2acos0 f +2 

„ i 

&a 3 f + 

= /no cos a . — I 


rdd dr cos a . r 


2 cos 3 6 d.6=\*o cos n i 


. . 32#i 

sin 0 =^—t-• 

^ 97r tun a 

This gives the limiting position of equilibrium. There is no limiting 
position, i.e. the disc will rest in any position, if 32/x > 9n tun a. 

*,! “• *&?7: 7Vo uniform rods AD , 2?G', of weights W and IF', are smoothly 

■ i |.jointed at B, and arc placed so as to be in a straight line on a rough 
f k *~* Sl horizontal table ; Me end A is acted on by a gradually increasing force P in 

Y * ^ ^ a direction perpendicular to the rods. Find koio the equilibrium is broken ^ 

^ 14 '* Assume that, when equilibrium is on the point of being broken, the 
—ft*-**}~rod AD is on the point of turning 

■ ^-71 about a point 1 of itself and the | p . 




.wd-O rod DC about where It 1 t __ 

AI=x, BI'=y, AB = a , BC=b. Aj T Bj^ VTC 

Then the frictions on AI and r- 
IB are in opposite directions as marked and similarly for 2?/', PC. 

Let X be the reaction at B which is dearly perpendicular to each rod. 

* 1 * • cc 

The friction on AI is u IT. - and acts at a distance s from 1 ; so that 

a 2 

on IB is a ir a 7 _. and acts at a distanco — from I. 
r a 2 

Resolving perpendicular to the rod AB and taking moments about /, 


we have 
and 


P+X=pW-- H W < ^=^(2jc-a) 
r a r a a 


0 ), 


,, ... . lir .r .v , lir «— ,v a—x plFr <* . rt "H 

P..v- A (a — .r) = a 11 - . - 4- p II -. —-—=- - ,r 2 — ax -f — ... 

v ^ • a 2 K a 2 a [_ 2 J 


( 2 ). 


So for BC we have 




A*=^-(2 y-b) 


(3), 


and 


-v..v=^[y i -yi+| J ] . w- 


(3) and (4) give y = -- - and IT' ( s /2- 1). 
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Also (1) and (2) give 

MJT |y _?Tj=AT «=m »" (V2 -1)« • 

and P is found from (1). ^ jp' 

This is true so long as x-< a, *>. so long as W- 

2 W ' U2-\)>hso Xt 1'> a^he above solution no longer holds 


If 


and the Wrtions at the differed points of AD are all in the same direction. 


C4UV* V»»v.-- |. r # . 

, .. , ov _ so that in this case X is less than 

We then easily have 1 - A- g 

w A/2-11 which we have found above to be the force requisite to^move 

C The latter rod is therefore not on the point of mot,on, but only AB. 


EXAMPLES 


1 A uniform rod UN has its ends in two fixed straight ro,^> Stooves 
Od and on in the same vertical plane, wh.ch £»£+& th e 

dt"i," g en't of the angle of inclination of „« to the horizon 


bivn - ~ 

sin (a - 0 — 2 «)_where < is the angle of friction. 

18 2 sin (0 + «) sin (a-O’ 


2. A vertical rectangular b^m, S 

r; r a bo^nT^e'^^the hact of the inclined plane, find the 
fo Tf r trrt friction between 

plM^may^mata^whc^le^in^giwBD^position -ft- the b*.without 

being forced out? 

. 3. A heavy rod, of length 2 ,zhes over a , 
leaning against a rough vertiw , ^ ftfc ^ ^ ftnd thc wa ll, shew 

®L“?he^rltae.t of the rod with the wall is above the peg, 
then the rod is on the point of sliding downwards when s,n=d=- cos X, 

ItiZXfZZ 2£ 3 m,d h :,fhe MOW the peg, prove that 
the rod is on the point of slipping downwards when 


sin* 0 sin {0 + 2X)= - cos* X, 



ani on the point of slipping upwards when sin* Q sin (6 2X) - c«s- X. 


f I ^ ^ 

*] - * io 

. 5 ^. 
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4. If a uniform beam, of length 2/i, can rest with one end on a rough 
horizontal plane, and against the top of a wall of height h , in a vertical 
plane perpendicular to the wall and at any inclination to the wall which 
is geometrically possible, shew that the angle of friction between the beam 
and both wall and ground, supposed to be equally rough, must be not less 


than 



5. Two equal uniform rods, of length 2a, arc smoothly jointed at one 
extremity by a hinge, and rest symmetrically upon a rough fixed sphere 
of radius c. Find the limiting position of equilibrium, and shew that, if 
the coefficient of friction be c-~a, the limiting inclination of each rod to 

the vertical is tan -1 Vc-i-a. 


6 . If a pair of compasses rest across a smooth horizontal cylinder of 
radius c, shew that the frictional couple at the joint to prevent the legs 
<>f the compasses from slipping must be 

IF (c cot n cosec n — a sin a), 

where IF is the weight of each leg, 2a the angle between the legs, and 
a the distance of the centre of gravity of a leg from the joint. 



t 



7. A rod, resting on a rough inclined plane, whose inclination a to 
the horizon is greater than tho angle of friction X, is free to turn about 
one of its ends, which is attached to the plane; shew that, for equilibrium, 
the greatest possible inclination of the rod to tho line of greatest slope is 


sin - 1 (tan X cot a). 


n t <■<- 




8 . Prove that an ordinary drawer cannot be pushed in by a force 
applied to one handle until it has been pushed in a distance 2 fic byn 
forces applied in some other manner, where 2c is the distance betwoeujA*-^ 
the handles and fi is the coefficient of friction. i*) r-*<l 

u-n» »■ J— 

• 9. If one cord of a sash-window break, find the lenat coefficient of ( 
friction between the sash and the window-frame in order that the other 
weight may still support tho window. 


'• 10. A hemispherical shell rests on a rough plane, whose anglo of 


friction is X; shew tfia^ the. inclination^of the plaue base of the rim 
to the horizon cannot "lie grealer than sin “ 1 (2 sin X). 

[Tho centre of Gravity bisects tho radius perpendicular to the base of 
the shell.] 


11. A solid homogeneous hemisphere rests on a rough horizontal 
plane and against a smooth vertical wall. Shew that, if the coefficient 
«>f friction be greater than jj, the hemisphere can rest in any position 
and, if it be less, the least angle that the base of the hemisphere can 

mako with the vertical is cos~*^. 
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If the wall be rough (coefficient of friction n'), shew that this angle 
. /8/x 1 +m'\ 

13 cos u • r+^7 • 



[The centre of gravity divides the radius perpendicular to the base of 
the hemisphere in the ratio 3 : 5.] 

12 If a hemisphere rest in equilibrium with its curved surface 
in contact with a rough plane inclined to the horizon at an angW. * >ew 
that the inclination of the plane base of the hemisphere to the horizontal 
i8 sin"'>( 8 sina), provided that « is less than sin and also is less than 

the angle of friction. 

13. A uniform hemisphere, of radius « and weight »\ rests with its 
spherical surface on a horizontal plane, and a rough particle, of weight , 
rests on the plane surface; shew that the distance of Uie particle irom 

the centre of the plane face is not greater than where M is the 

coefficient of friction. 

. 14. A sphere, whose radius is « and whose centre of 
a distance c from the centre, rests in aitln g _e a u.l.bnnm on a r,high .. 
,).. . inclined at strangle a to the horizon; shew that it may be turned 

through an angle <>v a< v. , \ 

and still lie iiVlJmitiii^equilibrium.— • r ‘ kl ' I 

15 A uniform rectangular board, whose sides arc 2a and 26, rests m 
limiting equilibrium in contact with two rough pegs m the same honzo bd 
line at! distance d apart. Shew that the inclination 0 of the side 2a to 
the horizontal is given by the equation 

dcosXcos(A + 20) = «eos 0 -b sin 0, 

where X is the angle of friction. 

16 A rigid framework in the form of a rhombus, of side a and acute 
rip rests on a rough peg whose coefficient of friction is p. Shew that 

the distance between the two extreme positions which the point of contact 

with the peg can have is sin a. 

17. A boy, of weight «, stands on a sheet of ice and pushes with his 

hands against the smooth vertical side of a chair of weigd 
he cat, incline his body to the horizon at any angle greater than cot 4* 
or c r- 2 p», according as the chair or the boy is the heavier tho coeffi 'ent 
of friction between the boy and the ice, or the chair and the ice, being 

18. A uniform heavy rod lies on a rough horizontal table and is pulled 

perpendicularly to its length by a string attached to any pent. 

w hat point will it commence to turn I 

Shew also that the ratio of the forces, required to move the red, when 

applied at the centre and through the end of the rod perpendicular to 
rod, is J2 4-1 :1. 
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19. A uniform rough beam AB lies horizontally upon two others at 
points A and C ; shew that the least horizontal force applied at B in a 
direction perpendicular to BA, which is able to move the beam, is the 


b — a 


lesser of the two forces i/xH'and ^1T-- , where AB is 2a, AC is b, 


2a —b 

IT is the weight of the beam, and /x tho coefficient of friction. 

20 . 

on tw 

is b, touching them in C and D ; shew that, if b be not greater than 

*4c/ 4* \ 

, a position of the beam can be found in which a force P exerted at 


[). A uniform rough beam AB, of length 2a,is placed horizontally 
vo equal and equally rougiriaillsj'^licTfislanceoetween \K4iose centres 


A 


B i»orpendicular to the beam will cause it to be on the point of motion 
both at C and I) at the same time. 



• 21. A uniform plank, of length 2a and weight If, rests with its middle 
point upon a rough horizontal cylinder, whose axis is perpendicular to the 

plank ; shew that the greatest weight that can be attached to one end of 

b\ rj w. re« ? 

the plank, without its sliding oft' tho cylinder, is —. }V, where b is the . , 

Jradius of the cylinder and X the angle of friction. A '\* 

or> . . - - c_ w - a. 

A surfaoc * s generated by the revolution of an ellipse, of cccen- 

jL-'' tricity c and foci .S' and //, about its major axis. On the surface is placed 

^ v*.~. f 3 which is attracted towards the foci by forces which 

a. «• vary directly^ as \hfi distances PS and PII respectively; shew that the 





c., ’ ' l ,ou, t *1 contact with a rough table, and is pressed at a point B by 

ft'*. j 11 man’s finger. If the line AB make an angle a with the vertical, and if 
* * “ n, i A he the angles of friction at A and B, prove that W a>X' tho*ring r Ik*l 


••ills along tho ta\>|e immediately, however small the pressure that is 

ip at A when a (normal) 


I \ f 1**1 - - J —-^ ~ ^ ^ 

• fr J*' r_A'>a>X the ring will wl 

*■*» -• pi assure a sTn A cosec fa — A) is applied l>v i 

* r_r.uJ^ s than both X and a' no force applied by the fii 

__ _ ' 1 • f"% » *• i V.» ^ p l >, 5 * 


the man, and thdt! if a is 
finger will make it uidve. 


24. 1 wo uniform 1 tennis, AC and BC, are connected by a smooth 

hmge at C and placed in a vertical plane with their lower ends resting on 
a rough horizontal plane. If equilibrium is broken, show that tho end of 
the longer beam will slide and that the other beam will rotate. 

* ^ 5 - A n,1 o» "l* diameter a, is fixed with its plane making an angle 
*VJV v,t h the vertical, and a rough uniform cylinder is supported by bein- 
sr V> slipped through the ring ; prove that tho length of the cylinder must be 

not less than « c <>» - where X is tho angle of friction, and 

v 2^ >» the inclination to the axis of the cylinder of a plane section whose 
*•''**-] axisjs equal tu c/. n.r C4 . i ?*.o? *^6 

I p : «•* * .*. * - AL*AAAA1 * ~ 

r , . . . ^ -* -- A) 

^ \ * - *-^> - (* ■»«-..« \Tt __ 

__ _ 2 - , 

'>^ 4 -* V| *■ 





«V|. 


rv-* 


$♦« 


-*• <4 rwtt A 


* 


\ 




•r^r 

W v 


<• _ r*' • 7 ► s w / --- •. 
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sbfe £ asswee i=s=s 

>r + H - r ^ the > inclination of the plane is less than 

11 "- H"’ -> ii" 

. _, 2 M 11_. 

ten ( 7 +T)"( ir+TF)' 

If the inclination of the plane is gradually incased beyond thisjalue,^ 
hoVi8 r fhe J equilibrium broken ? W £ * * ; R * . r fc . *) »-i/»* * K-e. 

s *1^ *- ■ 1 (#.#. *.«t> •* »7 -*1 n* tl 

- ■ f I ^ U 'r^o^ 

k vertical. Each set ot legs A lecturer presses 


v vertical. Each set oi legs is A lecturer presses 

r? “■»- ** ■*? , hblm :!u .1 L*- **. >* 


r . 28 Three umlorm rous, oi , 

„ . . , I n/> which is hung over a rough peg so that the . me 

to form a triangle ABC *b»ch is h g portion of the rod 




S w 

igle 


any i>ositi< 


C»4 
a. O 


r mr — ^ 

B C ^f 


. c-9 



VST*ir2tf£ oylTnde’r reals in limiting equilibria,., between a rough 

„„. 4 . • vl+^-rzi where 

angle of 45°; shew that the coefficient of friction is - 2 _ e , * .. 

„ 5 u r.nnffirnmt 


► it* 7 *^* 
*SM • 


'?■ 31 Threo equal cylindrical rods arc placed eymmotrically round a 
fourth of thTaamo radiua, and the bundle ia then surrounded by wo equal 
elartic etringa ay in metrically placed with respect, to the ends ; if the 
stretched length of each string be equal to the crcumferenco of the rod, 

show that the force noceasary to pull out the middle rod ia - - , where p 
la the coefficient of friction and X ia the modulus ofclaaticdy. ^ ^ ( 


. ia the coefficient of friction and X ia the ai t) - 

.a*. u., AiK f. t ,. i |^. s> 0 .p fel ^ 
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32. Three equal spheres, of radius a, are placed in contact on a rough 
horizontal plane and a fourth sphere, of radius b , is placed on them ; if 
there is equilibrium, shew that the least angle of friction between the 

upper and lower spheres is i sin -1 | . f a , |. 

L\ /,<5 ( a +o)J 

33. The length of the line joining the lowest points of the wheels of a 
bicycle is a, and the centre of gravity is at a height A above this line and 
at a distance x in front of its middle point. No account being taken of 
axle friction or of road resistance to rolling, shew that when the brake is 
hard on the back wheel the slope of the greatest incline on which the bicycle 

can be held up without slipping back is a, where tan a = £-, and is 

the coefficient of friction between the tyres and the ground. 




* -r. 


v* ^ F ( 

*' r v**) “ - 

A wa & - C .» 


34. Two wheels, A and D , of equal radius a and of weights IF and IF,, 
are connected by a light bar of length b which is attached to their centres; 
the wheels are placed on a rough plane with their common plane vertical, 
A being highest, and the inclination of the x>lane is gradually increased; 
shew that, if slipping commenced at the same inclination, whichever wheel 

be locked, then p ^ = jj . 1 ~ 

• 35. A reel, consisting'of a spindle of radius c with two circular ends 
of radius «, is placed on a rough inclined plane and has a thread wound on 
it which unwinds when the reel rolls downwards. If ft be the coefficient 
of friction and « bo the inch nation of the piano to the horizontal, shew 
~ that the reel can be drawn up the plane by means of the thread if p be not 

If /x be just equal to this value, shew that the cor- 


, x . c sin « 

less than-- 


« « J 


* * I 


a — c cos a 


tr- c 


responding direction of the thread is horizontal. 

36. The cylindrical axle of a wheel is supported on two parallel rails 
which constitute an inclined plane ; a thread is wound round the circum- 

r a . « i « > • . . 




ferenec of the wheel; under what circumstances will pulling the thread 
downwards parallel to the plane cause the wheel to roll up the plane? 

37. A reel of thread, whoso rim and spindle have radii a and b 
resiK'ctively, rests on a rough horizontal table and the loose end of the 
thread pjisses under the spindle and lies along the table. The whole 
system is symmetrical about a plauo perpoudicular to the axis of the reel. 
.Show that, if the loose thread bo raised to an angle 6 with the horizontal, 
the slightest tension in it will in general cause the reel to roll, and the 
motion will be towards or from the baud of the experimenter according as 
6 is less or greater than a certaiu value. When 6 has this critical value, 
shew that there will be no motion unless the tension exceeds a certain 
finite limit. 


\ 




: . r *<o/3-R 

t Z. KT - 

n^M= *>*-<*■ 


-•• ~*~ = *-Vfe* - 

?^o-»/rr-^c) = 


* <W H 
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'"m 1 'When the shafts of^'J’o'-g.J^tVe horizontal its centre of gravity 
is just over the axle of the wheel. The wheel » of rad.us a, and it turru 
freely on a rough axle, of radius b, and the ground is rough enough to 
invent any slicing. Shew that the least force which, when a,,plied at 
the end of the shaft of length f, will just move the dog-eart passes throng , 
the point of contact of the wheel with the groiuid and is equal to 

irk Ja- + l “ 

ak+TJtt 



whem X =- sin r, and r is the angle of friction between the wheel and it- 
a 


axle. 


39 A heavy carriage wheel is to he dragged over an obstacle, which 

the wheel through C. 


40. A solid circular cylinder is placed ^h its base on a rough 
horizontal plane and is capable of free motron‘‘X “ornent of the 

2 K*-u2r^ rjzrtt'Z* weight is hi.. 

uniformly by the plane. 


UlUAVItuij -* 

acted on by a “J^L 1 „ re u and if it begin to turn 


acted on by a honzonlal forth A, is on uie i~».-— 

bt£i:: r^rt rr: 

from the centre. 



42. A uniform disc in the «h freely round a pin 


42. A uniform disc ,n the -nape m«—— frcclv roun rf ft pin 
inclined at a to the horizon, and »‘ Inukcs lin angle ft with the 

4 ^ pole. When just•*»“ l' t whcrc u is the coefficient 



it its pole. When just about to »up, - — "^ is t hc coefficient 
of frictioiw h. n + **" ' fc , ,. til ™T t the pin is along the axis 

- jvo also that the dirncUon of the actm,^ at Uic l-m, ^ ^ ^ - 

cardioid. .-—TjJ^PU 

*• ■ . • .. .1 im mr 


Prove 

of the cardioid. 1 * $■ *■ 

ST A hoop' is placed upon n rough 

fastened to it at any point w pu ^ a tK»ut the other end of the 

P. Shew that the hoop will begin _. „ ,. c . mu-. f 

v o-diameter through P. ct.r *;*. 

* f .«. 3 e.atrar ./ #•'*■« '7j 7 J~* **** 

. E-* - , 

a . . - w> ** T. < 2 ^r* . 

I I -- A jA 


y* 

> 
4 


JT^t 


,,0 ^ **» 
> pn «* » r • 


|« -— ' 

TA ^ r<*-u fc -t t*' 1 • 
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CHAPTER V 


WORK. VIRTUAL WORK 

86. Work. A force is said to do work when its point 
of application moves in the direction of the force. 

The force exerted by a horse, in dragging a waggon, does 
work. 

The pressure of the steam, in moving the piston of an 
engine, does work. 

When a man winds up a watch or a clock he does work. 

The measure of the work done by a force is the product of 
the force and the distance through which it moves its point 
of application in the direction of the force. 

Suppose that a force acting at a point A of a body moves 
the point A to D, then the work done by P is measured by the 
product of P and AD. If the point D be on the side of A 
toward which the force acts, this work is positive; if D lie on 
the opposite side, the work is negative. 

c__ 

A D P B 

Next, suppose that the point of application of the force is 
moved to a point C, which does not lie on the line AB. Draw 
CD perpendicular to AB, or AB produced. Then AD is the 
distance through which the point of application is moved in 
the direction ot the force. Hence in the first figure the work 
done is P x A D ; in the second figure the work done is —PxAD. 
^ h° n the work done by the force is negative, this is sometimes 
expressed by saying that the force has work done against it. 

In the case when AC is at right angles to AB, the points 
A ami D coincide, and the work done by the force P vanishes. 
I bus it a body be moved about on a horizontal table the work 
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done by its weight is zero. So, again, if a body be moved on 
an inclined plane, no work is done by the normal reaction of 

the plane. 

87. The unit of work, used in Statics, is called a Foot- 
Pound, and is the work done by a force, equal to the weight ot 
a pound, when it moves its point of application through one 
foot in its own direction. A better, though more clumsy, term 
than “ Foot-Pound ” would be Foot-Pound-weight. 

88 . It will be noticed that the definition of work, given in 
Art. 8 G, necessarily implies motion. A man may use great 
exertion in attempting to move a body, and yet do no work on 
the body. For example, suppose a man pulls at the shafts ot a 
heavily-loaded van, which he cannot move. He may pull to tin* 
utmost of his power, but, since the force which he exerts does 
not move its point of application, he does no work (in the 
technical sense of the word). 

89. To shew that the work done in raising a number of 
particles from one position to another is Wh, where W is the 
total weight of the particles, and h is the distance through which 

the centre of gravity of the particles has been raised. 

Let «/,. w,, w,,... w n be the weights of the particles' in the 

initial position let be their heights above a 

horizontal plane, and x that of their centre of gravity, so that, 

as in Art. 34-, we have 

]y .x — w x x x + w. t x 3 + ... + 'w, x x, l . (1 )• 

In the final position let a-/. be the heights of the 

different partielcs, and x the height of the new centre ot 

gravity, so that , 

] V ,x — w x x( 4- W-iX-7 + ... + w„x n .(-)• 

By subtraction we have 

w x (x x - x x ) 4- w* («*' IP ( J ’~ x )- 

But the left-hand member of this equation gives the total 
work done in raising the different particles of the system lrom 
their initial position to their final position; also the right-hand 

side . 

= IF x height through which the centre of gravity has been 

raised 

= W.h. 
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90. It will be noted that the result of the last article does 
not in any way depend on the initial or final arrangement of 
the particles amongst themselves, except in so far as the initial 
and final positions of the centre of gravity depend on these 
arrangements. 

For example, a hole may be dug in the ground, the soil 
lifted out, and spread on the surface of the earth at the top 
of the hole. We only want the positions of the C.G. of the soil 
initially and finally, and then the work done is known. This 
work is quite independent of the path by which the soil went 
from its initial to its final position. 

91. Power. I>ef. The power of an agent is the amount 
o f work that would be done by the agent if it worked uniformly 
for the unit of time. 

The unit of power used by engineers is called a Horse- 
Power. An agent is said to be working with one horse-power 
when it performs 33,000 foot-pounds in minute, i.e. when it 
would raise 33,000 lbs. through a foot in a minute, or when it 
would raise 330 lbs. through 100 feet in a minute, or 33 lbs. 
through 1000 feet in a minute. 

This estimate of the power of a horse was made by Watt, 
but is above the capacity of ordinary horses. The word Horse- 
Power is usually abbreviated into H.p. 

92. Graphic representation of the work done by a force. 

It is sometimes difficult to calculate directly the work done 
by a varying force, but it may be quite 
possible to obtain the result to a near 
degree of approximation. 

Suppose the force to always act in 
the straight line OX, and let us find 
the work done as its point of applica¬ 
tion moves from A to B. At A and B 

erect ordinates AC and Bl) to represent the value of the force 
for these two points of application. For each intermediate 
point ot application L erect the ordinate LP to represent the 
corresponding value of the acting force ; then the tops of these 
ordinates will clearly lie on some such curve as CPD. 

Take Jl/ a very near point to L, so near that the force may 
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be considered to have remained constant as its point ot applica¬ 
tion moved through the small distance LM. 

Then the work done by the force 

= its magnitude x distance through which its point of 

application has moved 

= LP x LM = area PM very nearly. 

Similarly whilst the point of application moves from ,1/ to 
N the work done 

= area QN very nearly, and so on. 

Hence it follows that the work done as the point of applica¬ 
tion moves from A to B is, when the lengths LM , MN, ... are 
taken indefinitely small, equal more and more nearly to the 

' area ACDB. 

93. As an example of the above construction let us find 
the work done in stretching an elastic string from length 
b (= OB) to length c (= 0C ), the unstretched length of the 

string being a(=OA). 


F 



When the length is OP the tension = - (OP - a) =PA, 

by Hooke’s Law, the modulus of elasticity being X. 

At P erect a perpendicular PQ to represent this tension. 

Then is constant, and hence Q lies on a straight line 

PA . 

AEF passing through A. If this straight line meet the per¬ 
pendiculars through B and C in E and F, the required work 
is, as in the last article, represented by the area BEFC, and 
hence is \BC x (BE + OF), i.e. it 

= Extension produced multiplied by the mean of the initial 

and final tensions. 
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Or, by using Integral Calculus, the work done 

= II T "'= l fr~ a) ** " E [<* ~ a> l 1 

= ^ (c — b) (c + b — 2a) = ° -- a — + jFc]* 

94. As another example let us take the case of the Indi¬ 
cator Diagram of a steam-engine. 

Suppose OA to represent the 
distance traversed by the piston 
of an engine. When it is at the 
position M in its forward motion, 
erect a perpendicular MP to de¬ 
note the pressure of the steam 
on it, so that the curve O'PA’ 
represents the steam pressure during the forward motion. 
Similarly during the backward motion of the piston, when the 
steam has been cut off, let the curve A P 0 represent the 
pressure on the same face ot the piston jis before. r lhen 
during the forward motion the area of the curve 00 PA'A 
gives the work done by the steam on the piston. So during 
the return motion the area of the curve A'P'O'OA represents 
the work done by the steam against the piston. 

Hence, during the complete stroke, the net work done by 
the steam on one face of the piston is given by the area 
O'PA'P'O', and hence can be found. 

A curve, like the one in the figure, is called an Indicator 
Diagram and can be automatically found from the motion of 
the piston, i.e. by suitable contrivances the engine can be made 
to draw its own Indicator Diagram. 

95. The work done by a force is equal to the sum of the 
works done by its components. 

Let the components of R in two directions at right angles 
he X and Y, R being inclined at an 
angle <f> to the direction of A, so that 

X = R cos (fj and Y = R sin <f>. 

Let the point of application Q of R 
be removed to a point Q' in the plane of 
the paper, and draw Q'N perpendicular to R and let Z XQQ' = a. 
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The sum of the works done by X and Y 

= X .QL+Y.QM 

= 7? cos (f >. QQ' cos (<£ + a) + i* sin 4> ■ QQ'* m (0 + a ' 

= /? . cos a = R . QX = the work done by 7?. 

96. If the forces and displacement be not in one plane 
the same result easily follows. For let the direction cosines of 
OR referred to any three rectangular axes Qx, Qy, Qz h<- 
(/, m, n) so that X = IR, Y = mR , and £=»7*. Let the dis¬ 
placement QQ' be through a distance 8s along a line whose 
direction cosines are ( l x , «,) so that 8 .r =/,.««, 8y=m x .bs. 

and 82 = n,. 8 s. The work done by the component forces 

= X 8 # + Y8y + Z8z = R8s(ll x + mw, + «»,) 

= R.8sx cos Q'Qtf = 7? x projection of QQ' on the direction of 7£ 

= the work done by 72. 

If a particle move a long a smooth curv e in space, and if the 
force acting on it at any point (x, y, z) have as components 
X, Y, Z, it follows that the total work done on the particle as 

it moves from a point A to a point R = j ^(X (it + 1 dy + Zdz). 

97 . Work done by a couple. Let the forces of the couple 

be each P and let its arm be AB ot length a. 

Suppose the couple to be moved into another position so 

that AB goes to A'B', the angle between AB and A'B being 

the small angle 86. . 

First, move the forces parallel to themselves so that the 

arm AB takes up the parallel position A'C. The work done 

by the equal and opposite forces P during this displacement 

Now turn the forces through the angle 89 about A. li t 
force P acting at A' has no displacement and thus does no work. 
The displacement of the point of application of the other force 
p is a . 89, and the total work done is thus P. a . 80, i.e. the 
moment of the couple multiplied by the elementary angle turned 
through. If the total angle turned through by the couple be a, 

the corresponding work = P . a . SO = P . a . «, so that in all 

cases the work done by a couple, when it is rotated about an 
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axis perpendicular to its own plane, is equal to the moment ot 
the couple multiplied by the angle of rotation. 


98. Potential Energy. The potential energy of a body 
due to a given system of forces is the work the system can do 
on the body as it passes from its present configuration to some 
standard configuration usually called the zero position. 

Thus the potential energy of a particle of weight W at a 
height h above the ground is Wh. 

If however we take into consideration the variation of 
gravity and assume that the attraction of the Earth, supposed 

to be a sphere of radius a, is at a distance x from its centre, 
1 cv~ 

the potential energy at a height h, when the Earth’s surface is 
taken to be the zero position, 

1 1 _ fill _ ah yy 

a a /<J a{a + h) a + h 



since MV = p, , the attraction of the Earth at a point on its 
surface. 

Again, if one end of an elastic string of natural length a be 
tied to a fixed point, the potential energy of a particle tied to 

its other end is, by Art. 93, when the stretched length is 

mtiX 

a 4 - j \ 


99. Ex. 1. A spherical shot, of weight II' lbs. and radius a feet, lies at 
the bottO/ii of a cylindrical bucket, of radius b feet, which is filled J ip to a depth 
h feet, > h _> 2a), with water. Shew that the work done in lifting the shot Just 

clear of the water must exceed IP (j 1 ~ — W (j 1 a ~ foot-pounds, 

the weight of the water displaced by the shot being IP' lbs. 
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If w be the weight of a unit volume of the water, and cr the specific 
gravity of the shot, we have 

»r=i^a : W and W’Airahc. 

' The work done must at least be equal to the increase in the potential 

energy of the system. 

In the first case the potential energy 

= that of (a cylinder A BCD - sphere) of water 

+ G- that of the sphere of water equal to the given sphere 

= potential energy of a cylinder A BCD of water 

+ (o- -1) that of the sphere of water 


■(!)• 


. 

When the sphere has been lifted out let /*' be the depth of the water, 
so that nb *. h' = volume of the water = nbVc - h na\ 

4a 3 


t.e. 


It = h 


36* 


In the second case the potential energy 


= n bVi'w.t+ w (//+«) = g b -^r ,r + ,r(/, +a) . (3) * 

The increase in the potential cnergj 

3 6*11" 


8 « 3 


II7«' + II "a 




Ex 2 A quantity V of gas at a pressure n is contained in a cylindrical 
vessel; if it be allowed to expand so that the length alters from x v tox u the 

temperature remaining constant , shea that the work done is U Vlog^. 

If it expand diabolically , i.e. so that no heat puses into or out of the 
gas and the relation between the pressure p and the^olnmc r » 

= constant , shew that the corresponding xcork is (_* “ \x j J' 

Let P be the pressure when the length occupied by the gas is x so that 
by Boyce’s Law px-Vx.. Whilst the length changes from a to *+*. 

the work done 

=/y . Abx, where A i« the section of the cylinder, 

_ [1 £°. - &r. 

X 


Hence the work required = f ” dx=ll 1 log. ^• 


ti—1 
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In the second case we have p.v k =ILv D k 1 and the work done 

Ex. 3. If in the previous question the gas be contained in a vessel 
of any shape, and be allowed to expand from a volume V at pressure n to 
any volume I",, shew that the work done is 

aV log -p or [i _ (-J0*”']. 

according to the condition under which the expansion takes place. 


EXAMPLES 

1. A steamer is going at the rate of 15 miles per hour ; if the effective 
h.p. of her engines be 10,OX), what is the resistance to her motion ? 

[Illtons wt.] 

2. A man is cycling at the rate of 0 miles per hour up a hill whose 
slope is 1 in 20 ; if the weight of the man and the machine Iks 200 lbs., 
prove that he must at the least be working at the rate of '16 H.r. 

3. A man rowing 40 strokes per minute propels a boat at the rate of 
10 miles an hour, and the resistance to his motion is equal to 8 lbs. wt. ; 
find the work he docs in each stroke and the H.r. at which he is working. 

[176 ft. -lbs. ; -21$ H.r.] 

4. An elastic cord, whose natural length is 10 inches, can be kept 

stretched to a length of 15 inches by a force of 6 lbs. wt. ; find the 
amount of work done in stretching it from a length of 12 inches to a 
length of 15 inches. [J ft.-lb.J 

5. A spiral spring requires a force of one pound weight to stretch it 
one inch. How much work is done in stretching it three inches more ? 

U 

6 . A force acts on a particle, its initial value being 20 lbs. wt. and its 
values being 25, 29, 32, 31, 27, and 24 lbs. wt. in the direction of the 
particle’s motion when the latter has moved through 1, 2, 3, 4, 5, and 
G feet respectively ; find, by means of a graph, the work done by the 
force, assuming that it varies uniformly during each foot of the motion. 

[166 ft.-lbs.] 

7. If the axis of a screw Ikj vertical and the distance between the 

threads 2 inches, and a door, of weight 100 lbs., be attached to the screw 
as to a hinge, find the work done in turning the door through a right 
angle. [4J ft.-lbs.] 
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8 Prove that the tension of a stay is equal to 9 tons’ weight if it he 
.set up by a force of 49 lbs. at a leverage of 2 feet acting on a double. screu 
having a right-handed screw of 5 threads to the inch and a left-handed 
one of 0 threads to the inch. 

[For one complete turn of the screw its ends are brought neaiei \ « 
distance of Q + \) inch. Hence the principle of work gives 

T x (\ + ^)x ^-49x2*. 2, 

where T is the tension of the stay in lbs. wt.] 

9 A Venetian blind consists of « thin bars, besides the top fixed bar, 
and the weight of the movable part is H r . When let down the length of 
the blind is 8 «, and when pulled up it is b; shew that the work done 
against gravity in drawing up the blind is 

tl + 1 


II 


2n 


(a - b). 


10. A solid hemisphere, of weight 12 lbs. and radius 1 foot, rests with 

its Hat face on a table. How many foot-lbs. of work are reqmred to turn 
it over so that it may rest with its curved surface ... conh.rt w.th the 
table? [Use the results of Arts. 89 and 148.] v J 

11. A uniform log weighing half a ton is in the form of a triangular^ 

prism, the sides of whose cross section are H It., 2 ft., am ■ I 

respectively, and the log is resting on the ground on its n ;"X?that it ‘ 
Prove that the work which must he done to raise it on i * u „c « 
may fall over on to its broadest face is approximately 2, ft.-tons. IU. 

Art. 137.] 

12 A cyclist always working at the rate of * of a horse-power rides 
at 10 miles an hour on level ground and 8 miles an hour 
1 in 150. Suppose the man and his machine to weig i 
resistance on a level road to consist of two parts, one constant and ti c 
other proportional to the square of the velocity, shew that when 
velocity is v miles per hour the resistance is 

(i-s+^n^wf. 

our t 13 \ cylindrical cork, of length l and radius r, is slowly extracted 

M 'X,m the neck of a bottle. If the normal pressure per unit of area between 
tlie'bottle and the unextracted part of the cork at any ,ns ant be conshua 
and equal to /*, shew that the work done,.. ext met mg d .s /, 

coefficient of friction. ^ 

14 A weight IP is drawn up along the surface of a rough cone, whose 
koigld is 4 and whose vertical a!,g.e is 2a, and the path cuts all the lines 
of greatest slope at the same angle fS. If the coefficient of friction is * 
shew that the work done when the weight arrives at the vertex of 
cone is M'A ( 1 +/itan<iHec0). 


[, 


f/i 

he work= W.A+ pH ■ 

I o 


(Lt 

con fi cos a 


, where H 


ir«in «. 
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15. A particle, of weight IF, is at the bottom of a rough hemispherical 
bowl which is fixed with its vertex at its lowest point. The particle is 
fastened to a string which passes over the rim of the bowl and the 
particle is slowly drawn by the string up the bowl in a vertical plane 
through the axis of the bowl; prove that the work done in drawing the 
particle up to the rim is 


Wa j^l + ^ sin 2 « - sin 2* log * > 


where a is the radius of the bowl and t is the angle of friction. 

[If R be the reaction of the bowl when the radius to the particle is 
inclined at 6 to the horizontal, we have, by resolving perpendicular to the 
string, 

,, Iir . 6 {6 \ 

R= ITcos c sin - sec ( = - « 1. 

Hence the work doue against friction in dragging the particle up 

rr 

. = j pR ( — a • (W)« 117/ sin f j sin ^ sec — f ^ d$ 

rr n ^ 

= 2 Wa sin < j sin (<£ + e) see <£.</<£ = 2 IFasiuc j [sin e +cos t tan 

etc. 

Also the work done against the weight = If. «.] 

NoC l.-. i i 

16. A solid homogeneous cone of height A, radius r, and specific 
gravity s is 'placed inside a vertical cylinder, of radius r, their bases 
- \| being in contact, and water is poured into the cylinder to the height h 
\ i «■ so that the cone is just immersed. Shew that to raise tho cone vertically 
, * **so ns to be just clear of the water work must be done equal to 

'j C ‘ 4i»« = YJ j ^ , — \ 

where IT is tho weight of the cone, * being greater than unity. 



vt.'o 



100. Virtual Work. When we have a system of forces 
acting on a body in equilibrium and we suppose that the body 
undergoes a slight displacemen t, which is consistent wit*FT the 
geometrical conditions under which the system exists, and if a 
point Q of the body, with this imagined displacement, goes to 
Q\ then QQ' is called the Virtual Velocity, or Displacement, of 
the point Q. The word Virtual is used to imply that the dis¬ 
placement is an imagined, and not an actual, displacement. 

If a force li act at the point Q and if Q'iV be the perpen¬ 
dicular from Q' or. he direction of li, then the product li. QN 
is called the Virtual Work or Virtual Moment of the force R. 


Virtual Work 


s 


‘g as 


As in Art. 80 this work is positive, or negative, accordm^ 

QN is in the same direction as R, or in the opposite direction 

101 The principle of virtual work states that If <’ 
of forces acting on a b^e'^egniUbrmn and the body undergo 
a slight displacement irniiste ZfmMthTgeo met neat con d dm,, s ol 
the system, the a lgebraic su m of the eirtigdjwks ,s zero.; and 
conversel y, if this algebraic sum be zero the forces a> e in eq 
brium. In other words, if each force P hare a iy_rtugUhclMi 
meat bp in the direction of i tsJfwj£acUon then, to the-first 
Z&TZf small quantities, conversely, ,f 

5 ( P . bp) be zero, the forces are in equilibrium 

If the body bo a single particle then, by Ait. no, 
that if the sum of the virtual works of all the forces winch act 
on a particle is sere, the virtual work of the resident » ™ 
and hence that the resultant vanishes and the particle is at 

In the next article we give a proof of this theorem for M 
coplanarforces. In ArT 175 will he found a proof for forces 
three dimensions. 

102. Proof of the principle of virtual work for any system 

of forces in one plane. » : n 

3 Take any two straight lines at right angles to one a noth, in 

the plane of the forces and let itaJsto »■*«*> ' 
lacemo.it This can clearly be done by turmpg the bod} 

through a suitable small angle « radians about 0 affiLthen iiwm, 

it through suitable distances a and b pandfo! to the axis. 

kept in contact with the table.] 

Let Q be the point of application of imy force , " c ’>- 

ordinates referred to 0 are x and y 
and whose polar coordinates are /• 
and d, so that <)Q = r and XOQ = 0. 

When tlie small displacement 
has been made the coordinates <»1 
the new position Q' of Q are 





R 


rcos(0 + a)+« and /• sin (0 + a) + 

{e r cos 6 — u.r sin 8 + a and rsjn 0 + a. »• cos 0 + b, 
if squares of the small angle o he neglected. 
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The changes in the coordinates of Q are therefore 

a — a . v sin 6 ancl b + a. r cos 6, 
i.e. a — ay and b + ax. 

If then X and I" be the components of R, the virtual work 
of R, which is equal to the sum of the virtual works of X and F, 

= X (ci — ay) + Y(b + ax) = a.X + b. F + a ( Yx — Xy). 

Similarly we have the virtual work of any other force of the 
system, a, b, and a being the same for each force. 

The sunijof the virtual works will therefore be zero if 

a'E ( X) -f b'S. ( F) 4- aS ( Yx — Xy) be zero. 

If the forces be in equilibrium then S(X) and S ( F) are, by 
Art. GO, separately equal to zero. 

Also S ( Yx — Xy) = sum of the moments of all the forces 
about 0, and this sum is zero, by Art. 60. 

It follows that if the forces be in equilibrium the sum of 
their virtual works is zero. 


103. Conversely , if the sum of the virtual works be zero for 
any displacement whatever, the forces are in equilibrium. 

With the same notation as in the last article, the sum of the 
virtual works is 

(X ) + ft v ( r) + a v ( Yx - Xy) .(1), 

and this is given to be zero for all displacements. 

Choose a displacement such that the body is moved only 
through a distance a parallel to the axis of ,r. For this dis- 
placement b and a vanish, and (1) then gives 

aS(X) = 0, 


i.e. the sum <»f the components parallel to OX is zero. Similarly, 
choosing a displacement parallel to the axis of y, we have the 
sum of the components parallel to OY zero also. 

Finally, lot the displacement be one of simple rotation round 
the origin O. In this case a and b vanish and (1) gives 

^ ( Yx - Xy) = 0, 

so that the sum ot the moments of the forces about 0 vanish. 

The three conditions of equilibrium given in Art. GO there¬ 
fore hold and the system of forces is in equilibrium. 
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104. Forces, which may be omitted in Jorminy the equation q* 
of Virtual Work. 

• '• \ _ u <* «- 

(1) The tension of an ijiextein^blejdrim/. Ci r 

For let OA be such a string whose tension is T. In the 

displaced position let O'A' be the string, ^ ^ a 

and draw perpendiculars 0 M and A N on q / 

OA. It is easy to shew that, to_the_first q m t T a N , 

order of small quantities, QAI = AN. , . , t , 

For, taking 0 as origin and OA as axis ot •«•, let 0 be Uie 

point (a-,, y x , 2 ,) and A' the point (a + x*,y» s t ), where . a, 

and y lt z Xt y„ ^ are all small quantities. 

Since O'A' = OA, the string being mextensible, 

(a + x, - .r,) 2 + {y-i - yif + («8 - *») J = 

... 2a (a;, - a-,) - 4 - sqs. of small quantities = 0. 

... x, = a*,, to the fii*st order of small quantities, 


.ti AK 


1 , * *. ) 


i.e. 


0M= AN. 

Hence the virtual work of the tension 


= T. OM 4- T{— AN) = 0. 

Similarly for any other force along the hue joining two 
particles, P and Q, of the system, the distance between which 

remains invariable. 

(2) The reaction K of any smooth surface with which the / -~y, 

bod a is in contact. . . (—f 

For if the surface be smooth the reaction It is normal to y 

the surface at the point of contact P, so that if P move to a 

neighbouring near point P\ PP 1 is at right angles to the force . 

its virtual work is thus zero. ...... ™ ■ 

If the surface be rough the work done by the friction b, •• 

FA— PP'), must come into the equation, since it is not in 
general zero. / 

(3) The reaction at any point of contac t P with a Jued 

surface on which the body rolls without sliding. 

For the point of contact P of the body is for the moment at 
rest and so its displacement is zero. The normal reaction at 1 
an,] the friction at P have then zero displacements. 


\ 
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(4) The reactions between any two bodies of the material 
system considered. 

For these reactions are equal and opposite on the two bodies. 
Hence provided we write down the equation of virtual work for 
the two bodies taken together the virtual work of any such 
reaction comes into the equation twice, with opposite signs, and 
thus disappears. Thus if we are considering a system of jointed 
rods, the reactions at the j oints can be omitted from the 
equation, as in the examples of Art. 106. 

105. We may, if we please, choose a displacement which 
does not satisfy the geometrical c onditions of the system, and 
it is often convenient to choose such a displacement. But if 
we do make such a choice we must bring into the equation the 
corresponding force. 

Thus if we assume such a displacement as will make a 
string vary in length, as in Ex. 2 of the next article, we must 
bring into the equation the term tension x increase in length- 
of the string. 



106. Ex. 1. Six equal rods A IS, DC, CD, DE , EF, and FA are each of 
weight ir and are freely jointed at their extremities 
so a.i to form a hexagon ; the rod A B is fixed in a 
horizontal position and the middle points of AD 
and DE are joined by a string; prove that its 
tension is 3 II’. 

Let 0\, (J>, O'-, O',, O;,, and 6' 0 l>e the middle 
]mints of the rods. Since, by symmetry, DC and 
CD are equally inclined to the vertical the depths 
of the points C , 0' 3 and D below AD are respec- 
tivcly 2, 3, and 4 times its great as that of (/». 

I>ct the system undergo a displacement in the vertical piano of such a 
character that I) and E arc always in the vertical lines through D and A 
and DE is always horizontal. If (/., descend a vertical distance x, then CI 3 
will descend 3.r, O', will descend 4 c, whilst (/-, and C? 0 will descend 3.r and 
x respectively. 

The sum of the virtual works done by the weights 

= H\.r+ H\3 jt+ 11’. 4a* + H\3.r+ 11”. .r= 12 IV. x. 

If T ho the tension of the string, the virtual work done by it will be 

Tx (- 4x). 

1-or the displacement ol O', is in a direction opposite to that in which 
T acts and hence the virtual work done by it is negative. 

The principle of virtual work then gives 

12 H\ .r + T( - 4.r) = 0, i.e. T= 3 II’. 
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Ex. 2. Four equal uniform rods are joint'd to form a rhombus AlU I), 

* * - • . • 4 S'! - * I 


•w w 


0 


o 


G 


T / B 

/ 


W 


G C |X 


which is placed in a vertical plane with A C vertical 
and A resting on a horizontal plane. The rhombus 
is kept in the position in which lBAC= 6 by a light 
string joining B and D. Shew that its tension is 
2 W tan d, where W is the weight of a rod. 

Let a- be the height above A of the middle 
points of AB and AD, so that 3x is clearly the 
height of the middle points of BC and CD. 

Let B0=y = 0D, where 0 is the centre of the-X 

rhombus. , , , . , . . 

Choose as our displacement one in which 6 becomes 6 + b6, ami hence 

a,- becomes x+dx and y becomes y+by. 

Then, T being the tension of BD, the equation of virtual work is 

2 T(-Hy)+ ir(-a.r)+ l» r (-8.r)+ I r[-8(3.r)} + II' {- b ( 3 .r)} = <>. 

Now, if A B=2a, we have x=a cos 6 and y - 2a sin 6. 

* * fy/ 2a cos 0 . &6 

T=2 W tan 0. 

[The reaction at A is omitted because it has no displacement ; the 
reaction at B is omitted because it comes in twice, for the rod AB and 
for the rod BC, with opposite signs in the two cases.] 

Ex. 3. Eoberval’s Balance. This balance, which is a common form 
of letter-weigher, consists of four rods AB, BE, ICD, and I)A freely Jointed 
at the corners A, B, E, and D so as to form a parallelogram, whilst the 
middle points, C and of AB and ED are attached to hied points ( and 
p which are in a vertical straight line. '1 he rods AB and DE can lie. !\ 

turn about C and F. 



To the rods AD and BE are attached equal senl v -pan ; s. In one of 
these is placed the substance W which is to be weighed and n. the 
other the counterbalancing weight F. 
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We shall apply the Principle of Virtual Work to prove that it is 
immaterial on what part of the scale-pans the weights P and W are 
placed. 

Since CBEF and CA DF are parallelograms it follows that, whatever bo 
the angle through which the balance is turned, the rods BE and AD are 
always parallel to CF and therefore are always vertical. 

If the rod AB be turned through a small angle the point B rises as 
much as the point -4 falls. The rod BE therefore rises as much as AD 
falls, and the right-hand scale-pan rises as much as the left-hand one falls. 
In such a displacement the virtual work of the weights of the rod BE and 
its scale-pan is therefore equal and opposite to the virtual work of the 
weights of AD and its scale-pan. These virtual works therefore cancel 
one another in the equation of virtual work. 

Also if the displacement of the right-hand scale-pan bo p upwards, 
that of the left-hand one is p downwards. The equation of virtual work 
therefore gives 

P.p + ll r (-p) = 0, i.e. P= W. 

Hence, if the machine balance in any position whatever, the weights 
P and ir are equal, and this condition is independent of the position of 
the weights in the scale-pans. The weights therefore may have any 
position on the scale-pans. It follows that the scale-pans need not have 
the same shape, nor be similarly attached to the machine, provided only 
that their weights arc the same. 


Ex. 4. A uniform beam rests tangentially upon a smooth curve in a 
vertical plane and one end of the 
beam rests against a smooth vertical 
irall; if the beam is in equilibrium 
in any position, find the equation 
f<> the. • arve. 

Take the wall as the axis of y 
and any point <> on it as the 
origin. 

If y he the height of the centre 
of gravity of the beam above Ox, 
the equation of virtual work becomes ir.5y = 0. 

[For the other forces, viz. the reactions of the wall and curve, do not 
enter into the equation, by Art. 10-1.] 

y = const. = h. 

Hence O is the point (a cos 6, h), where 2a is the length of the rod, and 
8 is its inclination to the horizontal. 

Hence the equation to AG is 



y — h — tan 8 (.r — a cos 8)=x tan 0 — a sin 6. 

l or its envelope, differentiating with respect to 8, wo have x = a cos 3 6 
and y —— a sin 3 8. 

■\ .r3 -f (y — hy- = «5, giving the form of the required curve. 
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1. Four equal heavy uniform rods arc freely jointed so as to form a 
rhombus which is freely suspended by one angular point, and the middle 
points of the two upper rods are connected by a light roil so that the 
rhombus cannot collapse. Prove that the tension of this light rod is 
4 IK tan a, where IP is the weight of each rod and 2n is the angle <»t 
the rhombus at the point of suspension. 

2. A string, of length a, forms the shorter diagonal of a ih-unbus 
‘ formed of four uniform rods, each of length b and weight IP, which are 



lUi UlVU ... » - « ... 

hinged together. If one of the rods be supported in ahoriz-.ntah^sin.m. ^ ^ 

prove that the tension of the string is K ‘ ‘t. ,(,( 1 -^) 

2 H # . t" r. s t tUk+j*)''* 


i w. * h *%- ^ i s * - r s 

t = i 



bs'iV-d* 

3 A regular hexagon ABCDEF consists of six equal rods'which are 
each of weight IP and are freely jointed together. The hexagon rests ... a 
vertical plane and AB is in contact with a horizontal table ; if ( and /• be 

connected by a light string, prove that its tension is IP n'3. 

4. A square framework, formed of uniform heavy rods of equal 
weights IP jointed together, is hung up by one corner. A weight II is 
suspended from each of the three lower corners and the shape of the 
square is preserved by a light rod along the horizontal diagonal. I rove 

that its tension is 4 IP. 


4,1 X* Four' equal jointed rods, eacl. of length «, are hung from an 


angular point, which is connected by an elastic string with the opposite 

point. If the mis hang in the form of a square, and if the modulus of 

w elasticity of the string be equal to the weight of a rod, shew that the 

. . . . aJ2 

^«.-w)unstretched length of the string is - 3 • 

I > l 

* <.t p our rods are jointed together to form a parallelogram, the 

* 'jSsitc joints are joined by strings forming the diagonals, and the whole 
system is placed on a smooth horizontal table. Shew that them tensions 
are in the same ratio as their lengths. 


CV. 


7 Six equal heavy beams arc freely jointed at their ends to form a 
hexagon, and are placed it. a vertical plane with one beam resting on a 
horizontal plane ; the middle points of the two upper slant beams which 
are inclined at an angle 6 to the horizon, are connected by a light cold. 
Shew that its tension is 6 IP cot 0, where IP is the weight of each beam. 


8. A regular hexagon is composed of six equal heavy roils lively 
jointed together, and two opposite angles are connected by a string, winch 
is horizontal, one rod being in contact with a horizontal plane; at the 
middle point of the opposite rod is placed a weight H ,^it »» '*« ,llC 

weight of each rod, shew that the tension of the string is —^, 3 
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9. Six equal heavy rods, freely hinged at their ends, form a regular 
hexagon A BCDEF which when hung up by the point A is kept from 
altering its shape by two light rods BF and CE. Prove that the thrusts 


c M 

of these rods arc IV and ~~ H r , where W is the weight of either rod. 


[First give the system a virtual displacement in which AB and AF 
remain fixed and BC and FE become equally inclined to the vertical, and 
so obtain the tension of CE ; then give the system a displacement in 
which BC and FE both remain vertical, and the rest of the rods are still 
equally inclined to the vertical.] 




-t iuc' 

10. A flat semi-circular board with its plane vertical and c 
upwards rests on a smooth horizontal plane and is pressed at 


ghts of the 41 -*®. 


11. Two equal uniform rods AB and AC, each of length 2b, are freely 
jointed at A and rest on a smooth vertical circle of radius a. Shew that, 
if 28 Ik.* the angle between them, then 

b sin 3 8 = a cos 8. 


[The weights, IF, are the only forces that come into the equation of 
virtual work, and the height of the centre of gravity of each rod above the 


centre <>f the circle is . n — b cos 8. 

sin 8 


73 jo' vs «*-0 A v: 


.'. — b cos 8 | = 0, i’.c*. -. cos 0.50 + 6sin 0.50 = 0, etc.] 

_ \_»IU8 J ’ 811 V s 0 .... -Afe. 

.% a .. a o • < \ >1 - *Y_—- A K . ' . , .» ' r 






r?o 


- 

>n is ai 




— +\ • * A 


rg A ^ 12?M A prism whose cross sectionfs an equilateral triangle rests with two 


•/» ,_p edges on smooth planes inclined at angles a, /3 to the horizon. If 8 bo the 


angle which the plane containing these edges makes with the vertical, 

i^r^tVhew that , . l'). v.a A .„ k rr^.rr l( 

r a'f ' 0 ™*'' ♦ a 2 s f S sin a sin /3+sin (a + /9) V w - 

tautf- ' - 701 -V G- 


A - » .v. O _ us x ^, 

"V s \ 1 .-Two small smooth rings of equal weight slide 011 "a fixed elliptical* 
1 \M "* wife, whose major axis is vertical, and tliev are connected by a string 
; V^^'wfncl. l isses over a small smooth peg at the upper focus; shew that the 
' weights will be in equilibrium wherever they are placed. 


-w(4 


14. Four equal uniform rigid rods, each of weight IF, joiuted together 
at their ends so as to form a rhombus are hung from one corner and kept 
approximately in the form of a square by means of weightless rods which 
f«>i'in the diagonals. Assuming that the very small extensions or 
compressions, whichever the diagonals undergo, are proportional to the 
tensions or thrusts they exert, prove that these forces are each equal 
to IF. 


Work. Examples 


9." 


15. Two small rings, of equal weight, slide on a smooth wire in the 
shape of a parabola, whose axis is vertical and vertex upwards, and 
attract one another with a force which varies as the distance ; if they can 
rest in any symmetrical position on the wire, shew that they will_»est in 
all symmetrical positions. ^ 


'-t* 




a© . i 






16. A smooth roil passes through a smooth ring at the focus of an 
ellipse whose major axis is horizontal, and rests with its lower end on the If >-. v 


? ouadrant of the curve which is furthest removed from the focus. Find its o - i 

* . i . i . *. l il _i . . / < ^ I- 


* < + 
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position of equilibrium, and shew that its length must at legist bo +1 

1 - -J-- ( i Un i j 7 ^ (*-» *4- -i -I <x‘ i».4 t > • o_- 

" v 'i +8«r, where 2« is the major axis and e is the eccentricity. •»= 

4 4 


17. One end of a beam rests against a smooth vertical wall and the 
other end on a smooth curve in a vertical plane perpendicular to the wall; 
if the beam rests in all positions, shew that the curve is an ellipse whose 
major axis lies along the horizontal line described by the centre of gravity 

of the beam. 



18. A heavy rod AB, of length 2/, rests upon a fixed smooth peg at 
fand with its end B upon a smooth curve. If it rests in all positions, 

* .... • . • 'ii. / i . __' ' 


\y a I HI »1U1 ll'-. VIIU UJ/VII «-• .. .* . . 

shew that the curve is a conchoid whose polar ^‘ation, ^rttht^ongin u 

is r = l + -r- .. - ' -H ' ; 'j - ,r 

sin 6 -r- \ , -♦>* °- 

AT * Fv f*/ K..*. % 


oi * .. f ? * 

19. A small heavy ring P slides on a smooth wire wh&sc plane is 
vertical, and is connected by a string passed over a small pulley 0 in the 
plane of the curve with another weight IF which hangs freely. If the ring 
is in equilibrium in any position on the wire, shew that the form of the 
latter must be that of a conic section whose focus is at the pulley. 

[If in the position of equilibrium OP is r and is inclined at 6 to the 

vertical, the equation of virtual work gives 

PH (/• cos 6) + lF«(/-r)-0. 

. •. Pr cos 6 + IF (l-r)= const, etc.] 


20. A B is a heavy beam which can turn about a horizontal axis at A ; 
a cord fastened to B passes over a smooth pulley C, vertically above .1, 
and is tied at the other end to a given weight P which moves on a given 
smooth curve ; find the form of the curve if there is equilibrium in all 

1 [If* be the depth of the middle point of the beam below -I, and II be 
its weight, then 

Pb (»• cos 6) + H dx = 0 , 

«o that P>‘ c°s 0 + lF.c = const. 

Also (/-/•)*-c*+4a*+ 2c», where AB=2a, AC=<- , and l is the length 
of the cord. Eliminate .r.] 


CHAPTER VI 


GRAPHIC SOLUTIONS 

107. The resultant of a system of forces actin g at a point 
may be obtained graphically by means of the Polygon of 
Forces. For, (Fig. Art. 24,) forces acting at a point 0 and 
represented in magnitude and direction by the sides of the 
polygon ABCDEF are in equilibrium. Hence the resultant of 
forces represented by A B, BC, CD, DE, and EF must be equal 
and opposite to the remaining force FA, i.e. the resultant must 
be represented by AF. 

It follows that the resultant of forces P, Q, B, S, and T 
acting on a particle may be obtained thus; take a point A and 
draw AB parallel and proportional to P, and in succession BC, 
CD, DE, and EF parallel and proportional respectively to Q, R, 
S, and T\ the required resultant will be represented in magni¬ 
tude and direction by the line AF. The same construction 
would clearly apply for any number of forces. 

Many problems which would be difficult or, at any rate, 
very laborious to solve by analytical methods are comparatively 
easy to solve graphically. These questions are of common 
occurrence in engineering and other practical work. There is 
generally little else involved besides the use of the Triangle of 
Forces and Polygon of Forces. 

108. Ex. 1. ACDB is a string whose ends tire attached to two points , 
A and B, which are in a horizontal line and are seven feet apart. The 
lengths of AC, CD, and DB are 3i, 3, and 4 feet respectively, and at C is 
attached a one-pound weight. An unknown weight is attached to D of such 
a magnitude that, in the position of equilibrium, CDB is a right angle. 
Find the magnitude of this weight and the tensions of the strings. 

Let T x , T z , and T A be the required tensions and let x lbs. bo tho 
weight at D. Take a vortical line OL, one iuch in length, to represent the 
weight, one pound, at C. Through O draw OM parallel to AC, and 
through L draw LM parallel to CD. 
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By the triangle of forces OM represents 7\, and LM represents T>. 
Produce OL vertically downwards and through M draw MX parallel to 
BD. Then, since LM represents T>, it follows that T 3 is represented by 
MX, and .r by LX. By actual measurement, we have 


0J/=3 05 ins., LM=2 m 49 ins., MX= 51 ins., and XL =5 63 ins. 


Hence the weight at D is 5 - G3 lbs. 


and the tensions are resi>ectively 


305, 2 49, ami 51 lbs. wt. 



Ex 2 The Crane. The essentials of a Crane are represented in the 
annexed figure. A B is a vertical post; A C a beam, called the jib, capable 
of turning about its end A ; it is supported by a wooden bar or chain, 
CD, called the tie, which is attached to a point D of the post A B. At 0 



is a pulley, over which passes a chain one end of which is attached t« 
weight to be lifted and to the other end of which, IJ, is applied the| force 
which raises W. This end is usually wound round a drum or c>hn e . 
The tie CD is sometimes horizontal, and often the direction of the chain 


L. B. 
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CE coincides with it. In the above crane the actions in the jib and tie 
may be determined graphically as follows. 

Draw KL vertically to represent W on any scale, and then draw LM 
equal to KL and parallel to CE ; through M draw MN parallel to A C and 
KN parallel to DC. 

Then KLMX is a polygon of forces for the equilibrium of C; for we 
assume the tension of the chain to be unaltered in passing over the pulley 
C, and hence that the tension of CE is equal to IT. Hence, if T be the 
thrust of A C and T' the pull of CD , we have 

T _ T' W 
MX ~ XK ~ KL ' 

Hence T and T' are represented by MX and XIv on the same scale 
that KL represents IT. 

Ex. 3. Shew how the forces which act on a kite maintain it in equili¬ 
brium , proving that the perpendicular to the kite must lie between the 
direction of the string and the vertical. 

Let A B be the middle line of the kite, B being the point at which the 
tail is attached ; the plane of the kite is perpendicular to the plane of the 
paper. Let G be the centre of gravity of the kite including its tail. 



The action of the wind may Vie resolved at each point of the kite into 
two components, ono perpendicular to the kite and the other along its 
surface. The latter components have no effect on it and may bo neglected. 
The former components compound into a single force II perpendicular to 
the kite which acts at a point II which is a short distance above G. R 
and IT meet at a point O and through it must pass the direction of the 
third force, viz. the tension T of the string. 

Draw KL vertically to represent the weight IT, and LM parallel to 
HO to represent It. Then, by the triangle of forces, MK must represent 
the tension T of the string. 

It is clear from the figure that the line MK must make a greater angle 
•with the vertical LK than the line LM, i.c. the perpendicular to the kite 
must lie between the vertical and the direction of the string. 

From the triangle of forces it is clear that both T and IT must bo 
smaller than the force R exerted bv the wind. 

9 



Examples 
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[The following examples are to be solved graphically.] 

1 . A heavy beam, AD, 10 feet long is supported, A uppermost, by two 
ropes attached to it at A and D which are respectively inclined at 55° and 
50° to the horizontal; if AD be inclined at 20° to the horizontal, find at 
what distance from A its centre of gravity is. Also, if its weight be 

200 lbs., find the tensions of the two ropes. 

[316 ft.; 133 and 118 8 lbs. wt.] 

2. A D is a uniform beam turning on a pivot at C and kept in equilibrium 

by a li"lit string AD attached to the highest point A and to a point D 
vertically below C. If AD = 3 ft., AC= 1 ft., CD = 2 ft., and DA = 21 ft., 
and the weight of the beam be 10 lbs., find the tension of the string and 
the reaction of the pivot. [ fl ' ,; > aIK * 188 wt l 

3. A cantilever consists of a horizontal rod A D hinged to a fixed support 

at A , and a rod DC hinged at a point C of AD and also hinged to a fixed 
point D vertically below A. A weight of 1 cwt. is attached at D ; find the 
actions at A and C, given that AD=6 ft., AC= 2 ft., and AD = 3 ft., the 
weights of the rods being neglected. I 2 ' 83 aml 3 61 cwt J 

4. The plane of a kite is inclined at 50° to the horizon, and its weight is 
10 lbs. The resultant thrust of the air on it acts at a point 8 inches 
above its centre of gravity, and the string is tied at a point 10 inches 

above it Find the tension of the string and the thrust of the air. 

[2G-8 and 321 lbs. wt.J 


109. Funicular, i.e. Rope, Polygon. If a light cord have 
its ends attached to two fixed points, and if at different points 
of the cord there be attached weights, the figure formed by the 

cord is willed a funicular polygon. 

Let 0 and 0, be the two fixed points at which the ends of 
the cord are tied, and let A lt A,, ... A n be the points of the 
cord at which are attached bodies whose weights are w lt iu. Jt ... 

w n respectively. 

Let the lengths of the portions 0A lt A x A. Jt A 3 A 3 , ... A n U x 
be a u u„ a*, ... «n+i respectively, and let their inclinations to 

the horizon be 


a l9 ct 2 > ••• a rt+i* 

Let h and k be respectively the horizontal and vertical 
distances between the points O and 0,, so that 


a, cos a, + a. 2 cos a„ + 

and a, sin a, + a* sin a. t + 

Let Tu 'L\, ... T n+ i be re 
portions of the cord. 


... + «n+i COS a (t + l = ft .(1). 

... + a n+ , sin a„-H = k . re¬ 

spectively the tensions of the 


7-2 
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Resolving vertically and horizontally for the equilibrium of 
the different weights in succession, we have 

To sin a 2 — T x sin a, = w lf and T 2 cos o 3 — T x cos <*1 = 0; 

T 3 sin a s — T 2 sin cl, = w., t and T a cos a 3 — T a cos cl 2 = 0 ; 


T u + X sin cc n+ , — T n sin a,, = w„, and T n+X cos a n+x — T n cos a n = 0. 

These 2 a equations, together with the equations (1) and (2), 
are theoretically sufficient to determine the (n+1) unknown 
tensions, and the (n + 1) unknown inclinations 

y ••• • 

From the right-hand column of equations, we have 

T x cos a, = To cos cl 2 = T\ cos a 3 = ... = T n+X cos a„ +1 =K (sa} 7 ) .. .(3), 

so that the horizontal component of the tension of the cord is 
constant throughout and equal to K. 



From (3), substituting for 1\, T.,, ... T, x+X in the left-hand 
column of equations, we have 


tan a., — tan a, = 


K ’ 


W; 

tan a.j — tan a., = , 


w 


tan a, l+1 — tan a n = -j£ . 

If the weights be all equal, then tana,, tana.,, ... tan a n+1 
are in arithmetical progression. 








Funicular Polygon 
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, r 3 

P-. 

Pi 


Hence when a set of equal weights are attached to different 
points of a cord, as above, the tangents of inclination to the 
horizon of successive portions of the cord form an ar.thmet.cal 
progression whose constant difference is the weight ot any 
attached particle divided by the constant honzontal tens.on ot 

the cords. 

110 Graphic construction. If, in the Funicular Poly¬ 
gon, the i nclinations of the different portions of cord be giyen 
we can easily, by geometric construction, obtain the ratios oi 

W», W„ ... . J , 

For let C be any point and CD the 
horizontal line through C. Draw CP lt 
CP CPn 4 -\ parallel to the cords OA l , 

aX;:.. dIo„ P so that the angles PfiD, 

P/JD, ... are respectively a lt a,, .... 

Draw any vertical line cutting these ^ 

lines in D, Pi, Pit — 

Then, by the previous article, 

w DP, DPx _ F p j 

X = tan a, - tan a, = ^ “ C D ~ CD ' 

w DP , DP, _ PJ\ 

£ = tan a, - tan a, = ~ CJ[) “ QD ’ 

and so on. . , 

Hence the quantities K, w lt w„ ... Wh are respectively pro¬ 
portional to the lines CD, 1\P„ PJ\, ••• an< Kntc 

their ratios are determined. _ . • , 

This result also follows from the fact that Cl ,1 , is a tnang e 
of forces for the weight at A„ GPJ\ similarly tor the weight at 

A " Similarly',' if the weights hung on at the joints be given and 
the directions of any two of the cords be also known we can 
determine the directions of the others. We draw a vertical line 
and on it mark off P,P„ PJ\, proportional to the weights 

ur -\y . If the directions of the cords QA X ,A X A, are given, 

we"draw P,C, P,C parallel to them, and thus determine the 
point C. Join C to P„ P .etc., and we have the directions 

the rest of the cords. 


• • • 
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111. To find, by a graphic construction, the resultant of any 
number of coplanar forces. 

Let the forces be P, Q, R, .and S whose lines of action are as 
in the left-hand figure. 

Draw the figure ABODE having its sides AB, BO, CD, and 
DE respectively parallel and proportional to P, Q, R, and 
Join AE, so that by the Polygon of Forces AE represents the 
required resultant in magnitude and direction. 



Take an } 7 point 0 and join it to A, B, C, D, and E; let the 
lengths of these joining lines be a, b, c, d, and e respectively. 

Take any point a on the line of action of P ; draw a/9 parallel 
to BO to meet Q in /9, /3y parallel to OO to meet R in y, and 
y8 parallel to DO to meet S in 8. Through 8 and a draw lines 
parallel respectively to EO and OA to meet in e. 

Through e draw eL parallel and equal to AE. Then eL shall 
represent the required resultant m^magmtude and line of action, 
on the same scale that A B represents P. 

For P, being represented by AB, is equivalent to forces 
represented by A 0 and OB and therefore may be replaced by 
forces equal to a and b in the directions ea and /9a. So Q may 
be replaced by b and c in directions a/9 and yS, R by c and d in 
directions fty and 8y, and £ by forces d and e in directions 7 8 
and e8. 


The forces P, Q, R, and *9 have therefore been replaced by 
forces acting along the sides of the figure a/3y8e, of which the 
forces along a/3, /9 7 , and y8 balance. Hence we have left forces 

arc parallel and equal to AO and OE, whose re¬ 
sultant is AE. 

Since eL is drawn parallel and equal to AE, it therefore 
represents the required resultant in magnitude and line of action. 
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Such a figure as ABODE is called a_Force_Polygon and one 
such as afty&e is called a Link or Funicular Polygon, because it 
represents a set of links or cords in equilibrium. 

112. If the point E of the Force Polygon coincides with 
the point A it is said to close, and then the resultant iorce 

Va Tf h !he Force Polygon closed, but the Funicular Polygon did 
not close, i.e. if Sea was not a stra.ght hue, we should hare left 
forces acting at 8 and a parallel to OE and AO, i.e. we should 
this case have two equal, opposite, and parallel forces forming a 

C0U qthowever the Funicular Polygon also closed, then Sra would 
be a straight line and these two equal, opposite, and parallel 
forces would now be in the same straight line and would balance. 
Hence, if the forces P, Q. if, S are in equilibrium, both their 

Force and Funicular Polygons must close. 

113 If the forces be parallel the construction is the same 
as in the previous article. The annexed figure is drawn for the 
case in which the forces are parallel and two of the five forces 
arc in the opposite direction to that of the other three. 

o 

r f . 




Since P, If, and S are in the same direction we have AS, 
CD and DE in one direction, whilst BC and EF which 

represent Q and T are in the opposite direction. 

The proof of the construction is the same as in ic 
article. The line ft, equal and parallel to A F ^P^ents 
required resultant both in magnitude and line of actio . 

4 This construction clearly applies to finding the resultant 

weight of a number of weights. 

•r i /i ir n s leautlh 12 feel and weight 0 cu'(. y is 

Ex A uniform beam J/K> oj itagui / • f . , 

Etf-tJtl VrJXttXZZ £v. :• 

graphically Oik reactions at 11 and A. 
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Measure A B> BC , CD vertically on a scale in which 1 cwt. is represented 
by half an inch, so that AB = 2 ins., BC=2i ins., and CD=lh ins. 




Take any convenient, pole O. 

From any point <» on the vertical through L draw ac, 3 parallel to 
OA, OB to meet the verticals through II and G in «• and ; draw By 
parallel to CO, y8 parallel to DO, and join 8c. Draw OF parallel to 8* to 
meet .1 B in F. Then DE, EA clearly represent S and II. On measure¬ 
ment, we have It = 0*83 cwt. and 5=5*17 cwt. 


114. There is another system of lettering (known as B ows 
or llenriei’s syste m) that may be used conveniently in the work 
of Art. 111. 


Let the space between the forces P and Q be called B ; 
that between Q and R be called G and so on. 

Then the line of action of P is the boundary between the 
spaces A and B, and hence in the second figure the line that 
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represents it may conveniently be called ab. The Force Pol} gon 
therefore is named abode. 

When the pole o has been taken and the Funicular Polygon 
afiySe has been drawn, the space within the latter is then con¬ 
veniently called 0. 



Thus a small letter attached to an angle of the Force 
Polygon corresponds to a big letter attached to a space ot the 

FU ^X P .^ion, a, of the force P is the meeting 
point of the spaces A, B and 0 and hence may be called the 
point ABO ; the corresponding triangle of forces for this point 

is abo. Similarly for the other forces. 

115. If any two funiculars of a given system of forces 
corresponding to two poles 0 and O'be drawn the locus of he 
intersection of their corresponding sides ,s a straight hue winch 

is parallel to 00'. . . n . 

Let a'BW... be the funicular, constructed as m Ait. Hi, 

corresponding to the second pole O'. Reverse all t u* 

'• VL. . ..... 

and 7 / 3 ; and the reversed Q at (3' into forces, ecp.al to_0^«md 

CO', along /3V and /3V > >md take ,no,,,ents abollt U ’ 
section of a/3 and a'/3'. . 

Then since these four components are in cqu hb.i- « 

sum of their moments about U is zero. so «° , 

through V. Hence the moments of the forces along yB and 0 y 

(equal to OC and CO’ respectively) about V is zero ^ 

Hence their resultant passes through U. B > thl . il . 

passes through V, the intersection of By and By. H 
resultant is in the line UV. 
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But by the right-hand figure the resultant of forces repre¬ 
sented by OG, GO' is parallel to 00', so that UV is parallel 
to 00'. 

Similarly the line VW, joining V to the intersection, TP, of 
the lines yS and y'S', is parallel to 00'. 

Hence all the points U, V, W, ... clearly lie on a straight 
line which is parallel to 00'. 


116. Given one funicular of a given system of coplanar 
forces, to construct all the funiculars. 

This may be done by reversing the process of the previous 
article. 


For let a/9 meet any line HK in U. Draw Ucffi' in any 
arbitrary direction to meet the forces P and Q in a' and fi'. 
Let fly, yS, Be,... meet HK in V, W, X, .... 

Draw V/3'y', Wy'B', XB'e, ... to meet R,S,T,... in y', 8', e ',.... 
Then, by the previous article, a'fl'y'... is another funicular. 

Also, since HK and Ua'fl' are both arbitrary, it is clear that 
an infinite number of funiculars can be thus obtained. 


117. Graphic representation of the moment of the resultant 
of given forces. 

Let the notation be as in Art. 111. 

If we want the moment about a given point M, through it 
draw a line MUV parallel to the resultant L to meet in U and 
V the two sides of the funicular polygon which meet on this 
resultant. From 0 draw a perpendicular OH upon AE, and 
from M a perpendicular MX on the line of action of the 
resultant L. 

Since the sides of the triangles UeV and A02? are respec¬ 
tively parallel, 

. UV _ Uf _ perp r from e on UV MN 
AE AO perp r from 0 on AE ~ OH ’ 

so that AE. MX = UV. OH. 

Hence the sum of the moments of the four component forces 
P> Q> P, S about M = the moment of their resultant L about M 

\ — L . MX = AE. MX 
= UV. OH, 
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i.e. the moment about M is equal to the intercept, on the line 
through M parallel to the resultant, of the sides of the funicular 
polygon which meet on the resultant multiplied by the perpen¬ 
dicular from the pole 0 on the side of the forco polygon which 
represents the resultant. 



Similarly, the moment about M of any of the component 
forces P is equal to the intercept on the line through M parallel 
to P of the two sides through a of the funicular polygon 
multiplied by the perpendicular from the pole 0 on the side A B 
of the force polygon which represents P. 

118. A closed polygon of light rods freely jointed at their 
extremities is acted upon by a given system of forces acting at 
the joints which are in equilibrium; find the actions along the 

rods. 



Let A,A„ A,A„ - be a s >’ stcni of fiv f e freely 

minted at their ends, and at the joints let given forces 1 „ 

P P 4 and P 8 act as in the figure. Let the consequent actions 

along 4 fhe rods be T n , T a , T u , T u , T n as marked. 
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Draw the pentagon abode having its sides parallel and pro¬ 
portional to the forces P lt P 2> ... P 6 . Since the forces are in 
equilibrium this force polygon is a closed figure. 

Through a draw ao parallel to A x A t and through e draw eo 
parallel to A i A l . Now the triangle eoa has its sides parallel to 
the forces P l} T 12 , and T 5l which act on the joint A x . Its sides 
are therefore proportional to these forces; hence, on the same 
scale that ea represents P x , the sides ao and oe represent T xi 
and T n . 

Join oc, od, and oe. The sides ab and oa represent two of 
the forces, P, and T 12 , which act on A«. Hence bo, which 
completes the triangle aob, represents the third force T. a in 
magnitude and direction. Similarly oc and od represent T u and 
'I\ 3 respectively. The lines oa, ob, oc, od, and oe therefore 
represent, both in magnitude and direction, the forces along 
the sides of the framework. A similar construction would 
apply whatever be the number of sides in the framework. 

119. It is clear that the figure and construction of the 
preceding article are really the same as those of Art. 111. 

If the right-hand figure represents a framework of rods ab, 
be, cd, ... acted on at the joints by forces along ao, bo, ..., then 
the polygon .l,A.,A 3 d 4 A 5 of the left-hand figure is clearly its 
force polygon, since A,A.,, A~A a , ... are respectively parallel to 
ao, bo . 

Hence either of these two polygons may be taken as the 
Framework, or Funicular Polygon, and then the other is the 
Force Polygon. For this reason such figures are called Reci¬ 
procal. 



As another example we give a triangular framework acted 
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on at its joints by three forces P„ P,. P , in equilibrium whose 
force polygon is abc\ conversely, A.,A 3 A X is the force polygon 
for the triangle abc acted on by forces T Xiy T a , and T 3X . 

120. Ex. 1. A framework , A x AoA 3 A ty consisting of light rods stiffened 
by a brace A x A 3y is kept in a vertical plane by supports at .1, and A ,, 
so that A X A X is horizontal; the lengths of A x A, y A,A 3y A 3 A X an . ,. i 
3, 2, 3, and 4 feet respectively; also A X A X and AoA 3 are para • . - i- -• 

and A 3 A t are equally inclined to A x A t . It weights of 10 and a art. 
respectively be placed at A 2 and A 3y find the reactions of the supports at 
A^and Au and the forces exerted by the different portions of 

Let the forces in the sides he as marked in the figure and let I , and 

p. be the reactions at A x and A t . 



Draw a vertical lino A B, 5 inches in length, to represent the weight 
10 cwt. at At ; also draw AD parallel to A,A, and BO parallel A,, 3 . 

Then ADD is the Triangle of Forces for the joint A 2 . 

Note that the force at A s in the bar A,A, must he along A,A 3 A V U, 

aUd [Aul bar] \vlAch undergoes 'stress, as in this case, is either resisting 
a tendency to compress it, or a tendency to stretch .t jn tl.oJ.racase 

the action at each end is from its centre 

the bar is called a Strut; in the second case the set ,o £ 

towards its centre, when the bar is called a Tm. n ^ 

actions at the two ends of the Tlprln^tt iight at d 3 - 

Draw DC vertical and equal to m . 1 Then J)ncE is the 

Draw CE parallel to A 3 A 4 and DE parallel to A x j. 

Polygon of Forces for the joint A 3 . 
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Draw EF horizontal to meet AC in F. Then ECF is the Triangle of 
Forces for A 4 , so that the reaction P 4 is represented by CF and T x4 
by FE. 

Finally, for the joint A x , we have the polygon DEFA, so that P\ is 

represented by FA. 

On measuring, we have, in inches, 

EF= 1T0, CE= 3-31, -00=1-77, DA = 530, DE=‘ 91, 

CF=3- 125, and FA= 4375. 

Hence, since one inch represents 2 cwt., we have, in cwts., 

T u = 2-20, T 34 = 602, 7 ’ 23 = 3-54, 7 T 12 =10G0, ^,3 = 182, 

/ > 4 = 6-25, and P\ = 8 ’75. 

Also from the order of the forces in the triangles and polygons of 
forces it is clear that the bars A X A 3 and A X A 4 are in a state of tension, 
i.e. they are ties, whilst the other bars of the framework are in a state of 
compression, i.e. they are struts. 

Ex. 2. A portion of a Warren girder consists of a light frame composed 
of three equilateral triangles A x AoA 6 , A 6 A 2 A 3 , A B A 3 A 4 and rests with A X A 5 A 4 
horizontal, being supported at A x and A 4 . Loads of 2 and 1 tons are sxis- 
pended from A■> and A 3 ; Jind the stresses in the various members. 

Draw AB, DC vertically, equal to 2 inches and 1 inch respectively, to 
represent P-, and P 3 . Take any pole 0 and join OA, OB, OC. 

Take any point « on the line of action of P 3 ; draw «8 parallel to OA 
to meet the line of the reaction P x at A x in 8 , and a& parallel to OB to 
meet the vertical through A 3 in /9, and then /3y parallel to CO to meet the 
vertical through J 4 in y. Join y 8 ; then <i/3y5 is the funicular polygon of 
which (if we draw OD parallel to y5) the straight liue A BCD is the force 
polygon. 


A ^_ ^ a 3 



Hence l\ and 1\ are represented by DA and CD. Let the forces 
exerted by the rods, whether thrusts or tensions, bo T x2| T % 3 , ... as marked. 

Draw DE, AE parallel to A t A B and A X A 2 ; then A ED is a triangle of 
forces for A u so that d.fi’and ED l-epresent T u and T 1B . 
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Draw EF, BF parallel to A 2 A 6 and A 2 A 3 , so that EABF is the polygon 
of forces for the joint A 2 , and thus -fi^and FB represent T& and 7V 

Draw CO, FG parallel to AyA 4 and A 3 A 5 (which meet on BE), so that 
FBCG is the polygon of forces for the joint A 3 , and thus FG and GC 

represent and T M . 

Then CDG is the triangle of forces for A iy so that BG represents 1 15 . 
Finally, EDGF is the polygon of forces for the joint A s . 

On measuring off the various lengths in inches, we have 

P x = 1*75, P\ = 1 ’20, T x 2 =202, 723=87, 7’ 3 «=l-44, T x: =rl, 
7 t 16 =101, 7’ 2i =7 , 35=-29 ton’s wt. respectively. 

Also from the order of the forces in the triangles and polygons of 
forces, it is clear that A x A - a , A„A i and A b A 3 are ties, and the others 

are struts. . . . . .. 

[A girder, consisting of a number of portions like the part in the 

figure, is called a Warren girder after the name of its inventor, (.apt. 

Warren, who introduced it about the year 1850.] 


Ex. 3. A x A 2 A 3 A i A b A (i « « roof-truss as m the figure) at the points 
Ao, A 3 , A 4 act forces P 2 , PJ, P x *» the direction* marked) equilibrium is 
kept by means of a reaction P x at A x which is unknown in magnitude and 
direction, and an unknown reaction P b at A„ in the given direction A b X) find 
these reactions and also the tensions or thrusts of the rods forming the truss. 



We must first find the magnitudes of P x and I\. 

On any convenient scale draw BC, CD, BE, LG to represent / 2 , 
P K , P 0 in magnitude and direction, and take any pole O. 
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yt Starting with A , (which is the only point we know on the line of action 
of the iinknown force P,) draw the funicular polygon A x f$y8... in which 
A j/3, /9y, y8, are parallel respectively to OB, OC, OD , OE, and OO. 



G 


Join A jf and draw OA parallel to it to meet OA (which is drawn 
parallel to the given direction A 6 X) in A. 

Then clearly GA represents the unknown reaction P 6 ; and AB 
represents both in magnitude and direction the unknown reliction P, 
at A\. For, since the force polygon ABCDEGA and the funicular 
polygon Axfty8e£Ai are closed, the corresponding forces P u P 2 , ... P 6 
acting at J lt J 2 , ... J 0 , in the directions given or found, are in equilibrium. 




113 


Graphic Constructions 


To draw the force polygon as neatly as possible we should have the 
forces in it in the order in which they are in the frame. Draw then 
EF, FA parallel to O'A, GE and we have as the force polygon the 

figure ABCDEFA. , . 

Draw BK> AK parallel to A X A Z and -Me so that ABK is a triangle of 

forces for A,. Through A', C draw A’Z, CL parallel to -Me. 'Ms so that 

BCLK is a polygon of forces for A>. 



Through L, I) draw ZJ/, DM parallel to A 3 A a , <M« so that CDML is 

a polygon of forces for A 3 . . . , . 

Similarly, DENM is a polygon of forces for A t . It is then found that 

NF is parallel to A 0 A 0i so that EFS is a triangle of forces for A* and 

FAKLMN is a polygon of forces for A 0 . 

It is easily seen that the rods A t A.,, A..A :u *M<. 'M.-. fti-e in thrus , 

and that the other five are in tension. 


121. There is one point to be noted which is ot some 
importance in drawing the figure and which may be explained 
by the last example of the foregoing article. In drawing the 
forces for the joint A, we might have drawn a line through C 
parallel to A 2 A 0 and one through K parallel to A,A,\ this would 
not have been wholly wrong, but the figure resulting would have 
been more complicated than the preceding. The proper.rule 
to observe is that the lines meeting at any point C of the 
figure should, if possible, be parallel to forces acting at two 


L. 8. 
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joints, and the link joining these joints, of the frame. Thus 
since at C therd meet the forces acting at two joints A 3 , A s of 
the frame, the tfhird line through it should be a line parallel to 
A 2 A a ] hence we draw CL parallel to A 2 A S . 

But sometimes, as at the point L , we do not have lines 
parallel to .any of the original external forces of the frame; in 
this case we take the lines through L to be such that they are 
parallel to the sides of a triangle in the original frame. Thus 
in drawing the force polygon for A 3 , we start with LC , CD which 
have already been drawn. Through L we could now draw a 
line parallel either to A a A t , or A a A n ; but the forces already 
drawn at L are pm'allel to A 2 A 3 and A a A 6 , and A a A a satisfies 
the condition of/forraing with these two a triangle in the 
original frame -\yfiilst A z A t does not; we therefore draw LM 
parallel to A 3 J C and then DM parallel to ri 3 ri 4 . 

In drawiiyj the force diagram we therefore should take care 
that the three forces represented by lines passing through any 
point of the/figure are either parallel to two external forces and 
the corresjJjnding link of the frame , or are parallel to the sides 
of a triangle in the frame. 

122. Method of Sections. Sometimes only the reactions 
in a portion of the diagram are wanted and then the whole of 
the reciprocal diagram need not be drawn. Thus suppose in 
Ex. 3 of Art. 120 we only want l\ e , TT&. Imagine a line 
QRS drawn to cut them so that Q, R,S are respectively on A 2 A 3 , 
A..Aa, and A^A a . The portion to the left of QRS is then in 
equilibrium under the action of the forces on it, provided we 
include T a , T. x , 1\ 6 acting along A..A 3 , A.jA e , AiA 9 , i.e. it is in 
equilibrium under the. action of the external forces •Pi. -P*. T*, 
r J\ n , 1\ 6 . These are equivalent to two forces P, and P a given 
in magnitude and direction, whose line of action is given, 
and a force A” [the resultant of the two unknown tensions 
T a and P„] of which we only know its point of action A 2 . The 
solution may thus be completed by drawing successively tri¬ 
angles of forces for P,, and 'i\ 2 , then for T V1 , P a , and X , and 
finally for A', 7’., t and T. x . 

Or we may take moments about A v , and we have 
Y'„i x perpendicular from on A , A„ 

= 1\ x perpendicular from A s on wd,P,. 
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Similarly, moments about the intersection of A 2 A 3 and A 6 , 
and moments about A j will give T. a and T. x . 

In applying this method care must be taken that the section 
chosen does not cut more than three of the members of the 

frame. 

123. A number of bars jointed together at their ends is 
known as a framework or, more simply, as a frame. When the 
forces acting on such a bar are such that it is in tension, it is 
called a tie: when it is in compression it is called a strut. 

The simplest frame is a triangle of three rods AB, BC, CA 
connected by joints at A, B, and C. Since the shape of a 
triangle is fixed when its sides are given, such a framework is 
unalterable in shape and is said to be stiff or to be a perfect 
frame, whatever be the loads applied to its joints. 

A frame consisting of four rods AB, BC, CD, DA hinged at 
A, B, C, and D is clearly not necessarily of a constant shape; 
for no geometrical figure, except a triangle, is given in shape 
when the lengths of its sides are given. It is said to be im¬ 
perfect, because it does not preserve the same shape it the 
forces applied to its joints vary. It may however be made to 
become stiff by adding a diagonal bar AC hinged to the others 
at A and C. The forces acting along the five sides of the frame 
are now determinate for any given system of forces applied to 

its joints. . , , . ^ 

Suppose that in addition to the diagonal bar AC we now 

add another diagonal bar BD. The frame is now said to be 
redundant, because it now contains one more link or member 
than is necessary to determine its form ; the forces acting along 
its members due to any given system of loading would not now 

lie determinate. 

In general, a frame is stiff if it can be dissected into a 
number of triangles, but it may then be redundant. 

124. Non-redundant stiff frames. In two dimensions, 
if n be the number of joints, the number of bars must be 2a - 3. 
if the frame is to be both stiff’and non-redundant. For, d we 
have three joints A, B, C, the number of bars necessary to 
determine them is three, viz. BC, CA , AB. Any other jomt D 
is given in position if we arc given the bars (say A l>. BD) 
joining it to any two of the previous joints. So tor any other 
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joint E. Hence after the first three joints, two extra bars are 
required for each joint. The total number for n joints thus 

= 3 + 2 (n - 3) = 2n — 3. 

In three dimensions, the number is easily seen to be 3 n — 6. 
For after the first three joints A, B, G are given, the position 
of a fourth joint D is given if the bars AD, BD, CD are given. 
The position of a fifth joint E is known if we are given the bars 
joining it to any three of the previous four, e.g. if AE , BE, DE 
are given. Hence for any joint after the first three, three 
additional bars must be given. The total number required 
therefore 

= 3 + 3 (» - 3) = 3 n - G. 

125. In the examples of Art. 120 are several non-redundant 
stitt’ frames. Sometimes it is convenient to have a redundant 
frame. Thus in Ex. 1 of Art, 120, A , A n is a tie. If the 10 cwt. 
at An were removed, then d,d 3 would clearly become a strut. 
But, ii’ At A 3 were very flexible, it would not act well as a strut; 
in this case it would be better to have an additional tie A a A 4 . 
\\ hen the weight is all at A s then A.,A 4 would be in action and 
“li A a of no importance; if all the weight were at A., then A^A 4 
would go out of use, and -djA., only would be in action. 

Such members as A , A 3 or A,A 4 , capable of being used as 
a strut or tie only, are called semi-members. 


EXAMPLES 

1. Loads of 2, 4, 3 cwt. arc placed on a beam 10 ft. long at distances 

of 1 It., 3 ft., 7 ft. from one end. Find by an accurate drawing the lino of 
action of the resultant. [3 9 ft, from the end.] 

2. A horizontal beam 20 feet long is supported at its ends and carries 

loads of 3, 2, r>, and 4 cwt. at distances of 3, 7, 12, and 15 feet respectively 
li-om one end. Find by means of a funicular polygon the thrusts on the 
two ends. - [715 rtIK j 6 . 85 Uls wt -j 

3. ^ Weights of 5, IO, 12, 8, and 6 lbs. rest upon a beam at distances 
1, 4, (, 9, and 12 feet from one end. The beam is supported at distances 5 
and 15 feet from the same end. Find graphically the supporting forces. 

[34*2 and 6*8 lbs. wt.} 

4. A DCDEF is a regular hexagon. Show that tho forces which must 
act along AC, AE, and DE to produce equilibrium with a force of 40 lbs. 
weight acting along EC are respectively 10, 17 32, and 34 64 lbs. weight. 


Graphic Constructions . Examples 
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5. Fig. 1 consists of a symmetrical system of light rods freely jointed 
and supported vertically at the extremities ; vertical loads of 10 and .» cut. 
are placed at the points indicated ; find the thrusts or tensions of the rods, 

if the side rods are inclined at '.0 to the horizon. 

[7^ = 13-05, T ,=9 79, r :t = 3 20, '1\ = 8 39, and T : = » cwt. /, and 7, 

are ties ; the others are struts.] 

6. Fig. 2 consists of a symmetrical system of light rods freely joined 

and supported by vertical reactions at .1 and B ; if a weig i ° *n-y y 
placed at D, find the thrusts or tensions in the rods, given that DA B - o, 

and CA D = 35 . * * , i t .m.i 7 ' 

^=8*39, 7^11*98, and T,=W2 cwt. 7^ is a strut and 7 l and 1 3 



8 A portion of a Warren girder consists of three equilateral triangles 

l/?r !/){' /iC’A’, the lines /lfl, being horizontal and the hitter the 

ABC, ADC IS . veitk ii Hupi)0rts at ,, and u and carries 5 tons 

"t ^ and 3 tons at E. Find the reactions at the supports and the stress^ 

in snirSTi- tho “ four 

the first, third, and fourth are struts and the second is a tie.] 

9 \BCI) consists of a quadrilateral consisting of font-light rods 

loosely jointed, which is stifle.,ed by a ; “^3'ft., CD = TfL, 

rmial to 40 lbs. weight. Given that It., ’ . 

M -44 ft-, -f “idTI 

[The tensions of A B, lit, tit, »"« 

25-5 lbs. wt.; the thrust of BD is 30 7 lbs. wt.J 

10. Two uniform «,»»> r,„ 1; , ,1 «.*>« 

„u»lHU.dod freely from a peg A, «» "*■» 8 ^ 0 , lt . 

Of the String is 07 »»', and that the stress across the joint B » equal to i M . 
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11. ABC is a horizontal line such that AB= 5 ft., and BC= 15 ft. 
D is a point vertically over B such that BD= 10 feet and Z7 bisects DC. 
AC, CD, DA, BD, BE are rods forming a framework; loads of 10 cwt. 
each are applied at D and E, and the system is supported at A and C. 
Draw the reciprocal figure, and determine the stresses in the different 
members of the framework. 

[5-63, 1313, 15-77, 6*76, 12 58, 5, and 9 01 cwt.] 

12. A framework consisting of five bars AB, BC, CA, CD, DA, freely 
jointed at their extremities, is placed in a vertical plane. ABC is a right- 
angled triaugle with AB horizontal and AC vertical and AB=AC= 10 feet. 
The angle BAD is 135° and ACD is 120’. The framework supports a 
vertical load of 1 ton at D, equilibrium being maintained by vertical forces 
at A and B. Find the magnitude of these forces and the reactions in the 
various bars of the frame. 

[3-37, 2-37, 2-37, 3 35, 1, 2 73, and 3 35 tons wt.] 

13. A Warren girder, consisting of equilateral triangles, has five 

joints in the bottom boom and four joints in the top boom. The ends of 
the bottom boom rest on piers at the same level. There is a load of 
3 tons at each of the bottom joints and a load of 5 tons at the second top 
joint, counting from the left. Find graphically the reactions at the piers 
and the stresses in the four inclined members which slope down towards 
the left. [10-625, 9 375, 8 80, 5 34, 3 90, and 7*36 tons wt.] 

A arren girder, of 48 feet span, has the lower boom divided into 
four segments and the lengths of the inclined members are 12 feet. It is 
loaded with a uniformly distributed load of 2 tons per foot run and a 
concentrated load of 50 tons at the centre. Fiud the magnitude and 
sense of the stresses in the members. 

[Replace the load on each segment by a weight, equal to half the load, 
acting at each of the ends of the segment.] 

15. A roof is in section half of a regular octagon A BCDE ; the points 
-1 and and also the points B and E, are connected by tie beams and the 
whole of it is to be regarded as freely jointed at the points A, B, C, D, E 
and supported on walls of equal height at A and E. The roof is civei-ed 
with a uniform covering of tiles. By a graphical method, or otherwise, 
obtain the magnitudes of the stresses in the different members of the roof 
in terms of the total weight of the roof, the weight of the framework 
bemg regarded as negligible in comparison. The weight of each section 

of the tiling covering the beams AB, BC, CD, DE may be assumed to act 
ut the middle point of each beam. 

16. Shew that tho line of action of the resultant of any system of 
forces is the locus of the points of intersection of tho extreme sides of all 
funiculars of the system. 


CHAPTER VII 


SHEARING STRESSES. BENDING MOMENTS 

126 IN this chapter we shall consider some examples of 
the internal actions upon a section ot a beam. 



«. * v v ? irasZZZ 

A,, A »’"- section ;X nd that to the right iV. 

T h he^ioo tflf on 2. consists of a muHam, of exerted 

P It keep the part 2V m equilibrium. 

^i-s^rjssrsi” 
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find in Chap. X, that all the forces acting on N are equivalent to 
three component forces at 0 parallel to the axes, 
and three component couples at O about the axes. 

These compound into a single force and a single couple. 

Hence the resultant at the section A BCD of the actions 
along the fibres must be equivalent to a single force and a 
single couple. 

The actions of the part M on the part N are equal and 
opposite to those of N on M. Hence, whatever forces and 
couples we assume as the resultant of the actions on one side 
of the section A BCD, we must assume equal and opposite forces 
and couples on the other side of this section. 

127. In the case which most generally occurs, the forces 
which act on a beam are in the vertical plane which contains 
its length. Thus if the forces P,, P 2 , P 3 ,... in the preceding 
article are all in the plane of the paper, it is clear that there 
is no resultant action parallel to CD, and no resultant couples 
about lines parallel to DA or the length of the rod. 

In this case, which is the only one we shall consider in this 
book, the actions on the section ABCD reduce to 

(1) a force parallel to the length of the beam, or a tangent 
to its length, called the Tension; 

(2) a force perpendicular to its length called the Shear 
or Shearing Stress; 

(*J) a resultant couple about a line perpendicular to the 
length of the beam called the Bending Moment or Stress 
Couple. 

128. It is a matter of common experience that, in the case 
ot a body like a lead pencil, it is the Bending Moment, and not 
the Shearing Stress, that causes it to break ; in the case of 
a string, however, the Bending Moment is of no consequence, 
and it is the Tension which causes it to snap. 

Since it is clear that the tendency of the rod to break is 
greater, the greater is the bending moment, the latter is always 
taken as the measure of the tendency to break. 

1 he Shearing Stress and Bending Moment may both be 
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exhibited graphically by erecting at each point of the rod an 
ordinate proportional to either of them. 

129 If a horizontal beam be subjected to any vertical 

loading, to shew that the vertical shear S ts equal to , whete 

M is the bending moment at the point considered. ^ —p--| ^ 


L_LXJ 


l i 
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-,B 


M. 
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M^P 


lQ 


M+5M 
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Consider any small element PQ <- M of the beam at a 
distance * from A. Let S be the upward shear at he face 1 
and S + SS the corresponding downward shear at the Uc*. Q. 
Let M be the bending moment ) at l and thllh ^ 

bending moment at Q. 

[In the lower figure PQ is shewn magnified.] 

Let A' be the load per unit ot length at 1 , so that, t * 
on PQ may be taken to be AS* acting at its noddle point. 

Then, taking moments about P for the element Q, "*• i‘ lu 

M = M 4- bM — (S + bS) Bx — XBx . *2 , 

S + bS = g- — h X • 

Proceeding to the limit when Bx is zero, we have, for any 
finite loading, 

" dx ' 

It follows that, if we draw the curve of shearing stress and 

also the curve of bending moment, the ordinate to t he forme. 

curve measures the slope of the latter curve. 

Again, if wc resolve vertically the forces acting <m the 

element, we have 

s = S + bS + A bx, 

— x, in the limit. 

ie - dx 
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130. Ex. 1. A beam , 12 ft. long and of negligible weight, is supported 
at its ends and carries 2 tons at the quarter-length from one end , 3 Ions at 
the middle, and 4 tons at the quarter-length from the other end; draw the 
curves of bending moment and shearing stress for the whole beam. 

Let R and R' be the reactions of the supports at the ends, so that, by 
taking moments about them, we easily have R = 4 and R'= 5 tons. 


S^*^M s}^i S^^Mi 

At a point P between .1 and C let the bending moment and shearing 
stress be .1/ and S as marked ; similarly for a point P, between C and D 
let those be M x and S x , and so on. 

G 


B 

N Hi I 




Let AP=.v, A /’, =.r,, .1 P 2 = .r .,, A P 3 = .r 3 . 

Equating the bending moment at P to the moment of the forces on 
the part to the left of P, wo have 


M= R. .r=4.r\ . . 

.SWf = 4 J .^ 


and, on resolving vertically, ,S = A=4 J 

Similarly, wc have for P x 

M x = R..r x -'2 (or, —AC) = 2.v, + G 1 
and S t = R- 2 = 2 J 

For P.j we have, considering the part to the right of P 2 , 


ami 


Jf 2 = (12- .r 2 ) - 4 (. 1 A’ - .r 2 ) = 24 - .r 2 1 

s 2 =4- ir= - i J 


Finally for P 3 , Liking the part to the right of P 3 , 

A = R' (A B - xf) = GO - r».r 3 \ 


and 


S.,= -R'=- 5 


( 2 ). 


(3). 


( 4 ). 
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If we erect ordinates at each point of the beam to represent the 
bending moment at the point, the locus of the ends will clearly lie straight 
lines AF, FG, GH, and HB , where CF, DO, and EH represent 12. 18, and 

15 foot-tons respectively. . , 

Also the curves representing the shearing stresses will to 
straight lines KK', LL\ and QQ\ where JA, CL. DA. and LQ 

reuresent 4 2, -1. and -5 tons respectively. 

In all cases where we have concentrated loads it will be found that he 
bending-moment curves are straight lines, so that all we need determ,ne 
are the values of the bending moments at the points of loading. 

There is discontinuity in the shearing stress at a point of ending^such 
as C i this is due to the assumption that the load is concentrated at C and 

applied there at a single mathematical point ; n, 1"'^“ 

bi applied at a single point, so that there is no such abrupt discontinuity. 

B* 2. AB is a stiff uniform beam, of weight W and length 2«, ^ported 
at A and B so as to be horizontal; a weight is placed at a point C of 

the beam such that AC=\i draw the curies of bending moment and shearing 


stress. 


If w i« the weight of the beam per unit of length, then H 2«"• 

. L 



By taking moments about A and //, wo c.imI) have 

R JW. 

3 ~ * j #> __luivo the bending 

For a point P between A and C y where A l • > 

moment H of the forcc3 acting on .1 P about P 

= /£. . (1) 

If S be the shearing stress there, then 

H - S= irx. 


so that 




.( 2 ). 
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For a point P x between C and B, where AP l =x, wo have similarly 

, 2 IF/ a\ W( „ 4 ax 4or 2 \ . . 

M^lt.x-wx.hx-- 3 -^- 2 )“ “55 V* 3 3~/. (3) ’ 


and 


so that 


i? - .S’l = wx 4- , 


„ 1 Yf 2a\ v 

*'=-25 (*--3). (4) ' 


Taking any suitable vertical distance to represent the unit of bending 
moment, the curve (1) represents the arc AK of a parabola whose vertex 
is at a point L vertically over B ; whilst the curve (3) is an arc KB of an 
equal parabola whose vertex L x is on the ordinate 


2a . [T , 
.r= —, viz. HL\. 


Again biking any suitable vertical distance to represent unit shear, 
then (2) is the straight line DE, and (4) is the straight line FHQ. 

As in the last article, the ordinate to the shear line measures the slope 
at the corresponding point of the bending-moment curve ; each has 


discontinuity at the ordinate through C. 

The maximum 1 tending moment is given by .c 


•2a 


and then it is equal 


to 



In all cases where we have uniform loaded beams, supported at various 
points, wo shall lind that the bending-moment curves are all portions of 
parabolas with the same latus rectum. 


Ex. 3. A horizontal beam AB, of span 2 1 and negligible weight, is 
supported at its tiro ends and carries a moving load PQ, of uniform 
intensity w and of length 2a, where a < l. Find the maximum bending 
moment at a cross section O, and shew that it occurs when O divides the load 
Ptf in the same ratio as it divides the beam AB. 



Lot /f, and A\» be the reactions of the supports and let AP=£. 
liy taking moments about A and B, we have 
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Let A 0=x and let M be the bending moment at 0. Taking moments 
for the part .-1 0, we have 


M= R x .x -1 (x - $)- 

™(2C*-# 


.( 1 ). 


<nt 


For a given position of the section 0, M is a maximum when ^ =0, 
i.e. when +(*-*)=<>, 


i.e. when 
and then 


<-(-’) 


\ 2 ), 


PO x-£ 


X 


AO 


OQ 2 a + $-x '21 —x UP’ 
Substituting in (1) the value of £ given by (2), we easily have 


(i-£)<“->* 


„„ that the curve of maximum bending moment is a parabola whose 

vertex is vertically above the middle point of A Is. 

^et 5 be the shearing stress at 0. Resolving vertically for the pait 

A 0, we have (/ ]f 

S= Hi -w(x-i)= [ 2 ul - a* - fx + (/- «'$]= ■%: • 

For a given position of the section 0 this clearly increases with £ and 

it is thus a maximum when P is at 0, and then S. =" 
and the curve of maximum shearing stress is thus a straight line. 

e v- i fc * 

ZZfZSZ?* ft. oL C an,, divide «*.*« fa 

™aAB = 2liAC=y> and let H x and II, be the actions at .1 ««dA*o 

that, if w la; the load per unit of length, then /f| = 2 W ^-aml It, - — • 
If, be </lC, the bending moment for any section distant * from A 

and is thus a maximum when /f| - «’^ = 0 ' 

Hence the maximum bending moment for the part ,16 

m * a 


/*,*« 


= \‘PL = 2icP 


(¥) 


.( 1 ). 


Also the maximum bending moment for the part CZJ w t,curl * at C ’ 


and 




( 2 ). 
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If (1) and (2) are not equal we can lessen the greater, and hence lessen 
the maximum tendency to break, by altering y. 

They are equal, and then the maximum bending moment is made as 

small as is possible, when 


2P . <3> ’ 


and then 


21 — y = 21 '-—^ , i.e. y = l»j2. 


In this case 


AC 


y =;A=^+l. 


CH 21 -y 2 — y/2 

The other solutions of (3) give impossible results since clearly y must 
be positive and greater than l and less than 21. 


EXAMPLES 

1. A beam AD is supported at its ends so as to be horizontal. Draw 
the curves of shearing stress and bending moment 

(1) when the beam is uniformly loaded, shewing that the bending 
moment at P varies as A P. PD ; 

(2) when its weight is neglected but it supports a weight IF at its 
middle point. 

2. A beam A D is fixed at A so as to bo horizontal there ; draw the 
curves of shearing stress and bending moment 

(1) when it is uniformly loaded ; 

(2) when its weight is neglected but it supports a weight IF at its 
middle point. 

3. Draw the shear and bending-moment diagrams in the case of a 
beam, 80 feet long, supported at the middle point, anchored at one end 
and loaded with f>0 tons at the other end. 

4. A beam, 25 feet long, is supported at one end and at a point 
5 feet from the other end. It carries a distributed load of 500 pounds 
per foot run and a load of 1(KX)0 pounds at the overhanging end. Find 
the pressures on the supports, and the maximum landing moment and the 
section where this occurs. Draw also the curves of bending moment and 
of shearing stress. 

[The pressures are 2187 5 and 20312 5 lbs. wt.; the greatest bending 
moment is at the second point of support.] 

5. A beam AD, 10 feet long, is supported at two points 2 and 7 l'eet 
from A. Weights of 1 and 2 tons are placed at A and D, and in addition 
there is a uniformly distributed haul of 2 tons per foot run between the 
supports. Sketch the diagrams of bending moments and shearing force 
and fuel, graphically or otherwise^ where the bending moment is zero. 
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6 A beam AD, used as a cantilever, is anchored at A and supported 
at its middle point C which is at the same level as A. Draw the curves 

° f * * and a weight of 5 too, 

at the tons is attached at B and there is a distributed weight 

of 5 tons on A C ; 

the weight of the beam being neglected in each case. 

7 AD is a horizontal beam, 18 feet long, supported at /I and £ ; 
C and D are points on it such that AC =6 feet and AD= 10 feet. At 
C and D are placed loads of 4 and 5 tons, and there is a distributed load 
of i ton per foot from A to C; T> ton per foot from C to 1) and - tons per 
fit from 1) to D. Draw the curves of shearing stress and bending 

moment for the diflercnt portions of the beam. 

8 A,, electric trolley-post is Used vertically and has an overhanging 
* wh teh supports the wires at a distance of 10 feet out from the centre 

moment at the bottom ot the post. 

9 V horizontal beam, 2b feet long, is supported at one end A anti at 

a point C . feet from the STS 

maximum bending moment and sheir force in the beam. Sketch diagrams 
of bending moment and shearing force. 

10 AD is a stiff uniform beam, of weight W and length 2/, and is 

supported at its ends so as to t>e horizontal; a man of weight stiru . 
supported that the curve of bending moment 

I!* of ™of parabolas of e,ua, recta, and that the bending 

moment is greatest at a point distant/ - $ from A. 

11 A beam of 80 feet span and weighing one ton per foot run, 

in- load of two tons per foot run, and the rolling load covers 
^distance of To feet. Draw, roughly to scale, the curves of maximum 
positive and negative shearing force as the load crosses over. 

13 Two rolling loads of 10 ton, ... tuna rcpcct.vely ut on 

***• * ° *i r ~r % f tu A si tin the Ihtuct loml leading. 

- — - 

for the whole girder. 
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14. A continuous load of if tons per foot is drawn slowly over a level 
bridge consisting of a single rigid girder a feet in length. The load « 
devoid of rigidity and is longer than the bridge, and the weight of the 
bridge itself is neglected. P is a point on the girder distant k feeWrom 

the nearer end. Shew that the maximum shearing stress at P is w 

tons; and that if from the end Oof the moving load in any position a 
vertical OS is drawn proportional to the shearing stress at P, the curve 
traced out by -S’ consists of four parabolic arcs and a straight line. 

15. A uniform girder is supported at its ends and the load is 
concentrated at its middle. Shew that the maximum bending moment is 
twice as great as it would be if the load were uniformly distributed. 

16. The lower end A of a tliiu uuiform rod is attached to a smooth 
hinge, its upper end B resting against a smooth vertical plane ; shew that 
the tendency to break at any point P varies as the product of the distances 

of P from A aiul Ii. 

17. A man, of weight can just walk across a certain horizontal 
plank] of weight n XV and length /, without breaking it if the plank is 
supported at its two ends. Shew that if the plank, still horizontal, is 
clamped at one end and free at the other, the man can only venture 

along it for a distance 

11 (1 - « a). 

18. A symmetrical arch, of span a and height /<, is to be constructed 
of straight massless jointed rods to carry seven equal weights to at horizontal 
distances apart, in such a way that there shall be no bending moment 
at any point of the rods. Shew how the form of the arch may be 
determined by graphical construction, and prove that the horizontal forces 

tra 


necessary to keep the ends in position are 


19. A uniform rod, of length a and weight ic, has strings each of 
length b attached to its cuds and to two fixed points, one of which is at a 
height <t vertically above the other, so jis to form a parallelogram. If 
the rod is made to rotate with uniform angular velocity o> about the 
vertical line, shew that the bending moment at a distance .v from either 

clu | is —— taU rt , where « is the inclination of each string to the 

2 <t 

vertical. Shew also that the tensions of the strings are equal and that 

bojr COS a = <f. 

20. A light horizontal rod, of length ct, whose ends are supported, is 
loaded so that the tendency to break at any point is proportional to the 
load per unit ength at the same point ; shew that the load at any point 

varies as sin , where x is the distance of the point from an end of the 

a 

rod. 
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[If It be the reaction at an end, w ( the weight per unit of length at 

a point distant | from this end, and X», the bending moment at a 
distance r from the same end, the condition of the quest,on gives 

A.tr X =lt.x- 

Hence, on differentiating twice with respect to .r, we have 


d-ic z 


ch - 


J=-IC Z . 


. Wx = A sin + Z>J> where A and I) are constants. 

Also must be zero when a=0 or a, since the bending moment 
must be zero at either end. 


Hence 


J) — 0, and - 7 =- = "-] 
VA 


21. A semi-circular wire, of weight If and radius «. hangs in a 
vertical plane from one end .1 about which it can turn freely. 
bending moment a^any pent. ^ ^ ^ ^ CCBtre of gravity 0 of 

the wire is at a distance | from the centre; also for equilibrium G must 
be vertically below A. Hence the diameter through .1 must he mclmed 

at an angle a to the vertical, where tan« >' >» » ° f 

wire, such that AP is inclined at 0 

at />=the sum of the moments of all the external 

= E [‘ 2 a cl* [2« sin * cos (a - $) - 2« sin 0 cos (a - «)] 
nil J 0 

= [(a - 0) sin (<« - 26) + sin 6 sin (a - 0)].] 

22. A gipsy's tripod consists of Th^S 

hinged ut one common end from \\ m i » vented from slipping by a 
of the sticks rest on the ground and are V™™'™ *™« 10 Shew 

smooth circular hoop which , tc ,, t ut its middle 

that the bending moment of each btick ' h tho st icks and of 

point and that it will be independent of the long 

the weight of the kettle. 

23. A uniform rod, of length * rests symmetrically on twm .uo,, in 
the same horizontal line at a distance 2c apart ' o JUS 

tendency to break will be greatest at a prop or 11 ‘ tho “"T ^ ftt 
2lZ(2 + j2)c; but that if l>2c, the tendency to break will „ 
a prop. What happens if 2 t = (2 + J2)c t of 


L. H. 
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24. A beam, of length 2 l, is loaded uniformly, and the intensity of 
the load over the central half of the beam is double that over the two end 
quarters. It is to be supported by two props equidistant from the centre, 
and so situated that the bending moment on the beam is the least possible. 

Shew that the props should each be at a distance ^ from the centre. 

131. A beam, supported at the ends, is loaded with a number 
of concentrated loads; to shew that the funicular polygon for the 
loads is a diagram of bending moments for the beam. 



E 

Let the beam MX be loaded at points A lt A«, A 3 , A t with 
weights A',, AL, X a , A” 4 as in the figure. Let R and £ be the 
reactions at M and X. 




Graphic Construction for Bending Moments 131 

Draw a vertical line AE such that AB. BG CD DE repre¬ 
sent A-„ X, X„ X , respectively. Take any pole 0, and draw 

04 Starting w'lth' any point a on X, draw lines fa, ^ parallel 
XA, EX represent R and S. 

Also draw OH perpendicular to AE, so that OH {-!<) repie- 

sents the constant horizontal component of a, b, c .... 

Let P be any point on MN between A x and A,, and dnw 

PKL vertically to meet the funicular polygon in K and L. c 
shall shew that the bending moment at 1 is represen ec 

by KL. ... , 

From the force diagram it is clear that 

X 9 = b along a/3 and c along 

X 3 = c along /?y and <1 along 87 , 

X i = d along 78 and e along e 8 . 

an( | S = e along 8 e and/ along e£. 

Hence 

Y X Xs S = b along a/3 and / along e£. 

Hence the sum of their moments about P = momentinf b 
along o/3 about P together with the moment ot f along ef 

ab ° Now* b along LB is equal to a vertical component, which has 
no moment about P, and a horizontal component h whose 

moment about P is h. PL "). .. .. 

So the moment of/along ef aboutPis It P > 

Hence the total moment about Pof the forces X,,X„X„B 

= h.PL-h.PK = h .KL’), 

ie the bending moment about P is represented by KL, and is 
IlaUo thtTntercept multiplied by the feme which * pre¬ 
sented by the distance of the pole U from the line ol loads. 

Similarly any other case may be considered 
It will be noted that this proposition is really the same as 
that of Art 117 for a system of forces which are all parallel 

EX. Draw out the ease of a J-m. « « {"Cend^ 

“wetul'o'anl ftoT^tively. ' Shew e,early the .scale upon whieh 
the diagram iiiuat be read. 


9—2 
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132. Another graphical construction for the bending 
moment may be given as follows. 

Let MX = l, MA X = a x , MA 2 = a 2 , MA S = a 3 , and = 04 - 

Draw MB 4 perpendicular to MN to represent S. I, and on it 
take B 3 , B,, B x so that B 4 B S , B 3 B .,, B,B ly B X M represent X A . a 4y 
X 3 . a.j, X 2 . a 2 , and X x . respectively. 

Join XB 4 meeting the vertical through A t in C 4 ; join C 4 B 3 , 
meeting the vertical through A 3 in C 3y and so on. 

We thus obtain the polygon MG X C 2 C 3 C 4 N, the ordinate of 
which at any point P of the beam represents the bending 
moment at P. 


D, 



For if this ordinate PU meet C 2 C 3 , C 3 C\, G 4 N in V, W, X, 
t he bending moment at P 

= .S'. PN -X 4 . PA 4 - A' 3 . PA a — A r a . PA 2 

_PN o/ PA 4 v PA :i v PA .j „ 

MX'* MA 4 * a * MA 3 ^* a * iVA./ ^-' 


so that the bending moment at P is represented by 
/ ^ |J J) I*A* J » TJ PA 3 „ J PA. 2 J 

MX ■ JIB * MA 4 * B * B * ~ MA 3 • BA “ NlX • BA ' 


i.e. by PX - X ]V - WV- VP, 

i.e. by PU. 

Similarly for any other point of the beam. 
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133. As in Art. 131, it is clear that the resultant of the 
loads X it X 3 , X' 4 is equivalent to b along a& and e along e8. i.e. 
the resultant of the loads X. it X 3 , X t passes through the inter¬ 
section of the sides b and e of the funicular polygon. So for any 
other pair of sides. 

Hence through the point of intersection of any two sides b 
and e of the funicular polygon passes the resultant ot the loads 
that lie between b and e. 

Now let the loading be continuous, so that the funicular 
polygon becomes a continuous curve and the sides b and e two 
tangents at points U and V of it. 



Then through T passes the resultant of all the loads 
on MN. 

Draw the curve of loads F x UxViG x . 

The horizontal distance of the resultant load on MN 
from M 

w x X\ 4- v) 3 x. t 4- ..._ fyidx\ • 

* w, + w 3 +... 

= distance from M of the centre of gravity of the load curve, 
as will be seen in Art. 145. 

Hence the vertical through T passes through the centre ot 
gravity of the load curve, i.e. any two tangents to the bending- 
moment curve intersect in a point which is vertically below 
the centre of gravity of the load curve. 




CHAPTER VIII 


CENTRE OF GRAVITY 

134. Every particle of matter is attracted to the centre of 
the Earth, and the force with which the Earth attracts any 
particle to itself is proportional to the mass of the particle. 

Any body may be considered as an agglomeration of par¬ 
ticles. If the body be small, compared with the Earth, the lines 
joining its component particles to the centre of the Earth will 
be very approximately parallel, and in this chapter we shall 
consider them to be absolutely parallel. 

On every particle, therefore, of a rigid body there is acting 
a force vertically downwards which we call its weight. These 
forces may by the process of compounding parallel forces, 
Art. 33, be compounded into a single force, equal to the sum of 
the weights of the particles, acting at some definite point of the 
body. Such a point is called the centre of gravity of the body. 

Centre of gravity. Def. The centre of gravity of a body, 
or system of particles rigidly connected together , is that point 
through which the line of action of the weight of the body always 
passes. 

135. Since the construction for the position of the resultant 
of parallel forces depends only on the point of application and 
magnitude, and not on the direction of the forces, the point we 
finally arrive at is the same il the body be turned through 
any angle; for the weights of the portions of the body are still 
parallel, although the 3 r have not the same direction, relative to 
the body, in the two positions. 

^ ° ean hence shew that a body can only have one centre of 
giavity. lor, it possible, let it have two centres of gravity G 
and G x . Let the body be turned, if necessary, until GG t be 
horizonta l. We shall then have the resultant of a system of 
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vertical forces acting both through G and through G x . But the 
resultant force, being itself necessarily vertical, cannot act in the 
horizontal line •(?(?,. 

Hence there can be only one centre ot gravity. 

136. If the body he not so -small that the weights of its component 
parts may all be considered to be very approximately parallel, it has not 
necessarily a centre of gravity. 

In any case, the point of the body at which we arrive by the construc¬ 
tion of Art. 33, has, however, very important properties and is called its 
Centre of Mass, or Centre of Inertia. If the body be of uniform density, 
its centre of mass coincides with its Centroid, or Mean Centre. 

137. Thin uniform rod AB. The centre ot gravity is 
clearly its middle point G ; since, for every particle between G 
and A, there is an equal particle at an equal distance ironi (i 

between G and B. 

A uniform parallelogram ABCD. By dividing the paral¬ 
lelogram into a very large number of very thin strips, by lines 
parallel to AD, it is clear that all their centres of gravity, and 
hence that of the whole figure, lie on the line joining the middle 
points of AD and BC. Similarly, it lies on the line joining the 
middle points of A B and CD. Hence it is at the intersection ol 

the diagonals. 

Uniform triangular lamina ABC. Let D, K be the middle 
points of BC and CA. By dividing the triangle into a very 
large number of very thin strips by lines parallel to BC it is 
clear that all their centres of gravity, and therefore that ot the 
whole figure, lie on AD. Similarly, it lies on BE. The eentre 
of gravity G is therefore at the meet of AD and BE. By 
similar triangles GAB , GDE we easily have GD = A GA, and 

hence GD = J DA, giving G. . ... 

It is clear that G is also the centre of gravity ot equal weights 
at A, B, C. -For weights w at B and C are equivalent to 2w 
at I) and this with w at A clearly gives '\u> at G (Art. 31). 
Hence any uniform triangle may be replaced as far as its weight 
is concerned by particles each one-third of its weight placed at 
its angular points. 

Uniform tetrahedron ABCD. Let G ,, <h be the centres of 
gravity of the faces ABC, DAB. By dividing the tetrahedron 
into a very large number of very thin .dices by means of planes 
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parallel to the face ABC , it can be shewn that the centre of 
gravity of each slice, and thus that of the whole tetrahedron, lies 
on DG X . Similarly it lies on GG 3 . Hence the required centre 
of gravity G is at their intersections. By similar triangles we 
then have, if E be the middle point of AB, 

GG 4 _ G s Gt _ EGi _ 1 

~GD~~DG~~EG~ 3’ 
so that G a G = $G 4 D, giving the position of G. 

The tetrahedron may be replaced by particles equal to one- 
quarter of its weight at each vertex. For particles w at A, B, 
C are, as in the case of the triangle, equivalent to 3 w at G 4 , and 
3 tv at G x and w at D are equivalent to 4 w at G (Art. 31). 

Pyramid on any base. Solid Cone. If the base of the 
pyramid in the previous case be any plane figure ABGLMN... 
whose centre of gravity is G x , it may be shewn, by a similar 
method of proof, that the centre of gravity must lie on the line 
joining D to G x . 

Also by drawing the planes DAG X , DBG t , ... the whole 
pyramid may be split into a number of pyramids on triangular 
bases, the centres of gravity of which all lie on a plane parallel 
to ABCL... and at a distance from D of three-quarters that of 
the latter plane. Hence the centre of gravity of the whole lies 
on the line G X D, and divides it in the ratio 1 : 3. 

Let now the sides of the plane base form a regular polygon, 
and let their number be indefinitely increased. Ultimately the 
plane base becomes a circle, and the pyramid becomes a solid 
cone having D as its vertex ; also the point G x is now the centre 
of the circular base. 

Hence the centre of gravity of a solid right circular cone is 
on the line joining the centre of the base to the vertex at a 
distance from the base equal to one-quarter of the distance of 
the vertex. 

1/ Surface of a right circular cone. Since the surface of a cone 
can be divided into an infinite number of triangular laminas, 
l\v joining the vertex ol the cone to points on the circular base 
indefinitely close to one another, and since their centres of 
gravity all lie in a plane parallel to the base of the cone at a 
distance Iroiyi the vertex equal to two-thirds of that of the base, 
the centre of gravity o*‘- the whole cone must lie in that plane. 

\ 
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But, by symmetry, the centre of gravity must lie on the axis 

Hence the required point is the point in which the a o o 
plane meets the axis, ami therefore is on the axis at a point 
distant from the base one-third the height ot the cone. 

138 General formulae for the determination of the 
centre of gravity. If a system of particles whose "-eights are 
to., to,, to,,... to. be at points whose coordinates referred to hx 

axes Ox, Oy, Oz in space are (*„ Jf„ *,). <*>. »•- z f ' " ’ 

then the mordinates (*, y, f) of the centre of gravity 0 a,, 

given by ^ y . .. + = _ 

'' _L. iff 4- . 4- W.. — (lt\) 


to x + w., + .. • 4- w n 
- - and z - . 

y =TT^y "* (^i) 


These formulae are proved in Art. :U since weights, of P*»- 

ticles are merely a particular case ot a system c . pan 

If all the particles lie on a straight line, the hrst ot tlu 
formulae give G ; if they lie in a plane, only the hrst two are 

wanted. 

139. Given the centre of gravity of the two portions of a body, 

to find the centre of gravity of the whole body. 

‘ Let the given centres of gravity he 6, and G,, ami ht the 
weights of the two portions be W t and 11%; the required point 

G by Art. 31, divides G X G Z so that 

G X G : GG t :: 11%: HV 

The point G may also be obtained by the use of Art. 138. 

Ex On the same base A B, and on opposite side, of it, isosceles triangles 
CAB and DAB are described whose altitudes a.e 
12 inches and (5 inches respectively. J md dts 
lance from A B of the centre of gravity of the gnadr - 

lUt Let CLD be the perpendicular to A B, meeting it 
in L, and let 6', and (J, be the centres of gravity »t 
the two triangles CA B and DAB respectively, mi that A 

CUi = g . CX =«» 

and CO tS ,CL + LO*-\* + *- u - 

The weights of the triangles are proportional to 
their areas, i.e. to UB. 12 and UB.d. 
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If G be the centre of gravity of the whole figure, we have 

A CA B x CG X + A2>,A D x COo 12x8 + 6xl4_ in 

C0 ~ ACAB+ADAB 12 + 6 

Hence LG =CL- CG=2 inches. 

This result may be verified experimentally by cutting the figure out of 
thin cardboard. 


140. Given the centre of gravity of the whole of a body and 
of a portion of the body, to find the centre of gravity of the 
remainder. 

Let G be the centre of gravity of a body ABCD , and G x that 
of the portion ADC. Let TV' be the weight of the whole body 
and ir, that of the portion ACD, so that VF 2 (= W — TV,) is the 
weight of the portion ABC. 

Let G, be the centre of gravity of the portion ABC. Since 
IF, at (r, and TF 2 at G, have their 
centre of gravity at G , therefore 
G must lie on and be such 

that 

IP,. GG y = IF.. GG,. 

Hence, given G and G ly we 
obtain G., by producing G X G to 



G. 2 , so that 



The required point may be also obtained by means of 
Art, 13S. 

Ex. From a circular disc, of radius /% is cut out a circle , whose diameter 
id a ratlins of the disc ; find the centre of gravity 
of the remainder . 

Since the areas of circles are to one another 
as the squares of their radii, the portion cut oft’ 
is one-quarter, and the portion remaining is 
three-quarters, of the whole, so that II’, = } K lf r 3 . 

Hence H’.. 00’.= II’, . 0(.\ = !»', x Ar. 

This may V>e verified experimentally. 



141. If a rigid body be in equilibrium, one point only of the 
body being fixed, the centre of gravity of the body will be in the 
vertical line passing through the fixed point of the body. 
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Let 0 be the fixed point of the body, and G its centre of 

gravity. \ n . \ 

The forces acting on the body are the reaction at tin- fixed 

point of support of the body and the weights of the component 

parts of the body, which are equivalent to a single vertical force 

through the centre of gravity of the body. 




Also, when two forces keep a body m equilibrium, the, mas 
be equal and opposite and have the same line of action so that 
the vertical line through G must pass through the pond .0. 

Two cases arise; the «»t, in which the centre of giant G 
is below the point of suspension 0. and the second in which G 
is above 0. In the find, case, the body, if slightly displaced 
from its position of equilibrium, will tend to return to this 
position; in the second case, the body will not tend to return to 

its position of equilibrium. 

142 If a body be placed with its base in contact with a 
horizontal plane, it will stand, or fall, according as the vertical 
line drawn through the centre of gravUg oj the body meets the 
plane within, or without, the base. 




The forces acting on the body arc its weight which acts at 
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vertical, and hence they may be compounded into a single 
vertical force acting at some point of the base. 

Since the resultant of two like parallel forces acts always at 
a point between the forces, it follows that the resultant of all the 
reactions on the base of the body cannot act through a point 
outside the base. 

Hence, if the vertical line through the centre of gravity ot 
the body meet the plane at a point out¬ 
side the base, it cannot be balanced by 
the resultant reaction, and the body 
cannot therefore be in equilibrium, but 
must fall over. If the base of the body 
be a figure having a re-entrant angle as F 
in the annexed figure, we must extend 
the meaning of the word “base” in the 

enunciation to mean the area included in the figure obtained by 
drawing a piece of thread tightly round the geometrical base. 
In the above figure the “base” therefore means the area 
A BDEFA. 



For example, the point C, at which the resultant reaction 
acts, may lie within the area AHB, but it cannot lie without 
the dotted line AB. If the point G were on the line AB, 
between A and B , the body would be on the point of falling over. 


EXAMPLES 

1. The La.se of n triangle is fixed, and its vertex moves on a given 
•straight line ; shew that the centre of gravity also moves on a straight 
line. 

2. The base of a triangle is fixed, and it has a given vertical angle ; 
shew that the centre of gravity of the triangle moves on an arc of a 
certain circle. 

3. A given weight is placed anywhere on a triangle ; shew that the 
centre of gravity of the system lies within a certain triangle. 

4. Shew that the centre of gravity of three uniform rods forming the 
sides of a triangle is at the centre of the in-circle of the triangle whoso 
angular points are the middle points of the three rods. 

5. If three forces act on a point P which aro represented by y. PA, 
(x . PR , and y . PC respectively, shew that their resultant is 3y . PC, where 
0’ is the centre of gravity of the triangle ARC. 



Centre of gravity. Examples 
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6 . A particle P is acted upon by forces towards the points A, B ,C ... 
which are represented by X . PA, g. PB, v . Pi, ■■■ , * ,e " 
snltant is represented by (X + /* + »' + •••) 1 6 ’> where 

gravity of weights placed at A, B , C, ... proportional to X, - 

the generalised form of Art. 25, and may be proved by 
successive applications of that article.] 

7. To find the centre of gravity of a quadrilateral lamina hnung It o 

parallel sides. 'i, 

Let A BCD be the quadrilateral, having D 

the sides AB and CD parallel and equal to 

2 a and 2b resjiectivcly. 

Let E and F be the middle points of All 

and CD respectively. Join DE and EC ; the 
areas of the triangles ADE, DEC, and BE 
are proportional to their bases AE, DC, ana 
EB, i.e. are proportional to «, 2b, ami a. A 

Replace them by particles equal to one- 
third of their weight placed at their angular points. 

We thus have weights proportional to ;J ftt eac * 1 " f ( UK * 1 ’ 3 

, 2 a + 2b ,, 

each of A and B, and —^— ftt 

Again, replace the equal weight, at £7 and D by a weight proportional 
to at the middle point F of CD, and the equal weights at .1 and It 

by 1 weight proportional to f at E We thus have weights 

^ + 4 .[' Ut F, and J “ + 3 ' at A'. 

Hence the required centre of gravity U is on the straight line EF, and 
is such that E(j weiB ht at /. ■ _ « + * 

6 ’/’ weight at7i 2 a + >> 

8 The distance* of the angular points and intersection of the diagonals 

td ^ * 

1 (a + ^ + c + d e). .1 intersection of tlie 

Let d, By C } D l>c the angular points, and L t 

diagonals. Then 

Ad CD perpendicular from D on AC = Dt _ < ~ • # 
bACB~ perpendicular from oiwlf c 

By Arts. 137 and 138 the distance of the centre ot JZ™nty <lf tl,L 
LAC D from aV is «-±^ and that of the *ACB » -f- • 
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Hence distance of required c.o. from OX 

AACJJxfiia+c + ^ + AACBxh (a + b + c ) 

“ A ACD + AACB 

(d-c)(a+c+d)+l,e-bUa + b+o-) 

3 (d-e) + {e-b) * v 

9. Prove the following construction for the centre of gravity G of a 
plane quadrilateral area A BCD ; let Z, AI be the centres of gravity of the 
triangles ABC , A DC and let LAI meet AC in /V; then G lies on LAI and 


is such that AIG — LX. ^ , 

a ^ q «■%. (>T^' K- = "TJ A I> /n J) 

A • 10. From a triangular area A 


• 10. from a triangular area ABC is cut off the «th of its area by 
w *-meaii 3 of a straight line parallel to BC ; shew that the centre of gravity 
of the remainder divides the median through A in the ratio 


<i.> 


of the remainder divides tjyj IVSd'AD.IP-t' 

4 . = , ,, T— 

55 - A-. n + \'>i — 2 : 2 (« + N /«+l). 


11. A triangular piece of paper is folded across the line bisecting two 
sides, the vertex being thus brought to lie on the base of the triangle. 
Shew that the distance of the centre of inertia of the paper in this position 
from the base of the triangle is three-quarters that of the centre of inertia 
of the unfolded piper from the same line. 

12. A uniform rod is hung up by two strings attached to its ends, the 
other ends of the strings being attached to a tixed point ; shew that the 
tensions of the strings are proportional to their lengths. 

Prove that the same relation holds for a uniform triangular lamina 
hung up by three strings attached to its angular points. 

13. The mass of the moon is 013 times that of the earth. Taking 
the earth’s radius as 4000 miles and the distance of the moon’s centre 
from the earth’s centre as GO times the earth’s radius, hud the distance of 
the c.o. of the earth and moon from the centre of the earth. 

[3080 miles nearly.] 

14. Find the vertical angle of a cone in order that the centre of 

gravity of its whole surface, including its plane base, may coincide with 
the centre of gravity of its volume. [Sain -1 £.] 

15. A solid right circular c«tne has its biise scooped out, so that the 

hollow is a right cone on the same b;ise ; how much must bo removed 
so that the centre of gravity of the remainder may coincido with the 
vertex of the hollow ( [Height of inner cone = ^ height of outer cone.] 

c, o,^. 16. Shew how to cut out of a uniform cylinder a cone, whose base 
^ coincides with that of the cylinder, so that the centre of gravity of the 
remaining solid may coincide with the vertex of the cone. 

: ° [Height of con(r=(2 — x '2) times tho height of cylinder.] 

17. A square hole is punched out of a circular lamina, tho diagonal 
of the square being a radius of the circle. Shew that the centre of gravity 

of the remainder is at a distance —-—- from the centre of tho circle, whore 

077 — 4 

a is tho diameter of the circle. 


Centre of gravity. Example 
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18 From a uniform triangular board a portion consisting of the area 
of the inscribed circle is removed ; shew that the distance of the centre of 

gravity of the remainder from any side, a, is 

S — 3ir<i8 

3 '/-S‘ — 7 TS 

where .S’ is the area and * the semi-perimeter of the board. 

19. A circular hole of a given size is punched out of a uniform circular 
plate ; shew that the centre of gravity lies within a certain circle. 

20 A triangular lamina ABC, obtuse-angled at C, stands with the 
side AC in contact with a table. Shew that the least weight, which 
suspended from B will overturn the triangle, is 

... a-+ where H’ is the weight of the t riangle, 

c* b- ’ 

Interpret the above if c 2 >a*+3f» 3 . 

21. A cone, whoso height is equal to four times the radius of its W 

is hung from a point in the circumference of its bass; shew that it will 

-rest with its base and axis equally inclined to the vertical. 

- 22. If A and B ho the positions of two masses, m and n,. andI if Oto 

tlieircmftfe'ot gravity, shew that, if P be any point, then ~ • 

m . A l n + n . HI* 1 = m • -1 C- 4- n . BG 1 + (»«+ ») BO-. 

Similarly, if there be any number of masses, »«, », /', ••• at l‘° ,Ilts 
* .1 /f ibair imntlV nf OTAVitV. SllGW tlUlt , . v . . 


Similarly, if there be any number ot masses, i. 

• t d, By 6',..:, and 0 be their centre ^gravit^.shc^ha^ H ^ 

.. 

no a nf a solid risrht cone is placed with its base on u 



= iii . ^ __ * + > • 

23 A frustum of a solid right conels placed with its base on a 
rough inclined piano whose inclination is gradually increased ;; i « J ' 
be the radii of the larger and smaller sections, and h be the height ot t he 
frnstuin, shew that the frnstnui will ultimately either tumble, or slide, 
according as the coefficient of friction 

4 // It 1 + ltr+i±_ 

< h ' lt - + 2 tir + W 

ma “; g r a r f ; i^- 3 

the tangent of the inclination of the inclined plane to the hoi,/.on 
ono of the values 4ai n2 „ ± .j„ 2 , i , 

co» la — cos 2,i 

. 25 Into a thin cylindrical vase, of weight W and cross section «, 
whfe centre of gravity is distant 6 from its base, is poured hquid of 
density P . When the height of_ th e centre ofgrayit^V « » 

a minimum, shew that the weight of the liquid is 

V.IK( W+ 2*b P )- H'. 


> :v ^ If *' ft) 1 * 1 ° _a> . -&LL 
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143. The formulae of Art. & 138 map; be used to give the 
centre of gravity of any a rc, area, or solid of known shape . 

Centre of gravity of an arc. If P he any point (x, y ) of a 
plane arc, PQ an elementary arc 8s, whose density at the point 
p is p and whose weight is therefore proportional to pds, these 

formulae give 

2 (p 85 . x) _ Jpxds 
x= 2 (p . 8s) ~ j pds ’ 

the limits of the integrals extending from one end to the other 

of the arc considered. 

e- 1 1 Tt f pyds 

Similarly, y - • 

(i) Also ~ = ./1 + m. and ^ is known from the equation 
dx v \dxj clx 

to the curve. 

If, as is usually the case, the arc is of uniform density, p is 
constant and divides out from both numerator and denominator, 
if it be of variable density, then p must be given as a function 
of x or y. 

fiO Similar formulae hold for a curve in three dimensions; but now 


dx 


&i * (£)' ■ 


(in) If the arc have its equation given in polar coordinates , say 
r=f(0), then 


8s = + i~8(P, 


and the formulae give 


_ fpr cos Ods , _ fpr sin dds 

*- fpds • and 3/-J J3T— 

Similar formulae hold for three dimensions. 

V 

144. Ex. 1. Find the centre of gravity of the arc of the m uiahola x 
y- = 4a.r included between the vertex and an ordinate at a distance at- from 
the vertex. 


fan /■«*' _ 

j ds.x I \'x(x + a)dx 
. JJ1 _ _ 

r* r 


J o V x 


Centre of gravity. Arcs 


and 


f at 1 

ds.y 

~r~.L — = - S ,a • 


/: 


ds 


/ at- _ 

Jx+ad 

Jf7? 


dx 


Now 


and 


/ 0 ^-+«)^=/ 0 \/( x + i )- 4 dx 

«13 (f+i) ,o « ( i+ i + **=)]. 


= ^ [< (2< 2 +1) v 1 + 1* - log a +v' i+<-)]. 

J -^L±ff dx = j ' 2a Jl+itdv, on putting x=av- y 

=«[t JT+i* +log a +v'r+a], 

J"' (.r+a) 3 ]"' = 1« ? [(1 +'*) 5 - !]• 

On making these substitutions, we have 

a t (1 + 2M) s / 1 +t‘ l - log Q + s' 1 + /-] ^ 

— 4 ' ^'r+^+iog^+s'i+^j 


Also 


and 


4a 

y= 


(1+<*)*-! 


3‘ fsO +< 4 +iog[fWi+< 8 ] 

Ex. 2. /Y/itf Me centroid of the arc of the catenarj_ 

/ X X \ 

=| (« 7 +'' c ) 




which is included between the origin and any point (.r, y). 

H- (£)’ = 1 + + i(-~ i(«' + ‘'^’ 

ho that ~ («* + «"*) -cosh?, and * = csinh^. 

[* xd* [*xcoMi- dx cx sinh^-c 2 cosh - + C 2 

o __ = 2 jj _ c ’ -_I-* 

j> /; 




c(y-o) 

> — 

/J 


co»h — </.*• 
c 


c sinh 
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Also 


f yds jo _ 


c cosh 2 ^ dx 
c 


cosh ^ </.r 

c 


l*( 1+cosh^')*.- 

/ '« 

eosli - <£r 
o <•• 


c . , 2.V 
.r 4- -sinli — 
2 e 


2 sinli - 
c 


1* ^7 

.r + c sinli - cosh - 
_ c _ c _v a 

2 sinli - 
c 


EXAMPLES 


Find tho positions of the centroids of the arcs of the following curves : 
1. Cycloid x = a (d + sin 0), y=a{\ -cos0) which is in the positive 
quadrant. u [~.f = (*■ -a; y = ~ .1 

- 5r ->>* ’ *!■ - 4 * * . a A *“ ' “* 

0 " * \ K T • 34ir n _ _ 2a "1 

z. +J/ r ‘ = between two successive cusps. _ x=t/ = — . 

- a Vk 5 L ° J 

3. Helix .r = t/cos0, ysaein <), z = bd included betweeu-the origin 
and the point 0 = ,.. ^ ; ,_«O-«»>-0 ■ i=4 6„.] 


quadrant. 

^ . 2 >< s* r .5-_V * ' *»• 

? Si. n f A * 


, 2 . 
*y 


' % *4. If the density of a circular arc varies as the square of the distance 

. A * +* - a point on tlic are, shew that its centroid divides the diameter 

v. v • £?*i % 4fc^hrough 0 in the ratio li : 1. k - I.-?. 1 . J.*'f*^**^ 

% .V‘ 43 ' .. 1 ‘ ,VSj 

. icoootflooa. ^5* Fin<^ tho centre of gravity of the wire of a cork-screw, of given 

-■*-' > ; J.ox- length, radius, and pitch, supposing the thickness of the wire at any point 
• • 3 ?*. * ' n ^ to he b + nz t where z is the distance of a point, measured parallel to the 
_ ££«.».*.> Ss.x axis, from one end. q. * * b. 

)(lx *•-*-»£ " 1 WtM 

•145. Centre of gravity of any plane area. In Cartesian 
coordinates the element of area is S.r By, and if p be its density 
the weight w is proportional to p B.v S y ; the fundamental 
formulae thus become 


- = ^P^>/ - ^ = \\_P^clxdy _ _ ff pydxdy 

-pBxSi/ ffpdxdy ’ 1 J ff pdxdy * 

the limits being chosen so as to include all the area considered. 

It the area be of uniform density , and the ordinate at 
distance .»■ cut the curve in points whose ordinates are y x and j/ a , 
we may take as the element of area {y x — y.f) Bx, whose centre 

of gravity has as coordinates .r and ft - * .ft 8 , in the bmit when Bx 

is verv small. 
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The fundamental formulae then give 


(y, — >/ 2 ) h.r ■ x = f x (Hi ~ //-•) dx f 
x ~~ 'l (y 1 — ijt) hx J (jji — y-i) dx 


s (z/i - 3fe) ^ ' J 2 J 1 !'(//,- - »//) rf-r 
and y --I ( y, - »/,) 6.r = 2 ‘7(7, - y,) rfx ' 

The values of y, and y, are known from the equation to the 
curve, and the limits for * are such as to include all the area 

considered. c , 

If the curve be given in polar coordinates , r = /(0), referred 

to 0 as pole, and if P and Q be points whose vectorial angles are 

0 and 0 + Sd, the polar element of area is A r 1 . Sd and its venire 

of Gravity is, when &0 is very small, at the point whose polar 

coordinates areJ_r_and 0, and whose Cartesian coordinates are 

* r cos 0 and § r sin 0. **r 


Hence £ = ‘ £ £ r 3 . S0 3 J r '*'’ 

where r = 7(0), and a similar equation for .y, giving the centre 
of gravity of a sectorial area rlOfi, the limits for d being the 
vectorial angles ot A and B. 

If this sectorial area be of variable density, or thickness, we 
must take the element of area as r M. hr of density p and then, <f ^ 

for the sectorial area A OB, 

V ,• bd hr,) . r cos e _ I j pr-COS OdOdr sZ^isi 

:,} = ±rhO hrp.e ffprdOdr ' 

and similarly for y. The value of p is given as a funetim, of r 
and d; the limits of integration for r are 0 to/(d), and the 
limits for 6 the vectorial angles of A and B. 

M . . . 7 


24 r* h0. Hr cos 0 _ 2 JV cos 6 tW 

'7> — — —- : —“ ? Z 7/1 


146. Ex. 1, To find the centre of gravity of the arc, rector and 
segmer. i of a circle. 

Let the ard ACU subtend an angle 2 a at 
the centre 0 of the circle, and let 0 be the ^ \q 

middle point of the arc. n , - \P 

Taking OC as the axis of x, then for the — q . ] 

arc we have ^ Gs N,G,G 


,d..x r. ‘ aM - aam t _., «!L« 

r>’ (j\ de 


G-j N.Gp 

/ 


• r 

B 


10—2 
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For the sector AOB, mt >sng p ic. 


f A a- d0. » a cos 0 „ sin a 

*“ Si Jd6 — = 3'«• --Off.- 

Let (?2 the centre of gravity of the triangle AOB , so that 


^^ 2=3 0N= § a cos a. 

Then the weight of the segment A NBC acting at its centre of gravity 
O together with that of the triangle AOB balance about G x . 

2 a sin «_ , _ A A OB x 00'., + [sector A OB — A A OB]. OG 

3 « — f 1 sector ^-1 OB 


A a- sin 2 a . 3 a cos a + {4 °- 2 • 2 u-J a 2 sin 2 a] . OQ 

h 2a 


This gives 




sin 3 


a 


3 a — sin a cos a * 


C/or. By putting « = ^, we sec that the centre of gravity of the arc of 

^ " 

a semicircle is distant — from the centre, and that the distance of the 

‘--- 77 

centre of gravity of a semi-circular area is distant*-^ from the centre. 

---.57r 


Ex. 2. Find the cent re of gravity of the area hounded hi/ the axis of y, 
the cycloid, x = a (0 + sin 6), y = a (1 — cos 0\ and its base. 



r 


J x dy • o „ / + sin 0) 2 . sin £ . r/0 | 

_~ jo 

I .re/// 2 /" n ‘ 

/ (4 + sin0).8ind.</0 \ 

J o 

a / * |d- «in 0 + 0 (1 - cos 20) + \ (3 sin 0 - sin 30)} dO 


o 


I (0 sin 0 A - A cos 20 ) t /0 

J o - - 


We have 
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Now, by the extended rule for integration by parts, 

sin 6d6 =- 6 2 cos 6 + 26 sin 6 + 2 cos 6, 

■ j 6 cos 26 d6 = $6 sux 20+ i cos 20, 

\6 sin 6 d6 = - decs 0 + sin 0, 
au d f 6 sin 26d6 = -16 cos 26 +1 sin 26 


, - - - 

I" 8*. (4 _ cos 6)+ 6 (2 sin 6 - Uin 26) + \ cos0 - \ cos 26 + * cos3^ 

. L —--——-——Tt- 

0 (i — cos 6) + sin 6-\ sin 20 I 


x= 


a ttMI-H 9^-16 „ 

~ 2 ‘ • 7T . 8 18ir 


Also 


f 


= a # 


n 

0 


[" (0 + sin0)sin 0(1 - cos 6)c/6 
Jxdw -- 

7 ~ J xdy J " (0 + siu 0)sin 6J6 

[6 (sin 6 - $ sin 26) +1 - i cos 26 - sin- 0 cos 0] J6 


j " [6 sin 6 + 1 -1 cos 26] dd 


r . sin 3 0~| "" 

6 (1 cos 26 + $- cos 0) + sin0- § s iu20-~ 3 j (> _ 

= a ■ p " ' ^ 

# (4 — cos 0) + »in 0-±sii\ 20 

Ex. 3. Find the centre of gravity of the loop of the car re r=a con 96 
containing the initial line. 

n n 

The values of 6 giving the loop arc from - ^ t<> j. • 


Hence 


_ i_$Fd6^rcosd' j Kjtween limits and ^ , 


x=- ■ 


j W0 


2a 

3 


f“coa»30.co »6.d« (“ <3co»3«+co»»«>co sOM 

- - * •) rr 

rr •> — 


(> 


cos 2 30. d0 


J° (1 +cos60)<M 


•• 

f ° f 3 cos 26 + 3 cos 46 + cos 80 + cos 100] g, / ;J 

- JjL ----—- = HOrr ' 

6 I 


j ° (1 + cos(J0) dd 

Jo 
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Ex. 4. In a xemi-circular disc, bounded by a diameter OA, the density 
at any point varies as the distance from O; find the position of its centre of 
gravity. 

Here the density p = \r. 

Hence 

._jjrdddr . Xr. r cos 8 
fjrdd dr.Xr 

JJr’cos ddrdd , _ J/r» sin BdrdB 
])t*drd$ ; U ~ jjr^drdB * 

The limits of the integrations are from r = 0 to r=2acos d, where a is 
the radius, and from 6 = 0 to d = —. 

n rr 

/ 2 r>n *<*<*>"* f 2 m 4.2 

cos e\^\ dd _ / cos r *6d6 _ .. 

„ L 4 Jo 3a J o 3a 5.3 bu 

• • --- - r. • - p • 



1 mr 


2 a cos 0 


dd 


2 n 
a 


cos 3 6 d6 


i 1 


Also 


f %in*R 

■4”l2a cos 0 

7 

- J0 L * 




/, 

TT 

rfd _ f 2 cos* 6 sin 6d0 
_ 3a Jo_9a 


” 2 f” r3”|2acos0 


/ C 

Jo LaJo 




/ 


TT 

2 


cos 3 dc?d 


EXAMPLES 

Find the positions of the centroids of the areas of the following curves: 

1. The parabola y~ — Aax between the axis of x and the ordinate x—h. 

^ y'l O. k^-O. dJO 

2. The part of the ellipse + = l which lies in the positive 

\ F * x a ^ re) _r <A± /. * 4 ■ 

antA „ t. rtt) / v *- V I - = 


- — 


i § 


quadrant A 

KL ^*-3 J *■ 1 J k * fx\- fv\- '•*•{£■“ £) “ Ji 

' 3. Tlid parabola ( - ) + (y ) =1 between the curve and the axes. 

• -• V • s ‘ »- 

-(i- 3 *\) *■ * • r* r _.y 1 




rf=^=ii 

L« b 5 ’ J 

(I) = 1 , lying in the positive quadrant. .J 

= 0 and x=ir. « i- (*-■«->»•» S =^ ; ^=^."1 

,_j- •** j->- •**_ . L 2 8 J 

ryl r- 5 #i 

M L-=7 ft J 


5. v = «itl'* l ‘ between x = 

t - L:lr f ~ y 

/ i 


6 . ay-* = .(^ between the origin and x = b. 
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7. f (2a - x)=x 3 and its asymptote. 




E jX 

J 8. A loop 


. ,, ^r. = a 3^-8 1 

of the curve j/- (a +ar) = .t'- ;j 4 - tt J 

^gfeTl j£^t^iarrV r.TfL^-^.> A 't). 1 s Ty >«. n 

. j" , 9. The cardiAiiT r=a ?1 +cosB). - L ( ’ -I 

La. - *. Wy**) ■**._> i ^ a-, l a JT 

’** s - i,r r ,-= 12 ^'--.1 

10. One loop of r=« cos20. [_' 10.'» ‘rr J 

r. 7r<i n '2 "1 

11 . One loop of the lemniscate of Bcrnouilli r 2 =a- cos 20. [_•«- 8 J 


rr 


12. One loop of r = a cos nd. 

1 


lGa/« 4 cos — 
2 71 



- - • 


» 

*1 


• ' ~ w 

Find the position of the centroid, of the areas enclosed by the 
following curves : 


14 . f = ax and x- = by. 

it* 




.*> on the positive side ofthe aais of a. 

: , ‘ f ., .i.t-t- [,ra=^-v 

^ _ ir^Ax=0 and 

axis of a:. « 4 



~ + & ’ ^ 3 rr (a + M 1 

f 8a . 2a 1 

.< = r -— .'/ = 7.. • 

G//I- w* J 

• r _ 9(6^-a^)(^ji«-^) "1 

18 / f = -lax, f = 4/>jr, x 2 =4cy and ** = ^>J- [* - 5 (/, -a)(U-c) J 

19 . The density at any point of a ^fdar lamina «*J “ " 

th,;,,e '' ° t "° 

ratio a 4 * 2 : 2. 


17. f = 4ax and // = /«.r. 
v. i>V. 


r" 




ri cv."t#«* l** 


uW I8*t ** 
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20. A circular disc, of radius a, whose density is proportional to the 
distance from the centre, has a hole cut in it bounded by a circle, of 
diameter b, which passes through the centre. Shew that the distance 
from the centre of the disc of Uie<centre ^f gravity of the remaining, 

I ,ort,on 8 l.W-106* • , ^7=^, ' " .. 

lar disc, 




A — 


^ ix'*-** f Ck* -AcV . 

21. The centre of inertia of a circular disc, th^density^f-whicuA’an ®5 fe V^« 
inversely as the fourth power of the distance from air external point (f~in ~~^ 
-T^the plane, is the inverse point of O w ith respect to the boundary of the 

disc.W- - 1 ^ -—««*■ *• % - A; 


22. The distance from the cusp of the centroid of the area of the 
cardioid r=a(l+cos 0 ), when the density at any point varies as the nth 


power of the distance from the cusp, is 


(n+2) (2n+5) 


(n + 3) (n+4) 


a. 


23. Find the coordinates of the centre of gravity of a lamina in the 


shape of a quadrant of the curve 
by a=lxy. 


•\S 


6) 


>Y_ 


+ =1, the density being given 

La b 42t) ’I 


24. Find the centre of gravity of a plate in the form of a quadrant 
A OD of an ellipse, the thickness at any point of the plate varying jis the 


La~ IS' 




product of the distances of the point from OA and OB. 

- fc- . . • « (Mt LS 7 ) 

1 ^ 6«Tlw.< , _ _ _ _ 

25. A chord of an ellipse c uts off a segment of constant area ; shew 
Gr..* wuu «u*p **that the locus of its centre of gravity is a similar, similarly situated, and 
►r;# v., j^)^«^cpncontric ellipse. cc- ^ — •>.*. < iu r >< . 

l,< )iV'"ihL L *i ^ *■» ik ! j Wr i 

2o. I he locus of the centro of gravity of all equal se g ments cut off 
from a parabo la is an equal parabola. I— 


27. If Q is the centre of gravity of any arc PQ of the lemniscate 
r- = a- cos 26, shew that OG bisects the angle POQ. 


28. A curve is such that the centroid of the arc o f it intercepted beticeen 
tiro radii vectorcs drawn from a fixed point always lies on the straight line 
bisecting the angle between these radii; shew that the curve is either a lem¬ 
niscate of Bernoui/li or a circle. 

f P ds.r sin 0 

[For all values of /9, we are given that tan ^ = -j - -. 

/ ds.r cos 0 


o 


Hence, if~gg=F(0), wo have j ^ F(0) sin d</0 = tan ^ F(0) cos 6d0. 
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Differentiating with respect to (t, 

F((3) sin 0 = tan §. F 0) cos 0 + \ sec* § j*F(3) cos *</A 

ain 0. F(0)= f fi F(3) cos 0t/3. 

J o 

Differentiating again, we have 

cos P . F 0)+s*n f3 ■ F' 0) = /’ 0) cos £• 

Hence /” (0)*=O and hence 0) = constant. 

s ' 

from which we easily have that either r is constant or rW-‘ cos {26 + r-] 

29 Shew that the circle is the only curve in which the centroid of 
the area included between the curve and two radii drawn from a hxed 
point always lies on the straight line bisecting the angle between the rad. . 

147. Centre of gravity of a solid and surface of revolution. 
Let the curve AB revolve round the axis of .r. 1 u \o mm_ 

generated by the element of 
area PMNQ between two or¬ 
dinates at distances x and 
x + lx from Oy is try 2 . lx, and 
its centre of gravity is at a 
distance x from 0, when lx is 

indefinitely small. 

Hence, if the solid be of 

uniform density, 

S Try 2 lx. x _ f yxdx 
= 2 Try 1 lx ~ f tfdx ’ 

where y is known in terms of * from the equation to the curve 

and the limits of x are OK anti OL. 

The surface generated by the revolution of the aic 1 

(= &) about Ox is 2 -ny . 8s. Hence, for the surface, 

2 27 H/8* ■ a- = f yxds 
22t ryls f yds ' 



X = 


l r^^/l + , and y arc known from the 

equation to the curve and hence the integrations can be 
performed. 


Now 

ax 
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If the generating curve be given by the equation J\=/ ( 0 ) 
in pola r coordinates, the element rhd.hr describes a ciitle of 
radius r sin 0, and x for the volume 




Sr he . hr . 2t rr sin 0. r cos 0 _ // r 3 sin 6 cos 0 dr dd _ 
= ^Lrhdhr. 2vr sin 0 " “ ~ ff sin 0 dr d0 


the limits for r being 0 to f(0), and those of 0 depending on the 
part of the curve considered. 

So, for the surface, 


_ _ S Bs . 2-irr sin 0 . r co s 0 = /sin 0 cos 0 . 
® “ ~ £&. 2 ttt sin 0 Jr sin 0.ds 


where r -f(ff), and = r“ + (^) ; 


148. Ex. 1. Find the centre of gravity of the surface and volume 
of the yart of a spher e , of radius a, 

included bet Keen parallel plan es which ^ ^ ^ 


arc at distances l> and c from its centre. 


Taking the sphere as formed by the 
revolution of a somi-circlc about the 
axis of .r, we have x-+y- = a-. 

For the surface we have, since 


..--•-Af- 


vR <r) 


x 


7 


O B 
4- 


nCa * 


A- . •-> 


b. Cf. La-\, 304 


yds 


ray *«•*/ y~ V- ^ 

f \ , «/ U f O, 

lyxds 1 I tixdx -(c s -6-) ^ r-» p) 6 !<*• 

-— _— -— = —— . Also >1 is clearly zero. 

a dx' 


Hence the ce ntra of gra vity of a zone of a sphere is half-way be tween 
its plane ends. v 

For the volume, \ 


.#• — ‘ 


I ny-dx.x Y.r(u*-x*)dx o 

f - = - 

firy-dx \(a--x s )dx 


Cor. If we put <• = </ «J ( l 6 = 0, wo have the case of a hemisphere. If 


it be hollow, then .r = (/ ; iilit be .solid, .#" = ~. 


WuSJ) Solids v . - Vs 

-- •*- !oii_\ 4 S /t U iJO-S~) . . f » 


Ex. 2. /W Me &'*"f formed by reodjg the ^ . 

area bounded by the parabola » y--4a.c and ' f ' ■* S- tfi*— ‘ ’ 4 * 

We easily seejliat'the point of inter- =^ ( ^7T77 C . --) - V- ' IV 4 - y * >(«'•'* Ax '* 

section /> of the two curves is given by . 

x' = 4 a*b\ y' = 4a*b*. 

If 0X x = x, X\P\=y\t X x P.=y^ then 

rz = x' ry = 'Ji 

J I dxdy . 27ry. x 
. ]/=» i.»/= //i * _— 


I dxdy. 2 *ry 

z=o J U-V\ 



P ( j v' i . . 

• *' >’\/ iy* \ 


rtr-o.) U“*) '"I J ~ ^ ) 


c w -*•> ■ ^ = f„ r-‘ ac ~HgT rrf ' r _so „ s h i . 
f* w -'/.-) <*» J „ [ 4ax - m\ dx . 


EXAMPLES 

Find the centroids of the surfaces formed by the revolution of the 
following # curves: 

1. Parabola y l = 2ax cut off by jr = c about its axis. 

f. (3<‘-«)(" + -' , > 

X = n r., 

L 5 {(« + 2c)’ -« *} J 


~7 n I • j . « 4 -Min 6\ i/ = a (\-cos 6) about the axis of //. • *->*L^ ' w 4 > ^ 

2. CyclouKr=«<* + «»£>. ^ ^ ^ ^ ^o^i) 2r< ,. w _ 8 ^ 

^ ■'' - 1 f>- 3rr - 4 J • »•*—* * Ife 

** * -4^7T]; ■ fc Sr^r 

... 4 r n 


= I 


3 ’ ; ?•: sCSB 3* Mgsasst . *&£ 

^■rdioid^ 


r ^J 


►no 


r « ,, 

Tool, ofrWcos20 about the initial line. K^<;' : + v “'J 

..." . , . e ilu. 


Find the centroids of thc voluiues^.n-inea by the revolution "t "" 
owine curves :* ■£* i) >-j*- 


’- (*»-•) following curves : ‘ ■£ 


OW1I1& ^ j• . / 

6. The portion ofJ.be parabola y* = 4«x, cut oil bj 1 " 0,1 L ‘ 2/< -j 

/ zlL- T ± L *'’*= .. • 

..«♦ *l»i» (iviu nf.r. "V . * L * -J 



alxiut the axiH of x. j ^ 






7 ^min = a w»/n about the axis of 


r. _ m+3s .'• 1 




1^* 


*> > 
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8 . 


A circle-of radius a through two right angles about a tangent line. 

[*-£•] 


9. 


Cycloid x=a (0 + sin 6), y—a(\ - cos 6) about the axis of y. 

r. 63 tt 2 -64 o "| 
L' J '~ 9tt 3 -16 ' 6 * J 


10. r = a (1 4- cos 6) about its axis. 


M ] 


Xl. Shew that the centre of gravity of a lune of a sphere, of angle 2a, 




.. tv a sin a . . 

is at a distance - .- from its axis. 

_ 4 « . | 

J-(. •*• (V-*Ja - »). 1 «■«»> * - - ' L r a -rz - 


^ "• j: JLv^ Shew that the distance from the centre of the centre of gravity of 

° ; t sector of a sphere , of radiusja, is ga (1 +cos a), where a is the angle which 

the radius to any point of ttte spherical base of the sector makes with the 
axis of the sector. r _ __ t , iu* —i * - 


3 3 

7^- 


13. If the density at any’point of a sphere of radius a varies directly ^ 
as the distance from the centre, and a sphere described on the radius as £ 
centre be cut out, shew that the centre of gravity of the remainder is at a 
distance foa from the centre. 


L. - ,<*Ti 


14. Shew that the centre of gravity of a sphere, the density at any 
point of which varies inversely as the square of the distance from a fixed 
point on the surface of the sphere, bisects the radius through the fixed 
point. 


«_L /=T 


15. The density of a hemisphere varies as the nth power of the 
distance from the centre ; shew that the centre of gravity divides the 
radius perpendicular to its plane surface in the ratio ?i + 3 :« + 5. 




f .ri, 


“A*/ 


16. Taking Laplace’s law for the density of the earth, assumed to 

sin0 <*• kL “ *"ux** * c ^ «— Cr 7 • J»—^ 
* ’ ^/v lie a sphere of radius a, viz, p = p 0 —-j- , where 6 = — , for the density p at 

a distance x from the centre, show that the distance from the centre of 
7/L the centre of gra vit y of half the earth, bounded by a plane through its 
centre, is 

a (2 — p-) cos p + 2p sin p — 2 


q .a»‘ 


2p (sin p — p cos p) 


17. A portion of an anchor ring is formed by the revolution of a 
circular area of radius a about a line in its plane at a distance c from its 
centre, where c>a. If 2a bo the angle through which it revolves, prove 
that the centre of gravity of the solid is at a distance from the lino 
equal to 

v 4c 3 +a 3 sin a 


4c 


a 


Centre of gravity. Volumes 


1 ">7 


18 A uniform solid is bounded by the surface formed by the 
revolution of a cycloid about its base and is then cut in halves by a 
jdane through the axis of revolution. Shew that the centre of gravity 

of each half is at a distance £ from the plane face, where « is the 
radius of the generating circle of the cycloid. 

19 A solid is bounded by half the surface formed by the revolution 
of the eardioid r=a (1 +cos 6) about its axis, and by a plane base through 
Its axis” shew that the distance of its centre of gravity from the axis , 

and its distance from the pole, measured parallel to the axis, is . 

20 A quadrant of a circle, of radius «, makes a complete revolution 

ab r nrf di"r^n^ wS t,:::: ,- 

ES£1 “.tree of gravity of ^curved aurfu^oH.. so 

generated from its plane surface are — aml 2 2 r.\nh±la) 

149 General formulae for the centre of gravity of 
any volume. If P be any point (.c, y z) ot the volume and 

(x + S.r y + By, 2 + &) a closc P 0,nt <l tho . ''" 'TV n 

elementary parallelepiped bounded by plm.es through P and ? 

parallel to the planes yOz, zOr, My is lx.Sy. Sz. »'•»> 

being p, the fundamental formulae become 

v hx. hy . SZjP = fff P'd.rdg dz 
x = TExhijhzp fff p^vdijdz 

fff oydxdydz , , Jfh zd * d JL d f-. 

d ~ fjf pdxdydz ' ' fffpdxdydz 

The limits are such as to include all the volume con^red. 

EX. 1. Find ,i,e centre of yranUy of*' J-jA-W * 

**y 

which is of constant density. 

Here 

The limit* for z arc from 0 to 
Mil, i.c. cj * 

from 0 to NS ., i.c. a \J^ » 

and for y from 0 to b. 


So 
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Hence the numerator of (1) 


/ / “ \A-$ dx *» =/[ - x 0 -5 - s rfy 


rr 


= ^1 — rfy = j cos 3 0. b cos 6 d0 y (ify = 6sin0), 


0 2 &C 3.1 7T 7T 

X-irsa-Ie 0 * 4 *- 


1 4 


Also the denominator of (1) = volume of the octant = -.-ivabc. 

Hence .<•=—; similarly, »/■=-£■ aild * = -g • 

Ex. 2. /’tW //it* centre of gravity of the volume cut off from the cylinder 
■J.r- +y-~ -ax by the plane.* Z — mx, z— nr. 

If we take any element bxby of the 
section l»y the plane .r»/, the volume above 
it is clearly bx. by x (m — n) x t and the 
height of its centre of gravity above the 


plane of xy is 


m 4- n 


O 


X. 


f f dxd v (m — n) X . x 

lienee •'*= - .■/— 1 — : --> 

| \axdy n - n) x 

the limits for y being — \2ax — fLr 2 to 
^2a.v — and for x from 0 to a . 



1 Icncc 


TT 

I jf* \'f/ — jiv/.r / sin 0 cf> cos' 2 <f)d(f> 
r« ■ " -=a •-, if *r = <c sin 2 0, 

t? 

r < j _ /* 2 

x^y/a-xdx I sin 4 </» cos 2 <f>dd> 

J> i / o 


IT 
• I 


= « 


(sin 0 c/> — sin 8 <£>) d(f > 
o oa 


8 * 


o 


(sin 4 </> — sin 0 0) defy 


ffclt'dy (m — a) a? x —.r 


So 


wi +n 


fui 


. .? = (»i+«). 


J J dxdy ( m - n) x 2 

Ex. 3. If (he density at any point of an octant o f the ellipsoid 


:c-’ y- -- 

~. + ’nr + = 1 

a - o- c— 


m/y o.s .v 1 ’ tf* 2 r y prove that 

, >-^+>) r (- t i ±r+ s) 




Centre of gravity. Volumes 


1 :><) 


— r =z'2. 


Consider the cases p = q = r = 0, p — (] — r—1 and /> <j 

jijdxd>/d: . Xx>‘iC: r . x 
The density being X.»;"^ 2 r , we have r =-JfcixdJdl.\.e>y‘z r ' 

where x t >/, z have any positive values subject to the condition 

.-“1 

—. ~ < 1 • 
a- b- c- 

/' r/ - 1 - **-- 

, , , JJJ'f- n- ifJJvK 

Put .r*=a£-, c —/. x—a. ;l i (/ i r i 

Jjjf- V -d$dfjdC 

Where £,,, f have any positive values subject to the condition S + 1 + C3 1. 
Hence, by Dirichlet’s integrals, 

rft+'Mi + iMi + i) 

.f + F +:i ) r ( c± r + "0 


= a. 


= a. 




\rto +r + 5 


o \ 

r “-^- + 2 




a- r ( 1 ) r (S), r(l).g. A• »;__(*) = ; *. a8 Ex. i. 

If l>=q = r=*0, then r ^ )r(3 j r(^.2.1. l'(l) » 

r (2) r (4) i;(jj)- 3 - 3 -LT (1 ) = 10 . 

If/) = y = r =l» then - — r(«j r (1 >-3'* * * *(-) 

J- r (2) r (V) _ r (2) JJ • yLT. (: - }) = ®L. 

If p = <j = r = 2, then n = T(i})r ( «) " r('3).3-4.»-2- T(-) >- 8 

150. If the solid have its equation given mjMihir coordi¬ 
nates so that the coordinates of a point P are (r, 0,4>), * w 
0P~=r, zOP = 0, and <f> is the angle the plane jOi makes 

with zOx, then the element of volume is tr.rZd.r »m 08*. 
i.e. r- sin OZr.Zd.ZQ, and we have 

2 r’ sin 0Zr .Z0.Z<f>.r cos* sm# = .ffiVsin^cos </> driM* 
* =-sin 03/-. 80.3* Jff ^ sin MrdStty 

s r* S in 0Zr .30.3*.r sin * sin 0 = flfr' 

V — v>sin03r.30.3* //JVsin 0rfrd0rf* 

% r 1 sin 0Zr.Z0.Z<j> .r cos 0 _ fff r‘ sin ^ c.s 0drd0dj >. 
and i = — -v^n 08r. 30. 4 ///» 2 sin <tdrd0d<f> 

the limits being such as to include all the solid. 
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Ex- Find the centre of gravity of a hemisphere•_ whose density varies as 
the distance from a point on its plane edge. 

The equation to the hemisphere is 
(.r- a)~+y i +z“=a- y 

or, in polar coordinates, r=2a cos <j> sin 6. 

The limits for r are thus 0 to 
2a cos (f> sin 0. 

Those for <J> are — 7 to ^, and those 
for 0 arc zero to ^. 

If the density at any point is Xr, the element of mass is 

dr. r 80. r sin 0 8(f ). Xr. 

Hence 

jf fXr 3 sin 0drd0d<f >. r cos </> sin 0 
■ L=: ~~ JjjXr 3 sin 0. drd0d*p 

\ JJ (2a cos f/j sin 0) s sin* 0 cos <f>d0d(fr _ 8a JJ cos 6 <f> . sin' 0d0d<f> 

~ ~ijj(‘2a cos <f> sin 0)* sin 0d0d(f> 5 JJ cos'* <p . sin 5 0d0d(f> 

5.3.1 ir u 6.4.2 
_8« 6.4.2 2 X 7.5.3 8 a 

~ 5 ’ 3.1 *r 4.2 7 

4.2 2 X 5.3 

Clearly y = 0, by symmetry. 

Also 

fffXr 1 sin 0drd0d<p . r cos 0 
J]J AH* sin 0drd0d<f> 

J, JJ(2« cos (f> sin 0) s sin 0 cos 0d0d(f> _ 8 a JJcos 5 <f». sin 0 0 cos 0d0d(f> 
~~ JJJ(2« cos (f> sin 0)* sin 0d0d<f> 5 JJcos 4 0. sin 6 0d0d<f> 

4.2 1 

_8a 5.3.17 128 a 

~ 5 ' 3.1 7T 4.2 “ 105 1r ' 

472 2 * 5.3.1 



EXAMPLES 


Find the centroids of the volumes included between the following 
surfaces : 

5 a («i 


1 . :r !i +y' 2 = 2ax, z — mx and z = nx. 

r 2 j/ 2 

—, + *^-,= 1, ; = 0 and /.r + »«y + » 2 =l. 


f~5 a n 5 a (m + n) 

Lt’ °» s •_ 


r a-l bhn 
L 4 ’ 4 ’ 


b 2 m Fa*+mW + 4 


8 n 


•] 


2. 
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3. x 2 


+y 2 = a 2 , r = 0 and z=x tan a + A. tan a, 0, ^ tan- a + ^.J 

[^{ 7 s/2 + 3l°g (1 +s'2 ) }.] 


- a i + %-?= 1 ' X= ° attd == ±C - 


, - o,. T4« 32 b 32c 1 

5 . |, + 3 -^=o. *“*“• y=° and 2=0 - IK-J 


6 2 c 

0 # (+ fy\ + contained in the positive octant. 

\aj \bj \cj a 2l6> 21e 

[_128 ’ 128 128 J 

7. A body is formed of the portion of a uniform solid sphere, of 
radius a. which is cut off by a circular cylinder, of diameter a, passing 
through the centre of the sphere. Shew that the centre of gravity of the 

portion that lies within the cylinder is at a distance fr ° m th ° 

centre of the sphere. 

151. Centre of gravity of any spherical triangle. 

Let ABC be the triangle, and 0 the centre of the sphere. 

Let 0C be the axis of z and Or, 

0y two perpendicular axes, Ox 
being in the plane CO A. 

Let P be any point on the 
triangle; let the tangent at P to 
the circle CP meet the plane xOy 
in T, and let PP’ be the ordinate 
to this plane. Take a small ele¬ 
ment BS of the triangle at P, 
and let its projection on the plane 

xOy be 82. 

Then — = cos P’TP = sin POT = l -, where 2 is the ordinate 

BS 1 

of P and r is the radius of the sphere. 

z.BS=r.BZ. 

Hence, if z be the ordinate of the required centre of gravity, 

Iz.BS /r.d2 2 n ) 

2 XBS Ids S 

where S is the area of the triangle and 2 is the area of its 
projection on xOy. 




J -bp; fr 


5Z 




B' 
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Now 

X = the projection of the area ACB on xOy 

= the projection of the area AOB on the same plane 

= Ir 2 . Z AOB x cosine of the angle between AOB and xOy 

= ^?- 3 . c x sine of the inclination of 00 to AOB 

= . c sinp 3 , where p 3 is the arc drawn from G perpendicular 

to AB, 

= ^r 3 . c. sin b . sin A . 

Also S = r*. E, where E is the spherical excess ; 

_ _ 1 rc sin b sin A 

z ~2 E • 

This gives the distance from 0 along OG of the projection of 
the centre of gravity upon OG; similar formulae give the 
projections on OA and OB. Hence its position is known. 

152. The relation (1) of the previous article is clearly true 
for any area on the sphere, whether a triangle or not. 

Hence the distance of the centre of gravity of any area S on 
the surface of a sphere from any plane xOy passing through the 
centre of the sjrhere is equal to the radius of the sphere multi¬ 
plied by the ratio of the area of the projection of S upon xOy to 
the area S. 

Ex. Shew that the distance from the plane, through the side AB of a 
spherical triangle ABC and the centre O of the sphere, of the centre of 
gravity of the spherical triangle is 

1 r (r — b cos A — a cos B) 

2 T: • 


153. Theorems of Pappus. If any plane area revolve 
through any angle about an axis in its own plane, then (1) the 
volume generated by the area is equal to the product of the area 
and the length of the path described by the centroid of the area, 
and (2) the surfac e ge nerated by the area is equal to the product 
of the perimeter of the area and the length of the path described 
by the centroid of the perimeter. 

Let A be the area and S the perimeter of the curve ; y the 
distance of the centroid of the area and y that of the perimeter 
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of the curve from the axis of rotation which is taken to be the 
axis of x. 

(1) Let P be any point of 
the area of the curve whose 
ordinate is y\ then, if the 
rotation be through an angle 6, 
the length of the arc described 

by P = y .0. 

Hence the volume described 
by an element dA of area at P 
= yd. dA. 

The whole volume described by the area 
= Z y d.dA = e.ly.dA = 0 .yA (by Art. 145 ) = A.y 0 
= the area of the curve multiplied by the length of the arc 
described by the centroid of the area. 

( 2 ) Let F be a point on the perimeter of the curve whose 
ordinate is y' ; during the rotation the length of the curve 

deS< Hence 'the^surface described by an element a, of the peri- 

meter at F = y'O .8s. . 

Hence the whole surface traced out by the perimeter 

= 1,yg. f, s ^ 0.j .is = d.y'S (by Art. 143 ) = S.y8 

= the perimeter of the curve multiplied by the length of 
the arc described by the centroid of the perimeter. 


EXAMPLES 

revolution the distance described by the ccntr ®- 2 " 3 d its 

Hence the volume of the anchor-nng = x 2*6-2* a b, ana 

surface -= 2*r« X 2 nb = 4 n^ab. 

2 solid neetor of a sphere of radius « stands on a circular W 
whose diameter subtends an angle 2,. at the centre of the sphere ; she 

that its volume is and that its curved surface is Wam» § . 

1 • * 1 


[Revolve a sector of a circle about one of its hounding radii.] 


11-2 
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3. Apply Pappus’ Theorems to find the surface and volume of a 
frustum of a right cone in terms of its height and the radii of its 
plane ends. 

4. From Pappus’ Theorems deduce the position of the centres of 
gravity of the arc and area of a semi-circle. 

5. A triangle, of area A, revolves about a straight line in its own 
plane the perpendiculars on which from its angular points are p lf p 2> 

2tt 

and ; shew that the volume generated is — A (pi +p 2 + p^). 

6. By using the results of Ex. 1, page 146, and Ex. 2, page 148, find 
the volume and surface of the solid formed by a complete revolution of a 
cycloid about its base. 



CHAPTER IX 

STABLE AND UNSTABLE EQUILIBRIUM 


154 We have pointed out in Art. 141 that the body in the 
first figure of that article would, if slightly displaced tend to 

- *r=aci-sr xt:x s =s 

- - • T » " 

h J :.., U1 plane, whom- contra of gravity in not at it, contra. 




T f thf first figure represent the position of equilibrium, 

t "5 irlissr “ vx 

above, as G,. Let the seconu g t the int of 

r^ d t -«- stin acts 

through «„ H is clear that 

the bodv wTll return towards its original position of eqtnhbnu.n, 
and therefore the body was oripmxUy >n »taWc equrlt ». ^ 
If the weight act through 0 ,, the body 
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further from its original position of equilibrium, and therefore 
it was originally in unstable equilibrium. 

If however the centre of gravity of the body had been at 0, 
then, in the case of the second figure, the weight would still be 
balanced by the reaction of the plane; the body would thus 
remain in the new position, and the equilibrium would be called 
neutral. 

155. Def. A body is said to be in stable equilibrium 
when, if it be slightly displaced from its position of equilibrium, 
the forces acting on the body tend to make it return towards its 
position of equilibrium; it is in unstable equilibrium when, if 
it be slightly displaced, the forces tend to move it still further 
from its position of equilibrium; it is in neutral equilibrium, if 
the forces acting on it in its displaced position are in equili¬ 
brium. 

In general bodies which are “ top-heavy,” or which have 
small bases, are unstable. 

Thus in theory a pin might be placed upright with its 
point on a horizontal table so as to be in equilibrium; in 
practice the “ base ” would be so small that the slightest dis¬ 
placement would bring the vertical through its centre of gravity 
outside its base and it would fall. So with a billiard cue placed 
vertically with its end on the table. 

A body is, as a general principle, in a stable position of 
equilibrium when the centre of gravity is in the lowest position 
it cau take up; examples are the case of the last article, and 
the pendulum of a clock; the latter when displaced always 
returns towards its position of rest. 

Again, take the case of a man walking on a tight rope. He 
generally carries a pole heavily weighted at. one end, so that the 
centre of gravity of himself and the pole is always below his 
feet. When he feels himself falling in one direction, he shifts 
his pole so that this centre of gravity shall be on the other side 
of his feet, and then the resultant weight pulls him back again 
towards the upright position. 

If a body has more than one theoretical position of equili¬ 
brium, the one in which its centre of gravity is lowest will in 
general be the stable position, and that in which the centre of 
gravity is highest will be the unstable one. 
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Stable and unstable equilibrium 

156 A body rests in equilibrium upon another fixed body, 
the portions of the two bodies in contact being spheres of radn r 
and R;respectively, and the straight line joining the centres of 

the spheres being vertical; if the first body be slight y *;¥“<**■ 
to find whether the equilibrium is stable or unstable, the bodies 

being rough enough to prevent sliding. , 

Let 0 be the centre ot the spherical surf; 

body, and 0 , that of the upper body. 

Let Afijha L , 

Let the upper body be slight 

displaced, by rolling, so that the 

new position of the centre of the 

upper body is 0 S , the new point of 

contact is A,, the new position ot 

the centre of gravity is G 2 , and the 

new position of the point A, is 0. 

Hence GG* is h. 

Draw AX vertically to meet U.o 
in L, and 0,M vertically to meet a 
horizontal line through A, m M. 

Let Z A,0A, = 6, and Z A,0,C = <*>, so that Z COM-10 + 4»- 

Since the upper body has rolled into its new ..the 

arc A >A, = the arc CA S , so that 

Jt.0 = r.4> . 

where R and r are respectively the indii of the lower and 

UPP The SU iubbriu m is stable, or unstable, acceding as 0, lie. 
to the left, or right, of the line AX, 

i.e. according as the distance of G, from OM is > or < AM, 
i.e. according as (r - A) sin (0 + *) » > « < *' s,n *' 

U according as (r- h) sin [^] > " < ' si " * 
i.e. according as (r - h ) o p V r ) 
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by substituting the expansion for the sine of an angle in terms 
of the angle, 
i.e. according as 

["22 + r 1 (R + r\* "1 

(r - A) L“-g(-r-) ^+-J >or< - l* is 

i.e., when 0 is made indefinitely small, according as 


■3 + ...J, 


i.e. according as 
i.e. according as 


, j.R + r 

(r — h) —-— > or < r, 

rR > or < h {R 4- r), 

1 1 , 1 

r > Or < -75 + - 

h R r 


(3). 


In the case when r = , i.e. when li = , we must 

h R r R+r 

re turn to equation (2) , and the equilibrium is stable or unstable 
according as 


•r* 


R + r 


R + r 


r*-| fry *'+••■] 


> or <r^0- 


i.e. according as 

— £ (R + z-) a 0 3 + higher powers of 0 > or < — + ...» 

i.e. according as 

(R + r)- — sqs. etc. of 0 < or > r* — sqs. etc. of 0, 

i.e. according as {R + ?-) a < or > r 2 , when 0 is made indefinitely 
small. 

Hence the equilibrium is 

unstable in this case. The 

equilibrium is thus only 

, 1 1 1 

when 

h r R 



all other 


cases it is unstab] e 

If the curvatu re 0 f the lower 
surface be in the «sther direction 
as in the second fJ gure> then in 
this case the angle 


o 



\ 

G. 


o. 


\ 

j 



/ 

v. 

R- 

r a 

— ^ f 

r . 


M 
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and the equilibrium is stable or unstable according as G, is to 

the left or right of AX, 

i.e. according as 0..G-, sin (<£ — 0) $ MA.,, 

i.e. according as (h - r) sin — 0 $ r sin 0, 

i.e. according as 

i.e. according as 

• i- „ r \ R ~ i $ r, if 0 be indefinitely small, 

i.e. according as (h — i) y > > 

i.e. according as h 5 ' ie ' “ ccordin S as S 5 r ~ R ' 

In the critical case when k = jjf. *e »«* to ( + ) 

and proceed to higher powers. 

(4) then becomes 


i.e. 


6 • r* 0 


- powers of 0 2 1 - powers of ft 

Hence, when 0 is indefinitely small we see that the cqnih- 
brium is stable or unstable according as (n — r ) < . 

i.e. according as R < 2r. 

In the case when R = 2r and hence h = ^ 1 K ‘ n 

a, = -0=20, 

\ r 

- v / i _ 7 * sin $ = a Inn ays. 

and 0 2 (?2 sin (<f> - 0) = “ r > 81,1 ~~ ^ — 7 . . - th / . 

Hence in this particular case, G 7 always cointic c. ’ 

and the inner sphere will ^^^alt^^ly 
it be rolled since its centre of gravity is now am > 

above the point of contact. 
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Cor. 1. If the upper body have a plane face in contact l>*,bb 
with the lower body, as in the following figure, r is infinite in 
value. Hence the equilibrium is stable if 


1 be > i > i- e > ^ A be < R. 


Hence the equilibrium is stable, if 
the distance of the centre of gravity of 
the upper body from its plane face be less 
than the radius of the lower body; other¬ 
wise the equilibrium is unstable. 



Cor. 2. If the lower body be a plane, so that R is infinite, 
the equilibrium is stable if 




j t be > -^, i.e., if h be < r. 


HiinceT^if a body ot spherical base be placed on a horizontal 
table, it is in stable equilibrium, if the distance of its centre of 
gravity from the point of contact be less than the radius of the 
spherical surface. 


157. If the portions of the surfaces in contact are not 
spheres, but surfaces whose radii of curvature are R andcr, it 

is similarly found that the equilibrium is stable or unstable 

r 11 1 

according as 7 $ -= 6 + - . 

n K r 


In the neutral or critical case, when r = ~ > the deter- 

h R r 


ruination ot the stability is a question of some difficulty. For 
its consideration the student may refer to Routh’s Analytical 
Statics , or Minchin’s Statics. 

It is there shewn that the equilibrium is stable or unstable 
according as 

(a) + s (?) 

is negative or positive. 

It this condition fails, as it does when the points of contact 
are points of maximum or minimum curvature, the equilibrium 
is found to be stable or unstable according as 


f/2 (-) 

ds- \R) 


f / 3 


+ ds* (r ) 


+ 


(R + r) (R + 2r) 


R*r* 


is negative or positive. 
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EXAMPLES 

^'T. N< A*' bodyf consisting of a cone and a hemisphere on the same base, 
rests on a rough horizontal table, the hemisphere being in contact uith 
the table ; shew that the greatest height of the cone, so that theequili « mm 
may be stable, is s /3 times the.radius of the hemisphere. 

2. A hemisphere rests in equilibrium on a sphere of equalI radius ; 
shew that the equilibrium is unstable when the curved, and stable when 
the flat, surface of the hemisphere rests on the sphere. 

3. A uniform beam, of thickness 2 A, rests 

rough horizontal cylinder of radius « ; shew that the *pi.l,hr.u “ the 
beam will be stable or unstable according as b is less or goiter 

4 A heavy uniform cube balances on the highest point of a sphere, 
whose radius is r. If the sphere be rough enough to prevent * k mg, . 

if the side of the cube be " , shew that the cube can rock through a right 
angle without falling. 

5 A lamina in the form of an isosceles triangle, whose vertical angle 
is o is placed on a sphere, of radios r, so that its plane is vertlcid and one 
of its equal sides is in contact with the sphere ; shew that, if the tr a 

be slightly displaced in its own plane, the cqmhbrmm .. stable if am 

less than *, where a is one of the equal sides of the triangle. 

6. A solid homogeneous hemisphere of radius r has n soUdright cone 
of the same substance constructed on its base s_ the he l h 

as srsri--- - 

stability for a small rolling displacement is 

-J— (V(3 It + r) (It-T) ~ 2r]. 

Jt + r L 

7. A weight IP is supported on a ^ a t"! 

weight l\ connected will. If >> ition „f equilibrium of IP on 

pulley whose position is given, * in 1 
the plane, and shew that it is stable. 

8. A ..form chcular disc of mdins r 

about a point distant c from its contic A t . b UIieqvm l weights 

.i - - 

it is stable. . f 

9. A solid sphere rests inside a fi xed r< * U ^t'‘ia* I»e«l to the 
twice its radius. Shew that, however urge • 

highest point of the sphere, the equilibrium is stable. 
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b~ 4,^ ' • 

rl- T- 


- C 


‘‘■to 


• kw 

10. A thin hemispherical bowl, of radius b and weight W, rests in 
equilibrium on the highest point of a fixed sphere, of radius a, which 
is rough enough to prevent any sliding. Inside the bowl is placed a 
small smooth sphere of weight w. Shew that the equilibrium is not 
stable unless 

11. Shew that a sphere partially immersed in a basin of water cannot 
restjn stable equilibrium on the summit of any convex part of the base. 

.^12. ^ Three e^iial*particles repelling each other with forces proportional • 
the nth power of the distance are connected together by three equal 
elastic strings. Find the position of equilibrium and shew that it is 

stable if n < » wh^re a is the unstretched and p the stretched length 

of any string. 

13. A solid ellipsoid, whose axes are of lengths 2a, 2b, 2c, rests with 
the “c-axis” vertical on a rough horizontal plane. The centre of gravity 
is on the vertical axis at a distance h from the bottom vertex. Shew that 

the equilibrium is stable if h is less than both — and — . 

c c 

14. A heavy cone rests with the centre of its base on the vertex of a 
fixed paraboloid of revolution, and the height of the cone is equal to twice 
the latus rectum of the generating jxarabola. Prove that the equilibrium 
18 neutral to a first approximation, but that it is really stable. 

15. A heavy body, the section of which is a cycloid, rests on a rough 
horizontal plane and lnus its centre of gravity at the centre of curvature of 
the curve at the point of contact; shew that the equilibrium is unstable. 

16. A solid frustum of a paraboloid of revolution, of height li and latus 
rectum 4a, rests with its vertex on the vertex of a paraboloid of revolution, 
whose latus rectum is 46; shew that the equilibrium is stable if 

. Sab 

ft < —TT • 

a + b 

17. A lamina in the form of a cycloid, whoso generating circle is of 
radius a, rests on the top of another cycloid whose generating circle is of 
radius b, their vertices being in contact and their axes vertical. If h bo 
the height of the centre of gravity of the upper cycloid above its vertex, 

shew that the equilibrium is stable only if h < and is unstable if 


4a b 


a + b 


r. ... 


' a +6’ 

18. A parabolical cup, whose weigKf' Is 11* stands on a horizontal 
table and contains a quantity of water, of weighrn IF; if h be the height 
of the centre of gravity of the cup and the contained water, shew that the 
equilibrium is stable provided that the latus rectum of the parabola is 
> 2 (a + 1)6. 
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158. Suppose that we have a body, or system of bodies 
under the influence of no forces ex cept their weights, and 
supported by reactions with smooth fixed suifaces 01 >} ot u 1 

forces which do not appear in the equation ot virtual wor 
Then, if Wl , ... be the weights of the different bodies and 
... the heights of their centres of gravity above some fixed 
plane, the equationof virtual work becomes 

- — IV i . — Wa • • $ 2 a -b • • • — 

If w be the total weight of the system and r the height ot 
its centre of gravity, this becomes 

- W . Bz = 0 . 

But Sz= 0 is the first condition that the height ot tin 
centre of gravity may be a maximum oi minimum. . 

If the height of the centre of gravity is Uffl e 
then, for any small displacement ot the system, K u 

gravity is lowered; if, after any such displacement ^ Jt 

be momentarily held at rest and then ot go, 1 ,s qq 

would not go back to its position of equ.libniii.i, lor 
be contrary to the dynamical principle that tbokmcUc ,n^. 
of any such system must be equal to the \noi . t * :' librium 

system would therefore not go back to * m in this 

but would depart still more from it. 1 

case is said to be unstable. _minimum, 

If the height of the centre of grant} ■ ■ 

then, for any small displacement, '^ c ^ m , K , momentarily 
gravity is increased; in this case ^ , tll0 „ be let 

held at rest after any such small displac. ■ 

go, it would return to its position of equilibrium , m tins case 

the equilibrium is said to be „f bodies can 

Hence the equilibrium o a T? °* / its cellt ,. e of gravity 
often be found as follows: let the etg i . one 

above a fixed plane be expressed as a function 

independent variable 6. Solve the equation dg = 0 m the lo.m 
6 = «, P. . . If the value * = «. when substituted m the 


value of 


<l*z 

d & 1 


, makes it positive, so that i is a true mmmnim, 

. . « a V 


then the value *-« gives a position of stall' equilibrium. 
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If the value 6 = or, when substituted in the value of 

do* 

makes it negative, so that z is a true maximum, then the corre¬ 
sponding position is one of unstable equilibrium. 

As the system moves into its different positions the centre 
of gravity will describe some curve, and we know that in such a 
curve the maximum and minimum ordinates occur alternately. 
It follows that the positions of unstable and stable equilibrium 
occur alternately. 

DoU,, rou'*- 

159. Ex. 1. A square lamina rests in a vertical- plane on two smoot h 
pegs which are in the same horizontal line. Shew that there is duly one 
position of equilibrium unless the distance between the pegs is greater than 
one-quarter of the diagonal of the square, but that, if this condition is 
satisjied, there may be three positions of equilibrium and the symmetneal 
position will be stable, but the other tico positions of equilibrium will be 
unstable. 



Let A BCD be the square, and P and Q the pegs. Let the diagonal 
AC=2d, and let it be inclined at an angle (p to the horizontal Ax. The 
height OiY ( = 2 ) of the centre of gravity O above PQ is given by 

2= AO sin <p- A P sin (<£ — 45*) 

= d sin <f> -c cos (0 - 45*) sin (<f> - 45°), if PQ=c, 


i.e. 


and 


z =d sin (ft + rcos 2(ft 


di 


• ‘ • = d cos (ft - c sin 2(f> 


(Pi 

d(fi- 


- erf sin (ft - 2ccos 2 (ft 


(i); 

-( 2 ), 

(3). 
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Now, since the pegs are smooth, the equation of virtual work reduces 
to W. 8z= 0. Hence, by (2), the jiositions of equilibrium are given by 

cos 2csin <f>) = 0 .(4). 

The solutions of this equation are <f>= 90° and sin <t>=. 2 p 

This latter equation has real roots only when 2c>d, i.e. when 
PQ > 1 A C. 

Take the case when 2c >d. 

There are then three positions ; the first when AC is vertical and the 
other two when AC is inclined at either side of the vertical at an angle 

d 


Sill 


-1 


2 c 


to the horizontal. 


an 


When 0 = 90°, then, by (3), ^ = - d+2c =positive. 

Therefore I is a minimum and the equilibrium is stable. 

When d‘-4c 2 

, then S= '2c + 4c sin* <#» = —g - =neg?vtive. 

r 2 c ci<p 

In this case ~z is a maximum and the equilibrium is unstable. 

Next take the case when 2c <d. , 

In this case there is only one position of equilibrium given by 0 = ->O , 

and then ~^c = — </+2c■= negative. 

z is now a maximum and the equilibrium is unstable. 

o tit 

.5*. l - t . . 

Ex. 2. A rod S/I, of length 2c and whose centre of gravity O is at a 

distance d from Us centre, has a string, of length 2c sec a, lied to its two ends 

and the string is then slung over a small smooth peg l ; find the position oj 

equilibrium and shew that the position which is not vertical is unstable. 

Since SP +/'// = 2c sec a, the peg P must be somewhere on an ellipse 

of foci S and // and semi-major axis 
c sec <i. 

Also its Hemi-minor axis 

= Jc 2 sec 2 a - CH 2 — c tan o. 

Hence the equation to the ellipse 
is x 2 sin- a-\-y~ = c 2 tan* «, or, referred 
to polar coordinates through O, 

sin 2 a (r cos 6 + df + r- sin 2 6 

= c*tin 3 <i ...(l). 

If we find the value of 6 for 
which r is a maximum or minimum, 
and take tho corresponding point P 

of the ellipse for the position of the peg, and make PC vertical, we shall 
have tho slant position of equilibrium. 
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a. 




Vf*» 


(1) gives 

eos 2 0. r 2 cos 2 a — 2 cos 6 . drain 2 a = r s — t^tan 2 a+d 2 sin 2 a. 


. cos 6= 


e? sin a tau a + \fr 2 — (c 2 — d?) tan 2 a 


rcosa 


The least value of r is clearly n^c 2 — d- tan a, and then cos 6 = 


d tan a 


Since in this case r is a minimum the centre of gravity is at its 
minimum depth below the peg, and therefore at the maximum height 
above the horizontal, and the equilibrium is unstable. The other two 
positions of equilibrium are when P is at A or A\ and the rod is then 
clearly vertical. 

If OP is a minimum it is clear that OP must be a normal at P ; so 
that P may also lie found from the fact that its normal passes through a 
known point O on the major axis. 

160. The stability of the question of Art. 156 may also be 
easily considered by this method. For if z be the height, in 
the first case, of G 2 above 0, we have 


7? j. 

z = (R + r ) cos 0 — (r — h) cos —- 0. 


(i); 


. = — (R + r) sin 0 + (r — h) 

d* * 


R 4- r . R + r 


sm 


r 

R + r ' 2 


cos 


r 

R + r 


0 ...( 2 ), 
0 ...(3). 


and ~ = - (R + r) cos 0 + (r - h) ^^ 

A maximum or minimum value of z is clearly given by 
0 = 0. The corresponding value of z is then a minimum or 
maximum, and the equilibrium stable or unstable, according as 

^5 is positive or negative, 

( R + v \*. 

———J is positive or negative, 

. _ Rr 

x.e. according as h 


R + r' 


d 2 z . 


If h equals this value, then is zero when 0 — 0 and, by the 

rules of the Differential Calculus, we must consider the higher 
differential coefficients. 

In this case 


dfr 

d*z 

dtP 


1 = (R + r) £ — cos 0 + cos + 1 0 )J ; 

= (R + r) [ sin 6 - {-—) sin (^±- r 8 )J , 
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and 


d*z 

(W* 


= (R +1 


)[cos^-(“) 


JR + 7 p 

cos I- 0 


(J?Z (1*^ 

When 0 = 0, ^ is zero and ^ is negative. 

Hence z is a maximum and the equilibrium unstable. 

In the second case if i be the depth of G 2 below 0 we have 

R — r 

z — (R — r) cos 0 — (h — r) cos ——— 0. 

The equilibrium is then stable or unstable according as z is 
a maximum or a minimum, 

i.e. according as is negative or positive when 0 = 0, 

. rR 


i.e., as before, according as h $ 

If h equals this value, then 

d 2 * = (R — r) cos 0 + cos ^ 


R-r 


*)]• 


(l0-*~ y ~ 'l \ r 

Then is zero when 0 = 0, and ^ is negative or positive 

according as 1 — ^^ is negative or positive, 
i.e. according as R $ 2r. 

Hence i is a maximum or minimum, and thus the equi¬ 
librium stable or unstable, according as R $ 2r. 

161. If in the question of Art. 156 the common normal in 
the position of equilibrium is not 
vertical, the problem may be 
treated as follows, in the case 
where the displacement is such 
that the centre of gravity G 
moves in the vertical plane 
through the common normal. 

Let R and r be the radii of 
curvature of the lower and upper 
bodies at the point of contact A. 

Since there is equilibrium, G 
must be vertically over A ; let 
A Q = /t, and Z GA 0 , = a. 



h. H. 


12 
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The equilibrium .will be stable or unstable according as G 
moves upwards or downwards when the upper body is slightly 
displaced, i.e. according as the concavity of the path of G is 
turned upwards or downwards, i.e. according as the centre of 
curvature of the path of G is above or below G. 

Now, by the theory of the C urvature of Roulettes , the radius 
of curvature p of the path of G is given by 


so that 



where p is measured positively from G towards A. 

Hence p is positive or negative, i.e. the centre of curvature 
of the path of G is below or above G, 


1 . 


cos a 


according as ~ H— is > or < — r 
b R r h 


i.e. according as h > or < ^ 


Rr 


+ r 


cos a. 


Hence the equilibrium is stable or unstable according as 


h < or > 


Rr 


R -hr 


cos a. 


If along AO x we measure oft' AK. such that i + - , 

AK R r 

Rr 

and hence AK = 77 -, and if AG meet in 0 the circle on 

It + r 


Rr 


AK as diameter, then AQ = AK cos a = -.7 -cos a. 

R r 

The equilibrium is thus stable or unstable according as 
h < or > AQ, i.e. according as G lies within or without this 
circle, which is therefore called the circle of stability. 

If G lie on this circle, its equilibrium is neutral to the first 
degree of approximation. The radius of curvature of its path is 
then infinite and G is at a point of inflexion of its path. This 
circle is therefore often known as the circle of inflexions. 
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EXAMPLES 

1. A heavy uniform rod rests with one end against a smooth vertical 
wall and with a point in its length resting on a smooth peg. find the 
position of equilibrium and shew that it is unstable. 

2. Two equal uniform rods are firmly jointed at one end so that the 
angle between them is <», and they rest in a vertical plane on a smooth 
sphere of radius r. Shew that they are in stable or unstable equilibrium 
according as the length of either rod is > 4r cosec a. 

3 4 beam rests with its ends upon two smooth inclined planes, 

which arc inclined at angles « and (i to the horizon and which intersect in 
a horizontal line ; find the position of equilibrium and shew that it is 

unstable. 

4. A uniform heavy bar AD can move freely in a vertical plane 
about a hinge at ,1, and has a string attached to its end D which a tei 
passing over a small pulley at a point C vertically above 1 is attached to 
a weight. Shew that the position of equilibrium in which MS is inclined 

to the vertical is an unstable one. 

5. A smooth beam A IS, of weight IF, rests with one end A on a 
smooth horizontal plane AC and the other end IS against a smooth 
vertical wall DC. The end A is connected by a string which passes o c 
I fmooth pulley at C and is attached to a weight IF'. -« /L C Wing m 
one vertical plane, find the position of equilibrium and shew that it 

unstable. 

6. Show that the equilibrium of the rod in Es. 2 of Art. 56 is stable. 

7 Four uniform rods, each of length 2«, are hinged at their ends so 
to form a rhombus and the system is hung over two smooth pegs ... the 

same horizontal line at a distance a Ji, the pegs be,ng ... contact with 
different rods. Shew that the system is in equilibrium when the rhombus 
is a square, but that the equilibrium is not .table lor all d,.placements. 

8 A square lamina rests with its plane perpendicular to a smooth 
wall one corner being attached to a point in the wall by a hue a r.ng of 
length equal to the side of the square. Find the posit,on of eqmhbrmm 

and shew that it in stable. 

9. A uniform isosceles triangular lamina ADC rests in equilibrium 
with its equal sides A IS and AC in contact with two smooth pegs... 
same horizontal line at a distance c apart. If the perpendicular - /> upon 
ISC is h, shew that there are three positions of equilibrium, of «»»'<■ 
the one with AD vertical is stable and the other two are unstable, if 
T< 3ccosec A ; whilst, if /t > 3c cosec A, there is only one position of 

equilibrium, which is unstable. 

1Z 1- 
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10. A square board is hung flat against a wall, by means of a string 
fastened to the two extremities of the upper edge and hung round a 
perfectly smooth rail; when the length of the string is less than the 
diagonal of the board, shew that there are three positions of equilibrium. 

Shew that the position of symmetry is unstable. 

11. A rectangular picture hangs in a vertical position by means of a 
string, of length l, which after passing over a smooth nail has-its ends 
attached to two points symmetrically situated in the upper edge of the 
picture at a distance c apart. If the height of the picture be a, shew that 
there is no position of equilibrium in which a side of the picture is 

inclined to the horizon if la > c x/c 2 -f a 2 , whilst if la < c s^c 2 + a- there are 
two such positions which are both stable. 

Shew also that in the latter case the position in which the side is 
vertical is stable for some and unstable for other displacements. 

12. A smooth ellipse is fixed with its axis vertical and in it is placed 
a beam with its ends resting on the arc of the ellipse ; if the length of the 
beam be not less than the latus rectum of the ellipse, shew that when it is 
in stable equilibrium it will pass through the focus. 

13. A uniform rod, of length 21, is attached by smooth rings at both 
ends to a parabolic wire, fixed with its axis vertical and vertex downwards, 
and of latus rectum 4 a. Shew that the angle Q which the rod makes 
with the horizontal in a slanting position of equilibrium is given by 

cos 2 6 = y ; and that, if these positions exist, they are stable. 

14. A uniform rod rests in a horizontal position inside a smooth 
paraboloid of revolution whose axis is vertical and vertex downwards. 
Show that the equilibrium is stable or unstable for displacements in the 
vertical plane according as the rod is below or above the focus. 

15. A solid hemisphere rests on a plane inclined to the horizon at an 
angle a, < sin -1 , and the plane is rough enough to prevent any sliding. 
Find the position of equilibrium and shew that it is stable. 

16. If a body rest with a piano face in contact with a perfectly rough 

sphere of radius a at a point at which the normal makes an angle 6 with 
the vertical, and if the centre of gravity be at a distance h vertically abovo 
the point of contact, prove that the equilibrium will be stable if h <a cos 6, 
and unstable if h > a cos 0. JT T ™ 

17. Shew that the half of an ellipse cut off by any diameter will 

always have one position of stable equilibrium when resting with its 

curved surface in contact with a horizontal plane, if the eccentricity be 
o 

less than -j .“—. 

v 3 rr 
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18 An elliptic cylinder is placed with it, axis horizontal on a rough 
plane inclined to the horizon at an angle leas than the angle of fnct.on ; 
prove that the cylinder cannot rest if the inclination of the plane exceeds 

sm-1 ("--■£); if the inclination is equal to .sin-'Q,-^,) the 

equilibrium is neutral to a first approximation. 

19 An elliptic disc, of semi-axes a and 6, slides in a vertical plane so 

. «- sin j o — 6-cos ^a h is the 

an angle 6 to OP given by sm-d- «•/_ b *. 

inclination of OP to the vertical. 

between /- and shew that in the position of stable equilibrium 

the majors of Urn cylinder is inclined to the vertical at an angle 
/« sin- a-b cos 2 a d when toll a does not lie between these limits 

ton VacA-isin 2 '.’ 

find the positions of stable and unstable equilibrium. 



CHAPTER X 


FORCES IN THREE DIMENSIONS 

162. To find the resultant of any given system ofi forces 
acting at given points of a rigid body. 

Take any convenient origin or base point, 0, and axes of 
coordinates Ox, Oy, Os. 

Let (.r lt y lt s,) be the 
coordinates of any point P x 
of the body at which acts one 
of the given forces R, whose 
component s parallel to the 
axes are X x , F,, Z x . 

Draw T\M X perpendi¬ 
cular to the plane xOy, il/,i\ r , 
perpendicular to Ox, and 
Q\N\i S', parallel to Os. 

Along the lines Oz, Os', 
iV,Qj, N x Sx h.'t forces, each 
equal to Z x , be introduced. These, being in equilibrium among 
themselves, do not alter the effect of the given forces. 

Now the forces Z x along P X Z X and N X S X form a couple of 
m oment Z x . d/,A,, i.e. Z x .y x , in a plane perpendicular to Ox and 
in the p ositive, direction about O.r; they are therefore equiva¬ 
lent, to a couple whose axis is along Ox and is positive. 

The forces Z x along N X Q X and Os' form a couple whose 
moment is Z x . ON\, i.e. Z x .%\, in a plane perpendicular to Oy and 
in the n egative direction about Oy. 

Hence the force Z x at P, is equivalent to 

a force Z x at 0 along Os, 
a couple of moment 4- y x Z x about Ox, 
a couple of moment — x x Z x about Oy. 



and 
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Similarly the force X x at 1\ is equivalent to 

a force A r , at 0 along Ox, 
a couple of moment + z x X x about Oy, 
anc j a couple of moment — */iA r , about Oz. 

Also the force F, at P, is equivalent to 

a force F, at O along Oy, 
a couple of moment + x x 1 1 about Oz, 
an( | a couple of moment — z jl i about Ox. 

Hence finally the three component forces X x , J i> acting 
at P, are equivalent to 

forces X x , F„ Z x along Ox, Oy, Oz respectively, 

a couple y x Z , — -^i 1 > about Ox, 
a couple z x X x — x x Z x about Oy, 
ant j a couple .r,F, - y x X x about Oz. 

In a similar manner we may replace the force acting at. 
another point <*„ y, *> whose components are A 1 c- 

by forces along Ox, Oy, Oz and couples about these lm s . , a. • • 
Hence finally the whole system of forces w equivalent to 

a force along Ox = A", + X 9 + ••• = - (A,) = A 

a force along Oy = Y x + F a + ... =2(1,)- F 

a force along Oz = Z x + Z., + ... = - (Z x ) - Z, 

a couple about Ox = 2 (y x Z x — fiF_i ) = 

a couple about Oy = 2 (z x X x — x x Z x ) — M, 

and a couple about Oz = 2 (x x \ x — y x X x ) — X. 

These three forces are equivalent to a single force R acting 

inc.se uin.- i y y. t aontr n line whose 

through O, such that Jt* = A + 1 + * • b 

X Y Z r . 2G 

direction cosines are j { > j { ’ L iVI J 

The three component couples are by ^/Ip'+iV^'^h^se 
»i___eoii ple of moment 0 . such that - L-+ M "bosc 

axis is along a line whose direction cosines are £ . ^ • TF 

Hence the system of forces has been reduced to a single 
force acting through an arhHn.rily, chosen pornt 0. and 
couple whose axis passes through O. 
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163. This combination of a force and a couple is often 
called a dynamo, and the quantities X, Y, Z, L, M , N are its 
components. 

The system of forces and couples along and about the 
axes of coordinates may, for brevity, be called the system 

(X,r,Z; L,M,N). 

164. General definition of the moment of a force about a 
line. 

The moment of a force P about a given line is obtained 
thus; resolve P into two components, Q parallel to the line 
and R perpendicular to it; the product of R and the shortest 
distance between the line of action of R and the given line 
is the required moment about the given line. 

In the figure of Art. 162 the moment of the given force R 
about the axis of.r is equal to the component fY?+Z? multi¬ 
plied by the shortest distance between its line of action and Ox, 
and is thus equal to the moment of the component fY^ + Zf 
about N lt which again, by Art. 38, is equal to the sum of the 
moments of its two components T, and Z l about N Xt and this 
sum finally is equal to y x Z l — z l Y l . 

165. General conditions of equilibrium o f a rigid body. 

A force R and a couple G together cannot produce equili¬ 
brium. For the couple G can be replaced by two equal and 
opposite forces one of which acts through the point 0 where R 
meets the plane of the couple. This force and R can be 
compounded into a single force which passes through 0 and 
does not meet the other force of the couple; and hence we 
cannot have equilibrium. 

Hence there can be equilibrium only when the force R and 
the couple G separately vanish. 

But, by Art. 162, R 2 = A'= 4- Y- + Z J and G* = L* + M- + iV a . 

Hence for equilibrium we must have 

X = 0, Y = 0, Z = 0; 

L — 0, M = 0, and N = 0 ; 

i.e. the sums of the resolved parts of the system of forces parallel 
to any three axes of coordinates must separately vanish, and also 
the stiffs of their moments about the three axes must separately 
vanish. \ 
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- EXAMPLES 

1 . Two equal forces R act on a cube, whose centre is fixed and who>c 
edge is 2«, along diagonals of adjacent faces which do not meet ; show 
that the moment of the couple which will keep the cube at rest is either 
Ila n /3 or lta according to the directions of the forces. 

2. Six forces, each equal to I\ act along the edges of a cube, taken in 
order, which do not meet a given diagonal. Shew that their resultant is 
a couple of moment 2JH. Pa, where a is the edge of the cube. 

3 0 l OB 00 are edges of a cube of side a and 00 , -Id , BB . < ( 

are its diagonals; along OB', O'A, DC and C'A act forces equal to 1 
21> 3 /' and 4 /'; shew that they are equivalent to a foice * *•>! a 
along a line whose direction-cosines are proportional to -3, •>, , 

together with a couple v'Tw about a line whoso direction-cosines are 
proportional to 7, — 2, 2. 

4. Forces act through the angular points of a tetrahednn. pcrpen- 
dicular to the opposite faces and proportional to them, fehou that - 
are in equilibrium if they act either all inwards or all outwards. 

5 In any rectilinear solid figure couples, whose axes are all drawn 
outwards, act one in each face proportional to the area ol that but! 
that they are in equilibrium. 

6 . Four forces act along generators of the same system of a hyper- 
boloid Their magnitudes are such that if they were transfe.red pai.dk 
to themselves to act at one point they would be in equilibrium ; -shew that 
they are in equilibrium when acting along the generators. 

[The equation to any generator of the hyperboloi 

.2 


r a i /2 .2 . x — a cos 6 y-b*\\\6 i 

•i + fr- T /" 1 13 - - “ ^ - _ -' J 

a- a- 


a sin d 


— h cos 0 c 


166. Constrained bodies. A body is said to !»*• con¬ 
strained when one or more points of the body are fixed, box 
example, a rod attached to a wall by a ball-socket has one pom 

fiXG< Iffrigid body have two points A and B fixed, all <be 
points of the body in the line AH H- fixed, andIt he on y wa> 
in which the body can move is by turning round AH as an 
For example, a door attached to the door-post bj t«o | 
can only turn about the line joining the hinges j 

If a rigid body have three points in it fixed, the F 
not being in the same straight line, it is plainly m.m 




J* 


•• 






■s • • 


• *• w 

s r- - t.w ♦ «*-•* 'V *s 


v' »W# jptotw 
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( 1 ). 

■(->• 

,(3). 

.(4). 


Then the component forces for the whole system ot forces 
are X 4 - X' + X", Y+ V + Y’\ Z + Z' + and the component 

couples are , 

L - FY - F'Y', A/ + A r Y + X"z" and A • 

Hence the conditions ol equilibrium au* 

X + X' + X" = 0 
Y+ Y'+ Y' = 0 
Z+Z’ + Z-'** 0 
L - Y'z - Y"z" = 0 
M + X'z + X"z" = 0 

and * = ° ....Y ;. . 

( 1 ) and (5) give A" and A" : <2. and ( + > B«v 1 n " d ' 
the only relation between Z and Z is equation (• >’ - 

their values are indeterminate. . 

Finally the only relation between the externa ■ 

equation ( 6 ). so that the condition of eqml.bnun .a hat Ike 
sum of the moments of the external .forces about the j 

AB must be zero. 

169. The reactions 2', X" may be expected to be i-leter- 

minate. For suppose the body to be a gate siippot ^ 

usual way by supports at A anil B. It t ie s a P < . • 

moved a very little higher than the pi<>p«i P osl 1 ^ 

carry all the weight of the gate; it on t ie o ni • 
placed a very little lower than the proper posM.on. tl 
weight will fall on to B. We should t here on- - ^ j 

* distribution of the weight to be an m< eteimina L ' ua | to 

distance between the two staples of the post is c.. . 

the distance between the rings ot the gnt< • 

170. Ex. 1. A circular uniform table, of icciyht m lb*., test 
equal ley* placed symmetrically round it* 
edye; find the least wciyht which hunt/ upon 
tlie cdye of the table will just overturn it. 

Lot AE and HF be two of the legs of the 

table, whose centre is O. . 

If the weight he hung on the portion ot 

the table between A and H the table will, it 
it turn at all, turn about the line joining the 
points E and F. Also it will be just on t he 
point of turning when the weight and the 
weight of the table have equal moments 


O 


L 

M 


D 
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about EF. Now the weight will clearly have the greatest effect when 
placed at M, the middle point of the arc AB. 

Let OM meet AB in Z, and let x be the required weight. Taking 
moments about EF, we have x. LM= 80. OL. 



OA — 80. . OA, 


i.e. o;=193T lbs. wt. 


Ex. 2. A heavy door is hung so that the line joining its hinges is of 
length 2 h and is inclined at 6 to the 
vertical; it is kept in a position 
inclined at an angle 0 to the vertical 
plane through the fine of hinges by a 
force P, perpendicular to the door, 
acting at a point whose distances 
from the line of hinges and from the 
lower edge of the door are b and c ; 
find Band the actions at the hinges as 
far as they can be found, the weight 
of the door being IP. 

Lot OA be perpendicular to the 
lino joining the hinges, O and B, in 
a plane through OB and the vertical 
0 V, and let OBCD be the door so 
that LA0D = fi>. 

Let OD, OB and a perpendicular 
to them be the axes of x, z and y. 

The weight IP resolves into - IP cos 6 and TPsintf along OB and OA, 
and hence has components IP sin 0 cos 0, — B r sin0sin0, — IPcos 0, 

parallel to the axes, acting at G whose coordinates are (a, 0, A), where 
2 a is the width of the door, and the hinges are supposed symmetrically 
placed with respect to G. 

The supporting force P at H has components 0, P, 0 parallel to the 
axes acting at a point whose coordinates are (6, 0, c). 

Hence, by Art. 162, 

*V = £(A’|)= IPsin#cos0, 

J'=2(J' t )=— IP sin 6 sin 0 + P, 

Z=£(Z,)= - JPcostf, 

Z = 2 {y\Z\ — -i J^i) = 1PA sin 0 sin 0 — cP , 

M = £ (i| A', — x x Zf) = TPA sin 6 cos <f>+a IPcos 0 , 
and A r = £ (.Ci Fj - >h X x )= - Wa sin 0 sin 0 + bP. 

Also, with the notation of Art. 168, s'= 0 and z" = 2h, so that AT', J”, Z' 
are the component reactions at 0, and A'", 1”', Z” those at the hinge B. 

Equation (6) of that article gives P= W~ sin 0 sin 0. 
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Equations (1) and (5) give 

x' = ^ [• cos t - sin e cos <f>] , and X "= - " [", cos »■+ « cos *]. 

Equations (2) and (4) give 

r .^[,_^ + 5]dn«-of. and F = " [l - ™] su, d sm d>. 

Also, (3) gives Z' + Z" = H'cos 6. 

EXAMPLES 

1. A square table stands on font legs placed respectively at the 
middle points of its sides ; find the greatest tve.ght that can put 
one of the corners without upsetting the table. 

2. A round table stands upon three equidistant 

edge, and a man sits upon its edge oppos ; t highest point and 

■«- ** t. * — - 

length of a leg. 

, » , • i i ri’ jo ... h) turn about an axis All whiih 

inclined at aT’angle' « to the’vertical * th ‘* ^7 to “the Vertical 

^r^r^ritai » f „ 

of gravity from A13. 

4. A rectangular gate is hung in the ” , ;.^ h, ^h^ 

that the line joining the hinges makes an ang; c > a froI11 its 

that the work which must l* done to move t ^ weight and 

position of equilibrium is ll«sm«(l - cos*), 

2a the breadth of the gate. 

5. A rectangular table is supported in 1 It ivon' point of it ; 

legs at its four angles, and the greatest 

show that the thrust on each 1< g • weight 

and least value it can have for a given position of the —„ht. 

6. A rigid rectangular table has equal legs at th^JVmr 

are slightly compressible, and t *e f t , je t . c ,itre of gravity of the 

he proportional to the thrust on t ia c b- • j t |, 0 middle points of 
table lie within the parallelogram OI ,nc • llt ” c „f gravity does not 
the Hides, find the thrust ... ouch tog. f the cctdn- „ . ^ ^ 

lie within this parallelogram, shew that th ■ mean of tl- 

[Since the diagonals of the table remain ^ ^ ^ 

compressions of each pair of oppohi c « * . f t | ie thrm 

which the centre of the Ublo moves. I cure the 
each pair of opposite corners is the same.J 
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171 . If three forces acting on a body keep it in equilibrium, 
they must lie in a plane. 

Let the three forces be P, Q, and R, and let P T and Qx be 
any two points on the lines of action of P and Q respectively. 

Since the forces are in equilibrium, they can, taken together, 
have no effect to turn the bod)' about the line 
I\Qi- But the forces P and Q meet this line, 
and therefore separately have no effect to turn 
the body about P,Q,. Hence the third force R 
can have no effect to turn the body about PxQx. 

Therefore the line PxQx must meet R. 

Similarly, if Q-. , Q 3 , ••• be other points on 
the line of action ot Q, the lines PxQ«, P 1 Q 2 ) ••• 
must meet R. 

Hence R must lie in the plane through P x 
and the line of action of Q, i.e. the lines of action of Q and R 
must be in a plane which passes through P,. 

But P, is any point on the line of action of P; and hence 
the above plane passes through any point on the line ol action 
of P, i.e. it contains the line of action of P. 

Cor. From Art. 54 it now follows that the three forces 
must also meet in a point or be parallel. 

172. If four forces acting on a body are in equilibrium , 
shew that they are generators of the same hyperboloid. 

Let the lines of action of the four forces be P, Q, R, S. 
From any point on P draw a line L to meet both Q and R. 
Since the four forces are in equilibrium the sum of their moments 
about L must vanish ; hence *S' must meet L. Starting with 
any two other points on P we obtain two other lines Af and iV 
which meet P, Q, R, S. 

Now three non-intersecting lines L, Af, Af determine a 

hyperboloid of one sheet of which L, AI, Af are generators of the 

same system. The lines P, Q, R, S which meet L, Af, Af are 

then generators of this hyperboloid which belong to the other 

system. 

+0 

It will be noted that it is assumed that no two of the four 
u £*es are either parallel or meet in a point; for, if so, they 
be compounded into a single force and we should fall 
' n the case of the last article. 
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173. If jive forces acting on a body are in equilibrium, they 

can be intersected by two straight lines. 

Let the lines of action of the forces be 1 , Q, B, * -«jd 
Through P, Q, P draw a hyperboloid of one sheet, and let . 

meet it in the points A and B. . 

Through A there passes one generator of the hypetboloid 

which is of the opposite system to that of P. Q. R and «h‘ch 
therefore meets P, Q. R; since this generator meets I.Q.K.Z 

the sum of their moments about it is zero. 

Hut bv takim' moments about it for the whole system, nnc 

see Ur at thesumof the moments of P, Q, R. * an,I T about .« 
is zero. Hence the moment of T about it must be zero, i.e. 

mC< Siinilarly> through B there passes a generator which meets 

a11 nVil'lbe noted that these straight lines are real, coincident, 

or imaginary according as S meets the hyperboloid in real, 

coincident, or imaginary points. 

174. Ex. 1. A heavy rod OA can turn freely about a point 0 , whose 

distance from a rough wall is k, the H 

height of the wall being h ; the rod 
rests with a point of itself upon the 
top edge of the wall. Shew that the 
greatest angle which the rod can 
make with the perpendicular drawn 
from 0 to the lop edge of the wall is 

*“ ‘ : '(t) ■ 

Let L be the point of the rod 

in contact with the wall, OK the <lf tl .„ w .,u 

perpendicular to the wall and OH the perpendicular to the top "• • 

so that OK=k, KII=h, and UIOA'=a. 

Let OM be parallel to IIL and OM be perpendicular to OH 
The direction of the normal reaction /1 at L in perpendicular to both 
OL and UL and is thus perpendicular to the plane OUI. . 

The friction pH is opposite to the direction m which . 
and is thus perpendicular to OL in the plane OLII. 

Since OM is inclined at « to the horizon, W 
along OM and H'cosa perpendicular to the plane ( U i> 

1 Taking moments about a perpendicular through 0 to the l’ 1 ' 111 ' ^ 

we thus have »r H in«. OO An . . 
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Also, taking moments about a line perpendicular to OL in the plane 
nOL, we have 

R.OL= W cos a. OG .(2). 

. \ sin HOL = cot a=~. 

Also HL= OH i&n HOL = nk f and twice HL is the length 
of the wall on which the rod cvui rest for equilibrium to be possible. 

Aliter. The question may also be solved by the use of Art. 171. 

For the rod is in equilibrium under three forces, viz. its weight, the 
reaction at the point 0 and the resultant reaction at L, which must thus 
meet in a point. The reaction at L must therefore lie in the vertical 
plane OLX. 

Now the direction, LF X , of the normal reaction at L is perpendicular 
to both OL and IJL , i.e. it is normal to the plane OHL, so that it is 
perpendicular to OH in the plane OHK and thus has as direction cosines 

( — siu a, 0, cos n).(3), 

where OK, OH and a parallel to KlI arc the axes of coordinates. 

The direction of friction, LF,, at L is along the perpendicular to OL in 
the plane OLII. The resultant reaction, which we have seen must lie in 
the plane OLX, must thus be at right angles to LF 3 , the normal to the 
plane OLX, whose direction cosines are 

(sin 0, — cos 0, 0) .(4), 

where 0 is the angle KOX. 

Also, if the equilibrium be limiting, this resultant reaction makes an 
angle X with LF%. 

Again, since LF X , LF*, LF 3 are all perpendicular to OL, they lie in the 
same plane. Hence the angle /" , 1 Z // r, 3 = 90° + X. 

Hence, from (3) and (4), — sin 0 sin n = cos (90° + X) = - siu X. 

a r ,y iLL . cos q sin X 

>» ow tan 0 = tan HOL = —77 = cos a tan 0 = - - —- , 

OH ^ N /sin*a_ 8 in 2 X 

. *. sin 6 = cot a tan X =/x cot a, as before. 

Ex. 2. heavy plug in the shape of a frustum of a cone exactly Jits cr. 

conical hate of the same size, the common axis being vertical . The vertical 

angle of the cone is i?a, and the radii of the circular bases of the frustum 

are a and b . The normal reaction per unit of area being supposed constant , 

shew that the moment of the last couple that will twist the plug is 

.. a- + ab + b~ 
ll n — 

:r c/ + 

*efficient of friction. 

an The area of the slant surface of the hole 


ii/i I V—cosec a, where IT is the weight of the plug and ll is the 


a ? _ b- 

= tt (« + b) x slant side= rr —:- 


sin a 
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Hence, if It be the constant normal reaction per unit of area, we have 

W= rr . li Sin a = tt - b°-) It .(1). 

sill a 

If x be the radius of any section of the plug, the area of the hole 

h V 

between it and the section of radius x + fix = 2nx. -r— , and hence the 

111 n 

moment of the friction on it about the axis 


= 2irx. 


fix 


/t.x = 


2 u W 


. X 2 fix. 


sum ’ (a* -6 2 )sin a 

Hence the moment of the required couple 

_ l" dx = + “ & , +1! cosec a . 

(a- - br )sin a J i, 3 sin a a- -b- 3 a + b 


EXAMPLES 


1. Two smooth planes, each inclined at an angle « to the vertical, 
intersect in a horizontal line. A uniform rod, of weight IP and length 2a, 
is placed between them in a horizontal position making an angle 6 with 
their line of intersection. Shew that the horizontal couple required to 
■maintain equilibrium is IP« cos 6 cot a. 

2. A uniform straight rod, of length 2c, is placed in a horizontal 
position as high as possible within a hollow rough sphere, of radius <«. 
Shew that the line joining the middle point of the rod to the centre of the 

- ^ 

sphere makes with the vertical an angle tin-' . _=_ • 

1 Vtf'-C" 


3. A uniform rod, of weight IP, can turn freely about a hinge at the 
end, and rests with the other against a rough vertical wall making an 
angle « with the wall. Shew that this end may rest anywhere on an arc 
of a circle of angle 2 tan - 1 [/x tan a], and that in either of the extreme 

positions the pressure on the wall is A IP [cot 2 a +/**]" where /x is the 
eoellicient of friction. 


4 A thin uniform rod AH, of length 2a, rests in an oblique position 
with one end A on a rough horizontal table and the other against a rough 
vertical wall, the coefficients of friction at the table and wall being /x, and 
u.. and the distance of the foot of the rod from the wall being k ; shew 
that the rod is on the point of slipping at the lower end if the vertical 
plane in which it lies makes an angle 6 with the wall given by 

kfi x Ox-/ sin* 0 - cos* 6)1 = * - 2/x, (4a* sin* 6 - X 
and that the inclination of the tangential action at the upper end to the 
horizon is then sec -1 (/x-^tan 6). 


L. H. 


13 
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[The resultant reaction at .-1 making an angle X, with the vertical, and 
the resultant reaction at B making an angle \Js with the vertical must meet 
in a point D vertically over the centre of gravity G. Hence, if BL bo 
perpendicular to the table and i. LA B=a, we have, by Art. 55, 

2 tan n = cot Xi - cot ylr = — — cot \lr. 

Mi 

The only forces being in the plane A DDL , the end A must be on the 
point of slipping in the direction LA. 

By projecting BI) ou the normal to the wall at B, we have 

sin d^sin <?=eosX*=—, _L^-— 

vl +M2- 

Also /■ = 2« sin 6 cos a. Hence the first given result. 

Also, if R be the reaction at B and ft-,R the friction there at an angle 
X to the horizontal, then, since we have seen that their resultant lies in the 
plane A BL, we have, by resolving in a direction perpendicular to this plane, 
ft., R cos \ sin 6= R cos d.] 

5. A hemisphere, whose surface is rough and whose centre is 0, is 
fixed with its base on a horizontal plane. One end of a straight uniform 
rod is freely jointed to a fixed point .1 in the plane and the other rests on 
the surface of the hemisphere at P so that the rod is just on the point of 
slipping. Shew that the plane through 0 and the rod makes with the 
vertical plane through OA an angle tan - 1 (ft cos ncoscc /3), where ft is the 
coefUcicnt of friction, <« is the angle OA P, and /3 is the angle OP A. 

6 . A heavy circular cylinder rests with its plane base upon a rough 
horizontal table ; if its weight be 11 'and the normal pressure be supposed 
to be uniformly distributed over the base, shew that the momont of the 
couple about its axis which would just twist it is ft Ifo, where ft is the 
coefficient of friction and a is the radius of its base. 


7. A right circular cone, of weight 11' and vortical angle 2a, is placed 
with its vertex downwards and supported by a circular hole cut in a 
horizontal table. If ft be the coefficient of friction and b the radius of the 
hole, shew that the moment of the least couple that will move the cone is 
ft \ Yb cosec a. 


8. A smooth pyramidal plug is made to fit symmetrically into an equi¬ 
lateral triangular hole whose side is a and whose plane is horizontal. Provo 
that to retain it in the hole with its axis vertical, so that its section by 
the plane of the hole is an equilateral triangle of side c, a couplo must be 

applied of amount 117i — 1, where I V is the weight of the plug and 

h is the depth of the vertex in this position. 

(Let the plug touch the sides BC, CA , AB of the hole in tho points 
A\ B\ C\ Then easily 

_ a + n/3 (4c 2 — a 2 ) 

4c 


1 ° = 2 [ a + \/ ~~ 3 and 


cos A (7'Zr = 
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Hence, if 0 be the centre of the equilateral triangle A B C', 

sin 0-sin OC'A = sin [AC'B' + 30' 6 ]= 

Also, since by symmetry the vertex V of the pyramid^ vertically 

below 0, its inclination a to the vertical is given by tan« = T = 

If C’A, a perpendicular to CM on the horizontal plane and the vcrtici! 
l,e taken as the axes of y, *, the direction cosines of CA are (1,0, 0„ 
and those of the edge are ( - sin a cos 6, - sin a sin 0, cos a), «.<>. they are pi o- 
.. , a- / _ J 4c i _ a a" _ a, -2/t J3). Also if the direction of the resultant 

reaction R at C make an z_V with the vertical, its direction cosines are 
(0, sin cos +), since it is perpendicular to CA. Since it is also per pe¬ 
dicular to the edge, ^ 

sin>H-a)+cos>H2/ i V3)=0, i.e. tun*-— 


The horizontal component /fi of this reaction 


IF , 2AJ3 ,ir 

= It sin + = -jj- bin * =» - 3 ^— 

since the vertical components of the throe equal reactions R balance 11. 

Also the direction of /f, is perpendicular to BA Hence the n^inen 
of the required couple = moment about 0 of the three components /f, at 

A',B',C’~3R X . |-^-cos0 = the given result.] 

9 A uniform triangular table ABC has three equal legs at A, B and 
* which rost on a rough horizontal plane. Find the least couple that will 

CaU [Assurne'thaTthe table is on the point of turning about a verUcal^axis 

meeting the horizontal plane in 0. Then the frictions at A, B, C arc 
perpendicular to OA, OB, OC in the same sense and are each equal 

W since the thrust of each leg is clearly -g • 

If these frictions form a triangle A B C' then since they are equivalent 
to a couple only the resultant force must vanish, and each friction mus 
bo proportional to the sine of the angle between the other ll £™ c 

the angles A', B', C must be equal and hence also the angles A OB, 

COA. Hence 0 must be inside the triangle and be such that 

lBOC= L COA —L A OB = 120*. 

Hence 0 always exists provided no angle of the triangle is greater Hum 
120% and is easily found as the intersections of circular arcs on BC, CA . 

bases each containing 120 °. 

The moment of the couple required to move the table then 

W 


[OA + 0B + 0C\ 


13—2 



196 


Statics 


The table might also begin to turn about A. If so the frictions at B 

and C are each ^ , at right angles to AB and AC, so that their resultant 

•3 

is Hu If cos - . The resultant force of this resultant and the friction at A 

C) 

cannot be zero if jj M lb cos ^ i.e. if A< 120’. Thus the table will 

only turn about the angle A, if A ^120° and then the moment of the 
required couple —J/i ^[AB+AC].] 

175. Principle of Virtual Work. Let a system of forces 
1\, P- 2 , P- 2 , ••• act at given points of a material system, and let a 
small displacement be given to the system consistent with its 
geometrical conditions. If be the displacement of the point 
of application of P y along its line ol action, and 8p a , 8p it ... the 
displacements similarly of the points ot applications ol P», P 3 , •••» 
then, if the forces P„ P 2 , ... are in equilibrium, 

P l 8p l + P*Sp2 + P**P*+ — = 0 . 

when small quantities of the second order are neglected. 

Conversely, if P,8/>, + P a Sp 2 4- P t 8p 3 + ••• =0, the system of 
forces is in equilibrium. 

We have shewn in Art. 96 that the work done by a force 
during any displacement is equal to the work done by its com¬ 
ponent forces. 

Hence if A",, Y lt Z x be the components of P, parallel to the 
axes, and 8x ly 8y lt the components in the same direction of 
8p lt then 

P ,. 8p, = A",. &r, 4- Yi • 8j/i 4- Z x . 8z lt 

with a similar notation for the other forces. 

The relation (1) is thus equivalent to 

(A",. Say 4- I j. 8y x 4* Z j. 8z x ) 4- (A «. 8x., 4- 1 2 • 4* • ^s) 

-f- ••• “t" ••• == 0, 

i.e. to 2A\&r4-2r.$y4-SZ.&-0. 

Wo shall assume that any rigid body may be moved from 
any position to any other position by a motion of translation of 
any point O' to some other point 0 and by a rotation of the 
whole body about some axis passing through 0. 

This rotation may be resolved into three component rotations 
about the axes of coordinates and we shall assume that these 
can be made in any order provided they are small. 
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A 


* 

/ 


-V K 


N 


[For a proof of these assumptions the reader may refer to 

Dynamics of a Particle and of Rigid Bodies. Arts U 5-- »■] 

Let us 'first consider the effect on the coordinates of am 

point A x of these three component 
rotations, assumed to be through 
small angles 0„ and 0, about 

the axes. 

Draw A X K perpendicular to 
Ox, A X N perpendicular to the plane 
xOy, and let / A X KN = 0- 

The ^-coordinate ol A x 

= KN - KA X cos 0. 

The rotation about Ox will • .« 

change this into /wl, cos (0 + 0,)- Hence the change in 

y-coordinate 

= KA X [cos (0 + 0 x )-cos 0] 

— KA ! (— 0 X sin 0), if squares of 0 X are neglected, — 

Similarly the change in the ^-coordinate 
= KA X [sin (0 + 00 - sin 0] = KA x [co s 0 
In the same way it may he shewn that a nation of about 

“xrss; 

0,. 2 , - 0 S . 2/i parallel to Otf, 

0 3 . a;, - 0i • 2. parallel to Oy, 

and 0 x .y x -O*- *» P juullel to 

I, in addition to these rotations the body have been moved 
through smafi distances «, 6. e parallel to the axes, we have, to 

the first order of small quantities, 

Bx x = u +■ 03 • z \ 0* • !/ l > 

By i *= b + 03 • B x . z x > 

' 8z x = c + 0 X ■ !/i ~ • a ‘> • 


are 


and 
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The virtual work done by the force P, acting at A, during 
the small displacement therefore 

= A’,. 8a?, + F, • + Z x • bz 1 

= aXi + bY\ 4 - cZ x 

+ 0, (i/iZi — Zi F,) -f- On{z x X x — XiZi) -+■ 0 3 (iVj F, — y\X\)> 
Hence, since a, b, c, 0,, On, and 0 3 are the same for all the 
points of the system, the virtual work done by all the forces 

= a.2(X) + 6.2(F) + c.2(Z) 

+ 0,2 (yZ -zY) + 0,2 (zX - xZ) + 0 3 2 (xY- yX)...( 2). 
By Art. 165 it follows that, if the system of forces is in 
•equilibrium, each of the terms of this expression separately 
vanishes, and hence 

Pj. Bp t + P 2 . Bp« + P 3 . Bp a + ... = virtual work of the system = 0. 


176. Conversely, let the Virtual Work of the system be 
zero for all displacements. 

Choose a simple displacement parallel to the axis of x , so that 

b = c = 0, = 0 a = ^3 = 0, 

but a is not zero. The result (2) of the last article then gives 
2 (A”) = 0. Similarly 2 ( F) = 0, and 2 (Z) = 0. 

Next choose a simple rotation about the axis of x, so that 

a = b = c = 0 3 = 0 3 = 0, 

whilst 0\ is not zero. The result (2) then gives H(yZ— zY) = 0, 
i.e. the sum of the moments of the forces of the system about 
the axis of x is zero, i.e. L = 0. Similarly, M = 0 and N — 0. 
Hence, if the equation of Virtual Work holds, all the conditions 
of equilibrium of Art. 165 are satisfied, and the system of forces 
is in equilibrium. 


177. Ex. .1 regular tetrahedron formed of six light rods, each of length a, 
rests on a smooth horizontal plane. A ring, of xceight Tf r and radius b, is 
supported bg the slant sides. .Shew that the stress in any one of the horizontal 


Ma '* „'!i [s - ' ,3 s] • 

Give to the system a displacement such that the three slant sides are 
unaltered in length and the vertex descends in a vertical line. When the 
slant sides are inclined at 6 to the vertical, let the lengths of the sides 
in contact with the plane be x, so that 

o r /3 

“ . - >— = a sin 6, and thus x—a «/3 sin 6. 

O w 
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If y be the height of the ring above the plane, then 

y = a cos 8 — b cot 0. 

If T be the required stress, reckoned ,-ositively as a tension, the 

equation of virtual work gives 

_ W*y-3T*x = 0. 

b 

, a sin 6 — 

3 T _ sm 0 


dje — a s f li cos 0 


,r ' i 

Now in the position of equilibrium x-a and hence sin «--,g • 


. r ^~ ah _ 

• • ir 3« n '2 s' 6 L 3 


5 ]- 


examples 

thrust in each horizontal rod is %v> % 2. 

2 , A tripod consists of threeequa." X 

weight w, which are fiee y j »» f/ T j ie tr ij,od is placed with its 

being joined by strings, eac « horizontal plane and a weight H is 

free ends in contact ^h a sm t • tcn8 ion of each string is 

attached to the common joint, she* ^ 

H(2 ,r+3 "'j&sTiw 

3 . Twelve similar and uniform rods are i^^ingt 
an octahedron and arc suspein e< r " I “ ‘ , “® t the string is elastic 

^ th ° ** " rc i " c ' ,i,,otl to 

vertical at an angle cos- j weightless ^ M m 

4. A parallelepiped is fo» mc. < hriu|n ulldcr the action of four 

freely jointed at their ends, and is 1 opposite vertices. 

stretched clastic strings ^'“"X^iona in the rods are 
Shew that the tensions of the strings 

proportional to ^Cir kngths. ^ 8trillg „ whoso lengths arc 

x J^z, a,* the equation of virtual work gives 

h ' r '^X7StZZ, times the sum of the 
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>y 

w 


Since these two equations are true for all values of the quantities 
bx, by, 8z, 8 m, we have 

x y z u 

The rest follows by considering the forces acting at any corner.] 

5. A conical tent resting on a smooth floor is made up of an indefinitely 
great number of equal isosceles triangular elements, hinged at the vertex 
and kept in shape by a heavy circular ring placed on it like a necklace. 
Shew that in equilibrium the semi-vertical angle of the cone is 

sin -1 (j . , where If', If" are respectively the weights of the cone 

\/i +o!l J 

and the ring, and r, h are respectively the radius of the ring and the slant 
side of the cone. 

6. Three particles, of equal weight w , are in equilibrium on the outer 
surface of a smooth fixed sphere of radius r ; the particles rest symmetrically 
on the surface of the sphere, being connected by equal strings of length l. 
Shew, by menus of the principle of virtual work, that the tension of each 

. „ . «\ •*! 


sm- a sin 


string is w 


. 3 a 
3 sin — 

V 


, where a is an angle of circular measure -. 


7. A heavy elustic string, whose natural length is 2 tt«, is placed 
round a smooth cone whose axis is vertical and whose semi-vertical angle 
is a. If If be the weight and X the modulus of elasticity of the string, 
prove that it will be in equilibrium when in the form of a circle whose 


radius is a (1 + cot . 

V 2ttX ) 


8. A smooth paraboloid of revolution is fixed with its axis vertical 
and vertex upwards ; on it is placed a heavy elastic string of unstretchcd 
length 2 ire ; when the string is in equilibrium shew that it rests in the 

form of a circle of radius —-- , where If' is the weight of the string, 

X its modulus of elasticity, and 4 a the latus rectum of the generating 
parabola. 

9. Two equal particles are connected by two given weightless strings, 
which are'placed like a necklace on a smooth cone whose axis is vertical 
and whose vertex is uppermost ; shew that the tension of each string is 

ir 

— cot n, where II is the weight of each particle and 2a the vertical angle 
of the cone. 


178. Suppose that at any point (a\ y, z ) of the path of a 
particle the component forces on it are X, Y, Z. Then, as 
in Art. 1)(>, if it undergo a displacement given by Bx , By, 8z the 
work done by the forces on it = XBx + YBy + ZBz. 
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The work done on it as it moves from some standard position 

at (x 0 , y 0 , ^o) to the position (x,, y lt z x ) 

= the sum of such works as those done m the 

elementary displacement 

nx '-’" z '\ x -.dx+Ydy + Zdz) .( 1 ). 

- (» I/O. *-<>) # i . 

This quantity is called the Work Function and is often 

denoted by W. . , ^ 

If X, V, Z are such that they are the differential coefficu nts 

of some quantity V with respect to y, then 

= \ V v„ .<2k 

where V, and V, denote the values of V at the points !/,. 

and ( x ot y 0 , z») respectively. , vdues of V for 

The quantity (2) clearly depends onlj on the ■ ■ ^ 

the initial and final positions of the partide, am ^ 

the path by which it passed from the first <> >' f • 1 ^ 

Such a system of forces, m which the a, J. 1 

at any point are the differential c«K ; ffic,ents »n.h o 

and z of some function, so that A 5./. + U 

differential, is called a Conservative System. 

The quantity V is called the Potential of tlu si »>. 

179. The Potential Energy of the particle duo to die given 

system of forces is the work that the orccs "» 11 ' , whoa 

moved from any position to the standard position 1 bus 

it is at the point (*„ </„ *,) the potential one.® 

= (Xd J e+ Ydy + Zdz) 

J Ui. i/I. -■> 

180. Coordinates of a system. A b<*\y, a J‘! 

move in two dimensions, has its posi ion the unde that 

given the coordinates of some point of .t and u *> the ;in k 11, ^ 

a straight line fixed with respect to it the co- 

These three quantities x, //, m y theI . „f 

ordinates of the body, and the coordinates of . > I 

the body must clearly be expressible in tenns < 
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In three dimensions we shall know the position of the body 
. d the coordinates of any three given points of it are known. 
,t the nine coordinates of these points are connected by three 
relations expressing the invariable lengths of the lines joining 
t lem. Thus three of these coordinates may be determined in 
crms of the rest. The six remaining independent coordinates 
hx the position of the body and may be called its coordinates. 

Or, again, the position of this body, free to move in space, 
>\ill be given if we know the three coordinates of any point G of 
it, and also the position with respect to the axes of two known 
ines AB and CD of it. The direction cosines (/„ n,) and 

YV ■’ y of these two hnes are connected by the relations 
r + + w, 9 = 1, l* + + «,• = 1, and 1,1, + m.m, + Ml „ a = the 

cosine of the known angle between AB and CD, and'hence 
reduce to three independent quantities. 

Hence, again, six independent quantities will fix the position 

, I 1 b ° dy 111 s I )acc and may be called the coordinates of the 
body. 

Thus any independent quantities which, when given 
determine the position of a body, are called its Coordinates. 

nmvnK iTlTt / "" C ' , ' < "! ° f " 4o< ^ If be the com- 

p. nents of the forces acting at any point (,r„ y„ *,) „f the body, 

«.th s m.br notations for other particles of the body, the total 
"O.k done during any elementary displacement of the body 

- (X.&r, + r.Sy, + Z.Ss,) + (jr.&r, + J'Sy, + Z,Bz,~) + ... 
so that 

S)r=S(JT&r +Y&H + ZSZ) .( 1 ). 

U-t the independent coordinates of the body be denoted by 

;7 that t,le coord ‘ ,u,te > (*., z,) of each point of the 

UTms ' p 11,0 ~mp°^nt forces A\, Y„ Z, can be expressed in 
f. y, f..... Then (1) can be expressed in the form 

Sir=5rff+H d v + Zd(+.... 

Tlio whole work done as the body moves from some standai-d 
configuration given by (f to the configuration given 

. isi. Vi> sit •••) is, as m the case of a single particle, 

/* (fi. >ii, -.) 


IF 


= 


(-d^+Hd-n + Zdi+...). 

(to, no. ...) 3 7 

If as before, these quantities E, H, Z,.. 


can be expressed as 
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the differential coefficients with respect to £, tj, £,... of some 
quantity V, this gives TP =V i -V 0 . 

Similarly, if the potential energy K be defined to be the 
work the system can do as it passes from the position given by 
Vl , £„...) to the standard position we have, as before, 

K=V o - V x . 

182. Position of equilibrium of the system. The position 
of equilibrium is, by the Principle of Virtual Work, given by 
equating 8 TP to zero for every virtual displacement. In other 
words we find the position of the system for which IT is either a 

maximum or a minimum or stationary. 

The quantities £, 77 , ... being independent, we therefore 

find the position of equilibrium by equating to zero =, H, Z,... 
which are the differential coefficients of IP with respect to 

^ ^ ^ 

Suppose that the position of equilibrium which is thus found 
is one in which TP is a true maximum, and let the body be 
slightly displaced into a neighbouring position, and momentarily 
be at rest. Then the body must (by the principle of Dynamics 
that the kinetic energy generated is equal to the work done) 
move so that the work done by the forces is positive, i.e. it must 
move so that IP is increased and hence must return towards the 
position of equilibrium just found, and so this position of equi¬ 
librium is stable. 

Similarly, if in the position of equilibrium found as above 
TP is a true minimum, the body on being displaced will move so 
that TP is increased and will therefore move further away from 
the position of equilibrium and this position will be unstable. 

Finally if TP be neither a true maximum nor a true minimum, 
i.e. if it be a maximum for some displacements and a minimum 
for others, the equilibrium will be stable for some disp acements 
and unstable for other displacements. The position thus fount 

is then on the whole not a stable one. 

To sum up. If the work function TP be formed for a body, 
or system of bodies, and expressed in terms o! independent 
coordinates f,,.?,..., the positions of equilibrium are the posit,ons 
for which W is a maximum, a minimum or stationary, and those 
positions only are stable which are such that the corresponding 

values of TP are true maxima. 
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Since SK = — S W, the opposite will be the case if we consider 
the Potential Energy. Only those positions are stable which 
are such that the corresponding values of the Potential Energy 
K are true minima. 


183. Ex. Three equal spheres rest on a smooth table and are kept 
m position by a smooth elastu; band in the plane of the centres, the band being 
■unstretched when the spheres are in contact. A fourth equal sphere is placed 
above them. Prove that , if m a position of equilibrium the line joining the 
centre of the upper sphere to the centre of either of the lower spheres is inclined 
at an angle 8 to the vertical, the equilibrium is stable for symmetrical dis- 



Lot 8 bo the inclination to the vertical of the line joining the centre of 
the upper sphere to that of one of the lower spheres, when the centres of 
the hitter are at a distance x apart. Then 


sin 8 = — 1 = 60J _ 

2a 2a 2a 


2a «/ 3 # 

If X be the coefficient of elasticity, the tension T of the baud 

3.v + 2nd — (6 a + 2<r«) 3X 

(in + -lira * ~2(n + 3) a ’ ^ ~ 2 “ 

If be the weight of either sphere, the element 5 ll'of the work function 
lor a symmetrical displacement is given by 

6 U = — ir,3( a + 2a cos 8) -3T3.v. 

~ = lb, 2a sin 8 - [ x /3 sin 8 - 1] cos 8. 

= ” »* 2aco * e - [n' 3 (cos -8 — sin 3 #) -j-sin 8]. 

The position of equilibrium is given by -^L=o, i.e. by 

H', sin 8 = ~~ [ n' 3 sin 8 cos 8 - cos #]. 
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For this value of 6, 
(P)V 18 n '3X« 


d0* 


[ ( n '3 sin 6 cos 6 - cos 6) cot B - x '3 (cos -6 — sin -0) - sin d] 


7T + 3 

18 v /3Aa J3sin 3 0- 1 


TT +3 

1 


sin 0 

erne . 


Ifsin 3 d<-L , then '^r, is negative, the corresponding value of II' is a 

y (Ju~ 

maximum, and the equilibrium is stiible. 

EXAMPLES 

1. A solid oblate spheroid is loaded with a weight equal to n times 
its own weight at one extremity of its axis. Find in what different 
positions it can be in equilibrium resting on a smooth horizontal plane, 

and in which of these the equilibrium is stable. Shew that if c-<-~ . , 

there are only two possible positions of equilibrium. 

2. The axis of z being vertically upwards, and the origin being .1, a 
uniform square board ABCI), of weight- II' and side 2 <i, is mounted so that 
it can turn freely about AB which is fixed in the direction whose cosines 
arc (sind, 0, cos 0). A weightless string, fastened to the board at C, 
passes through a smooth fixed ring at (0, 2«, 0), and carries a hanging 
weight to at its other end. Prove that there is equilibrium when the angle 
<£ which the board makes with the plane of xz satisfies the equation 

—- r -: — Sill 0. 

n /(3 — 2 sin 0) 'hr 

Investigate the stability of the equilibrium. 

3. A smooth solid circular cone, of height /< and vertical angle 2a, is 
at rest with its axis vertical in a horizontal circular hole of radius a. 
Shew that if l(k/>3/< sin 2a the equilibrium is stable, and there are two 
other positions of unstable equilibrium; and that if 16« < 3/< sin 2« the 
equilibrium is unstable, and the position in which the axis is vertical is 
the only position of equilibrium. 

If a weight to be hung on at the vertex of the cone, whose weight is II, 
prove that the corresponding condition is Hiu (w+ H )>% Wh sm 2a. 

4. A uniform right circular cone of height h and vertical angle 2« rests 
with its vertex downwards and its axis vertical, between two smooth 
parallel rails at a distance d apart in a horizontal plane. Prove that the 
equilibrium is stable for angular displacements in which the axis remains 
in a vertical plane parallel to the rails, if /i<J(/cosec2<i. 

5. A right cone, whose vertical angle is a right angle, is placed vertex 
downwards through a square hole in a horizontal plane so as to touch each 
side. Shew that, if the height // of the cone exceed twice the side a of the 
square, a position of equilibrium is possible with the axis inclined to the 

horizon at an angle sin"* J ^ovc also that this position is 

stable. 
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Poinsot’s Central Axis. 


Tlie' Cylindroid. 
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Null Lilies. 


184. To shew that any syste m of forces acting on a rigid 
body can be reduced to a si ngle for ce together with a coupl e whose 
axisj is along the di rection of the for ce. 

It has been shewn in All? 162 that any system can be 
reduced to a force acting at_ any point (f and a couple of 
moment G about a line through 0. 



Let OA be the direction of R, OB the axis of the couple G, 
and let Z A OB = 0. 

In_the plane_JHg.draw OC perpendicular to OA, and draw 
OD perpendicular to the plane A 00. 

By Ari!. 49 the couple G about OB as axis is equivalent to 

a couple G cos 6 about OA as axis and a couple G sin 6 about 

OC as axis. This latter couple acts in the plane AOD, and 

may therefore be replaced by any two equal unlike parallel 
forces of moment G sin 0. 
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B 


A, 

R 


G cos 0 

O, 

D 


/ o 


Choose for one of these two forces a force R at 0 in the 
direction opposite to OA. Then the other force must lie equal 
to R acting pa rallel to OA at a point 0, in 0D, such that 

* . - . r ^ s i n ^ 

R . 00, = G sin 0, \.e. 00, = ^ 

The forces at 0 now balance; also 

the axis of the couple G cos 8 maynje 

transferred from OA to 0,4,. 

We thus have finally a force R 

along 0,d, and a couple of moment 

G cos 0 about 0 l A l as axis. , 

This axis, 0,-4„ thus obtained is called 1 uinsot s ( vntial 

Agjg 

"IT is easily seen that the Central Axis thus determined is 
For if possible, let the given system be equivalent to a force along, and a 
couple about, a line 0 X A X and also to a force along and a couple abou 
another line by Art. 162 the mudtant_fo_rce .s th^sa^ ^ 

magnitude and direction whatever base point, or origin, is taken. H i 
0.1 is parallel to 0,-1, and the resultant force it is the same 
' Hence the system [It ; 0} about 0 X A X is the same as the system [R ;±\ 
about a parallel line 0,-1,. If f be the distance between 0,-1, and 0,-1,, 
then It along O.Ao is equivalent b> It along O u 1, and a couple It .p about 

an axis Upendicula/to <M, [Ar^ 59]. Hence t»,e^pi«m » 
equivalent tl» a force II along 0,-1,, a couple (/' about 0,-1, and a couple 
It Tn axis perpendicular to 0,-1,, U it is equivalent to a force ^ 

a long 0 V A ,, and a coupl e ab out an ax is which is no».<-*• it is not equa 

to the Hvatcm f It v with 0\A \ as uxis. 

Hence our original supposition is incorrect, and we cannot finUwo 

central axes 0,A, and 0,A 2 , U the central axis found in the p.cced.„ 0 
article is unique. 

185 For any origin 0 the resultant force is the same ami 
equal to that along the central axis. But thj^sultmitjmujie 
is not the same. This latter is clearly a nimmi mn. fyLtlu 
Central Axis. For if Q be the couple lor any origin 0 (not 
on the central axis), and if its axis be inclined at 8 to th 
resultant force, then the couple for the Central Axis was 
in the last article to be equal to Gcosfl, which is always luv 

""""lienee the moment of the resultant couple about the Central 
Anris is less than the moment of the resultant couple correspond,ng 
to any point 0 which is not on the Central Axis. 


R A Axv* 


. • A < 
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186. A single force R together with a couple K whose axis 
coincides with the direction of the force are, taken together, 
called a Wrench. 

The ratio ^, viz. the moment of the couple divided by the 

force, is called t he Pitch and is a l inear magnitude. When the 
pitch is zero the wrench reduces to a single force.' When the 
pitch is i nfinite, the wrench becomes a couple only. 

The single force R is often called t he intensity of the wrench. 
The straight line along which the single force acts when 
considered together with the pitch is called a Screw, so that a 
Screw is a definite straight lin e as sociated with a definite pitch . 

■ Five q u antitie s are required to d etermine a Screw . Four 

are required to give t he p osition of the axis; for example the 
point in which it cuts one of the coordinate planes and its 
inclinations to the axes of coordinates. A fifth is required to 
determine its pitch . 

To completely determine a Wrench on a Screw a sixt h 
q uantit y must be given, viz. the Intensity of the Wrench. 

Cl •cKwi'k - A cl - firwfcrA 

187. Right-handed and left-handed Screws. 

It is clear that combined with the same translation there 

may be a rotation in either of two opposite directions. When 
the rotation is the same as in the case of a screw-driver when 
screwing in a nail, or as in the case of a corkscrew, the screw 
is said to be right-handed ; when the rotation is in the opposite 
direction the screw is left-handed. 

1 he general definition is as follows; let an observer stand 
with his body along the axis of the screw, so that the positive 
direction of the translation is from his feet up through his head* 

r ^ L | «• - CWr*' 4.IJ t / I ® y 

, * * r ('} x^l } ^ SL%rve a watch whose plane is in the plane of the 

rotation^anrl whose face is towards him. Then the screw is 
right or left-handed according as the rotation is opposite to or 
in the same sense as that of the hands of the watch. 

Thus in the figures of thi s book which are drawn according 
to the usual conventions of Solid Geometry we have taken the 
I * b-handed screw as the positive and standard case. This is 
clear if we apply the above definition to a screw whose axis is 
the axis of x ; for we have assumed (Art. 47) that a positive 
couple would tend to rotate the body from Oy to Oz. 
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wj.188. Condition that a given system of forces should com- 
.pound into a single force. 

By Art. 3 162 the forces are equivalent to a single force 
acting at an arbitrary origin 0 and a single couple G. If 0 be ^ 
the angle between R and the axis of G, then is equivalent to a r 
force R cos 6 along the axis OB of the couple, and a force R sin 0 
in the plane of the couple. This force R sin 0, together with the 
parallel forces of the couple, are, by Art. 51, equivalent to a t, ~ 
parallel force A sin 6 which does not pass through 0 and there*Tj 
fore cannot, in general, compound with R cos 6 into a single J 
force. 

But, if R cos 0 = 0, i.e. if cos 0 = 0, then we are left with a 
single force R sin 0. 

Hence 0 must be 90°, i.e. the angle between the straight lines 

(X Y Z\ , (L M iY\ 

whose direction cosines are fand \J}> jj> q J ,nust 
be a right angle. 

XL Y M Z N OA o A 
R'G + R'G + R‘G =COsd ° = °‘ 

.-. XL + YM + ZN=Q 


is the required condition. 

^^a«. •- »tl w»-(* r *P 


189. Invariants. W hatever origin , or base point, and axes 
are chosen, for any given system of forces the quantities 

X- + Y 2 + Z 2 and LX + MY + NZ =- Z 


are invariable, where X = £ (Aj), etc. and L — — 0j\Z\ -i ^ i)> e ^c. 

For, by Arts. 162 and f8l, X 2 + Y 2 + Z 2 is the square of the 
resultant force R corresponding to the Central Axis and is 
therefore invariable. 

Again, if, in Art. 162, (l, m, n) are the direction cosines of 
the resultant force and (/,, m lf n t ) those of the axis of the 
resultant couple, then 


X L 
R’G 


Ti-Q + -irl =ll ' + mm ' + n ' 1 


1 


= the cosine of the angle between the resultant force and 
the axis of the resultant couple 

= cos 0 (Art. 184). 


o = K 

Go-,* 

( to*' 

M 

V 



r*. 


L. 8. 
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ZP m 7 

LX + MY+ NZ=R.Gcos0 = R.K r 

where K is the moment of the couple about the Central Axis. 

Hence I = LX + MY + NZ is an invariant. 

It follows that if if be zero, that is, if the given system 
reduces to a single force, then LX + MY + NZ = 0. s 

. This second invariant will be zero also when the resultant 
force R is zero. In this case the first invariant is zero also.\ 

K \ j 

The pitch, p , of the resultant Wrench of the system = - ' = ~-— 

= the invariant I of the system divided by the square of the 
invariant R. j 




190. To find the equati o n of the Cen tral Axis of any given 
system of forces. 

With the notation of Art. 162, let ( /, g, h) be the coordinates 
referred to the axes Ox, Oy, Oz of any poi nt Q. 

The moment about a line through Q parallel to Ox is clearly 
obtained by putting a-, —/, y, -g, z t -h instead of x u y lt z x in 
the results of that article. 

Hence this moment 

= ^\_{yi- 9 )Z x -{z x -h) FJ 
= 2! {y x Z x - Zl F,) - gS (Z x ) + It'S ( Fj) 

= L — gZ + h Y, 

with the notation of that article. 

So the moments about line s through Q parallel to the other 
jyces are 

M - hX + fZ and N - fY + gX. 

Also the components of th e re sultant force are the same for 
all points such as Q, and are thus X, Y and Z. u 

If i2_be a point on t lie cenlraf axis , the direction cosines of 
the axis of the couple corresponding to it are proportional to 
those of the resultant force. Hence 


L-qZ + h Y M-hX + fZ 
X Y 


co,1 pie would tenu 


LX + MY + NZ 
X- + F a + Z a 


N-fY + gX 
Z 

K 
~~ R ’ 
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Hence the equation of the locus of the point ( /, g, h), i.e. the 
required equation of the central axis, is 

L-yZ+zY M-zX+xZ X -xY + yX 

X Y 2 

= -p = the pitch p of the wrench. 

*191. Ex. 1. Three forces, each equal to P, act on a body; one at 
the point (a, 0, 0) parallel to Oy, the second at the point (0, b, 0) parallel to 
Oz, and the third at the point (0, 0, c) parallel to Ox; the axes being 
rectangular, find the resultant wrench in magnitude and position. 

Here X= Y= Z= P , 

L = Pb ; J f=Pci X=Pa. 

Hence, if R be the force and K the couple of the wrench, then 

R = s'X'+Y'+Z-=PJ3, 

and I(R = LX+ M Y+ NZ= P> (a + b+ c), 


so that 


K=^P(a + b+c). 


By Art. 190, the equations to the central axis are 

lt-y+ 2 =c-;+x = a-x+y, 


i.e. 


x+ 


a + 2b + 3c . 6 + 2c + 3« c + 2« + 3£» 


=y+ 


=:+ -- 


3 * ' 3 ' • 3 

so that the central axis is a straight line through the point 

a+ 26 +3o 6 + 2c+3a _c + 2a + 3b\ 

a » 3 ’ ” 3 


( 


' 


to hyi»crbolic 
jrce (A’, Y, Z) at 


inclined ut equal angles to the three axes. 

iXTVr 2. Two equal forces act one along each of the sir 

x+acos 6 y-b sin 0 _z _ i,Z=0 

a sin 6 + b cos 0 c’ 

shew that their central axis must, for all values of 6, ft<hcr f° rce 

ntral axis - • ^ v -r- _ . 

at equal _ * 


»(7 + ;) =t G + i)’ 


r K r ' ri 


1 to the -*> 




P being the force, then at the point (a cos 0, b sin 6,k 
whoso components are proportional to a sin 6. P t —6 cos t u 
the point ( — a cos 6, b sind, 0) a force whose components «« a 
to a sin 6. P,b cos 6P, cP. 

Hence AT= 2 ( Xi) cc 2a sin 0 . P, .int, 

r=0, and Zoc 2cP, ae • 

A=2 (j/iZi ~ z i Y x ) «c 2 be sin 0 . P, «u r R La nd 6 = 00 . 

M = 0, and A* -2 abP. 


N 


\ 
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The equations of Art. 190 then become 
be sin 6 —yc _ — ab+ya sin 6 


a sin 6 


, and za sin 6—x. c. 


Substituting the value of sin 8 from the second of these equations in 
the first we have, as the locus of the central axis, 




&X7 



A. 


EXAMPLES 


Equal forces act along two perpendicular diagonals of opposite 
faces of a cube of side a ; shew that they are equivalent to a single force 
li acting along a line through the centre of the cube, and a couple \aR 
with the same line for axis. 

v/ 2. OB DC is a rectangle such that 0B = b and 0C=c; also 0A is a 
perpendicular to its plane ; along OA, CD and BD act forces X, Y and Z 
respectively. Shew that the component force R and couple K of the 

resultant wrench are Jx* + W+tfand X{Zb- Yc)+s!X* +)'*-+ Z 2 . Shew 
also that with OA, OB and 0C as axes of x, y, and z the equation to the 
central axis is 

x y ZK z , AT 
-V Y XYR ~ 7. XZR' 


'f- (3jj OA, OB, OC are the edges of a rectangular pamllelopiped of lengths 
(i, Yu and 8 inches respectively, and 00', A A', BB' and CC are its 
"'ftls. Calculate the wrench of the forces—130 from B' to 0, 68 from 
^ from C' to A' and 68 from B to C. 

A' = 1080, the central axis being a straight line parallel to 
middle point of BC.] 


1 are three co-tcrmiuous edges of a cube and A A', BB\ 
ils ; along BC', CA', AB' and 00' act forces equal to 
ectively; shew that they are equivalent to a single 
iX + X Y) k /3 + It (X +Y+Z) = 0. 


,, It act along three non-intersecting edges of a cube ; 
is. 


ces P and Q act along the straight lines whoso equations 
= c and y= - x tan n, z~ - c respectively. Shew that their 
on the straight line 

P-(X A z P 2 -Q n - 

Y+Q tiXUa 1U ' d c P s + 2PQ cos 2a+Q*' 

nd Q y prove that this line is a generator of the surface 
z sin 2 a = 2 cxy. 





C-fj^ 


*/!> 


£> 
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7. ' Equal forces act along the axes and along the straight line 

x-a _y-p_z-y . 

I m n ’ 

find the equations of the central axis of the system. 

8 . Three forces act along the straight lines 

x—0, y-z=a ; y=0, z-x=a ; 2 = 0 , x-y=a. 

Shew that they cannot reduce to a couple. 

Prove also that if the system reduces to a single force its line of action 
must lie on the surface x- + y- + z- — 2yz — 2zx - 2.ry = a' 1 . 

9. Forces X , Y , Z act along the three straight lines 
y = b, 2 = — c ; z=c, x = - « ; and x=a, y = - 6 , 

respectively ; shew that they will have a single resultant if 

a It c 
X + Y + Z~° ; 

and that the equations of its line of action are any two of the three 
V 2 « _ 0 £-^-- = 0 

r~z~x~ u> z x r ’ x r z 

10. A single force is equivalent to component forces A, Y and Z along 
the axes of coordinates and to couples A, J/, N about these axes ; shew 

that the magnitude of the single force is - + Z- and that the 

equation to its line of action is 

yZ-zY zX - xZ _ x Y—yX _ 

L " M X 

11. If a force (A', Y, Z) act along a generator of the hyi>crbolic 

paraboloid = 2^, and be equivalent to an equal force (A’, Y, /Oat 

the origin together with a couple (Z, . 1 /, A’), shew that 

aL±ltM= 0, bX±uY=0 and cA T ±abZ= 0. 

A force P acts along the axis of x and another force 
generator of the cylinder x^+y^u 1 ; shew that the central axis * • ^ 

»* (nx - z)' 1 + (1 + »-)■ y~ = n ' ul - 


1 to the * 


V/ 

cylinder 

v^3. Two forces act, one along the line y = 0, 2 = 0 and the 
the line x=0, z<=c. As the forces vary, shew that the surfs 
by thp axis of their equivalent wrench is (x^+y*) z = cy x . 

^14. A force parallel to the axis of z acts at the point, 
equal force perpendicular to the axis of z acts at the 
Shew that the central axis of the system lies on the su r R a nd 0 = 60°. 
\ z l (x- +y-) = ( x 2 + y l - axf. 

\ 

\ 
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15. A force F acts along the axis of 2 , and a force mF along a straight 
line, intersecting the axis of x at a distance c from the origin and parallel 
to the plane of yz. Shew that as this straight line turns round the axis 
of x\ the central axis of the forces generates the surface 

{mV+(m 2 -1)^} 

16. Along the normal at every point of an octant of an ellipsoid cut 

oft by the principal planes acts a force proportional to the element of 

surface at P. Shew that these forces are equivalent to a single force 
acting along the line 

wjiere 2a, 2b, 2c are the axes of the ellipsoid. 

^ An .V number of wrenches of the same pitch p act along generators 

of the same system of the hyperboloid J ~ = 1. Shew that they will 

reduce to a single resultant provided their central axis is parallel to a 
generator of the cone 

( p+ £) x3+ (?+f)^ + ( p-t) z,=0 - 


Tk.:> #bv iow> 


an 


• i ■ 

192. To shew that a given system of forces can he replaced 
by two forces , equivalent to the given system , in an infinite 
number of ways and that the tetrahedron for vied by th&*-twofa**v 
forces is of co nstant volume. 

Let the given system have Oz as its Central Axis and let 

R t A be the resultant force along Oz and the resultant couple 
about Oz. 


fil 

[fi — ft* 

\ 

V, 

V 



z 


J 

R 

% 



K 




(1 


% 

through 0 p erpendicular t o Oz take any two 
’ B on opposite sides of 0 such that OA = a and 

■ that the given system is eq uivalent to a force P 
gh ^ ina^lane^^ endieular to OA at an w^hPd 
a forced toting through^ m a plano * 4 . 

nt an angl f <*, with Oz, and let $ and ^/'be 
ely in opposite directions. _.7 „ .* 


t 

. / 

✓ 
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Then the resultants of P and Q along Oz and perpendicular 
to it must be R and zero respectively, and similarly the resultant 
couples about these two lines must be K and zero. 


Hence 

R-. 

= P cos 

# + Q COS 

. 

.(1). 

and 

0 = 

= Psin 

# — Q sin 

. 

.(2). 

Also 

K- 

= P sin 

0. a + Q sin <f>. b . 

.(3), 

and 

0 = 

= P cos 

0.a — Q cos (f).b . 

.(4). 

(1) and (4) give 

p 

cos # 

1* - 

* 

Qcos 0 
a 

R 

u + b 

.(5). 

. (2) and (3) give 

A* . A . 

p 

sin 0 = 

( A 

Qsm<f) = 

K 

a + b 

.(6)- 




)+*•**! 


TT t>, K- + R?b* 

Hence P i = - j— 

* (a + b) 2 


Q'- = 


K- + R-a- 


(a + by- 


tan 0 = — , and tan 6 = — . 
lib r lia 


Whatever be the values of a and b. w.e thus obtain real 
values for P, Q, 0, and 6. so that our assumption is correct. 

Again (5) and (6) give r^r. a «.c 

KRa = (a + b ) 2 PQ sin 0 cos <f>, and KRb = (a + bf PQ cos 0 sin <p. q ^ci^x iqo' 

Hence, by addition, KR = PQ (a + b) sin (0 + 6) .(7). 

Let AC, BD represent P, Q in magnitude. 

The volipne of the tetrahedron ACBD 
= ^ area of the A ABC x perpendicular from D upon the AABCC ' 

= % x %AB. AC x BD sin (0 + </>) 

= fa . PQ (a + b) sin (0 + <f>) = ^ K . R, by equation (7), 
and it is therefore constant. 

« . <v » Ar- 

Symmetrical Case. If the forces P and Q are equal , at equal 

* 1 /• <1 /"'I « 14* 1 • • 1 1 $ 1 <T 1 • 1. .1 A 


distances from the Central Axis, and equally inclined to the 
Central Axis, then equations (1), (2), (3) and (4) give 

Rj= 2Pcos 0 and K = 2Pa sin 0. 

, - - 

T = R 2 + — and tan 0 = . 




K 


If, in addition , we make a = ^, then P = R and 0 = 60°. 


k\lm 









e 
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193. To ybid £/ie resultant wrench of two given wrenche s. 

Let AC be the axis of one wrench (R l} K x ) and BD the axis 
of the other wrench (7? 2 , TC). Let AB(=c) be the shortest 
distance between these tw r o axes, and a the angle between them. 

Assume that the required central axis Oz is pbi^emlicular to 
AB, divides it into parts x and c — x, and is inclined at 0 to AG c r t ‘^f* it 
and hence a — 6 to BD. Let R and K be the force and moment 
of the assumed Central Axis. 

The conditions of the question then give 

R = R-i cos 0 + R cos (a — 0) .:..(1), 

0 = R l sinQ — R> sin (a — 0) .(2), 

K = cos 0 + K, cos (a — 0) + Q sin 0. x + Ri (c — x) sin (a - 0), 


\ 

c(. 


and a(,c - **** x * ^A«_ 

«.(• «.**** ;j-s 

0 = /if, sin 6 — K z sin (a — 6) — R x cos 0 .x + R 2 (c — x) cos (a — 0). 

/ 


k ^ * ~r •i 


v c 


K._ 


R 



B 


c-.r 


.v 


By (1) and (2) these latter equations are 
R = R\ cos 0 + A\ cos (a — 0) + it, c sin (a — 0) . 

r lt L V»* -t K t <. ~ ) -f 4-L»(K 4 .*J.h — 

and 0 = K t sin 0 - A' 2 sin (a — 0) + R. 2 c cos (a — 0) — Rx.. .(4). 


(3), 


(1) and (!) ° ~ *“ 


R 2 = R x 2 + Rj + 2 Ry A, cos a 


Also (2) gives 


(5). 


_ __ 


+> 


sin 0 


cos 0 


( 6 ). 


H O 


-m w^+dv-*-^ 1 ---- " R 2 sin a Rx+RjCosa R . 

Again, (3) and (0) give 

Tb. RK = (Rx + K 3 cos a + R,c sin a) (A x + 7? 2 cos a) 

+ {K 9 sin a — R. 2 c cos a). R„ sin a 

= A,A, + Jl o^T s + (AjA'a + A.JC) cos a + T^Tfcj c sin a.. .(7). 


I his gives the vdiue of the Invariant for the given system of 
forces. 












Resultant Wrench of two Wrenches 217 

Also (4) with the help of (6) gives 

• \ n * 1 o*> a * x ^ l " ^ 

ifrr = (K x + A, cos a + R»c sin a). R> sin a 

\ — ( K„ sin a — R,c cos a) ( R\ + R> cos a) 

= (ILK, - Basina + JU<R, Q>?_«> R <i^vgL., 

(sue),' (7) ~ and'(8). give if. $ K .nff*. anAence ^the 

required wrench and the pbsition of its axis. 

From these equation? "vve easily>htain 

* A..c (/?, cos a -yRj) - ^,/C- ^i,)sin a 

^ = RMR^K cos a) + (ffi - iW sin a 

cos 0 A. + 7?, cos a 


and 


cos (a - 0) R x cos a + R».' 



( •-oUft -* 

-- Bl — - ^ * 


194. Resultant icrencA o/ twojjivenjbrces if, and if, •»- 

clt'W a '/iven aw$rk a - . , . 

frhis is a-particular case, of the preceding article when 
Ajji A, =/0. We thus have _ 

r) = V Rf+R? + ‘2RxJfco^, 

(?')K.R = RxRiCsma, - ^ ( t) _ 

* /?.. ( /?i cos g 4- •/?•■») * 

~ C - a-’ A. (i*T+ K cos a) * 

11 1/ _ COS 0_ = 1 , 

sirTa " Rx + K cos a Vi?r + ^ + 27*, 7* 3 cos a 

cos 0 _ _ A, + A. cos a 
so that ^ cos 2ix cos a + R% 

195 geomet rical construc ti o n for the ce,dral axis of two 
forces Rl andR: acting at points A and B .. drrecRons AC and 

ym Let BK be the direction of the resultant R of forces if, along 

DD and R x at B parallel to AC, 
and let it make angles 0 and k 
a - 0 with Rx and R„ so that 
BK is parallel to the central \ 
axis as in the figure of Art. 103. ^ 

At B and A, in the plane KB A, 1 

make zABF=0, and Z BAF = «-*/_, *— i - v 

dicular on AB is the central axi s, and t h e coup leof the resultant 

wrench — • EF .. = K. 



F 

^-0 


/ 



\ 

V 


[ a- t> N 

B 

E 


A 
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For, from the equations of the last article, we easily obt^re 
x _ sin 6 cos (a — 6) _ .1 F cos (a — 6) _ A E 


c — x cos 0 sin (a — 0) BF cos 6 B 
so that EF is the central axis. 

Also, bv the last article, 

* — * * 

r . . K JR,R.,c sin a /?, c sin- 0 c sin (a — 0) sin 6 

fiiy = _ = — __ ' 


BE 






1 R IB 

so that K = R . EF . 


//> sin a 


sin a 




EXAMPLES 

1. If F ami (/ 1k> two non-intersecting forces whose directions are 
p erpendicula r, s hew that the distances of the central axis from their lines 
of action are as (/-’ to 

2. Shew that a system of forces can he replaced in an infinite number 

ot ways by a pair of equal forces whose directions make any given angle 
with one* another, and fmd the distance between these forces when the 
angle is known. •' 

3. I wit forces /* and ij are sie-li that their central axis is given in 
position and the line of action of I } is given. Shew that the locus of the 

line of action of </ is a cmiicnid. 

i * >* 

4. Shew that the distance between two forces which are equivalent 

to a given system is a minimum when the forces are equal and their 
directions perpendicular. * „ „ . .... .... 


V-/ . 


5 /1’ 1 1 1 •• 

.0 roive.N act along the edges of a „ r egula r tet rahedro n, ciz, /’along 




_ 

a,,, l PA y V along * A and PP % and P along All and PC. Shew that • 
* l*V ! J»1 /ry-t! " L'lil, 1 o' U* ' vm,cl ' is .. ,,f ,I ‘£, oJ 8 c tlw tetrahedron. ‘ 

' • r *n f t\ Al ^r c i* q 4k I * '.**• V' ^ ^2 

lie* t iir* I* pairs u| shortest Misfaiiccs hefXvecn pairs ot opposite sides 


• *t a regular tetrahedron are niutuullypcrpetii)iculur.] 

6. W reji clios nf tin* same pitch /> act along the edges of a regula r 
ngj-jdnjdn»n AH* P side •/. If the intensities of the wrenches along 
.1//, P*' are the same, and also those along PC, PA and Pli y CA, show 

Mia? the pitch of the equivalent wrench is />4- - . 

- \ - 

7. that the surface, which is traced out liy the axis of principal 
iin> 111 ■■ 11 r at points lying mi a straight liin* which intersects at right angles 
the I'ninsut i\i-, o| given system of forces, is a hyperbolic paraboloid. 

I lake the gi\en straight line as the axis of ./•, the I’oinsot axis TTf the 
-N>tem U ; A as the axis of and a |>erpendieular to both as <>>/. Then 
at the point r, m, n, the force is A’ parallel to 0:, and the couple is 0 at 
an angle 0 to /,’ and perpendicular to O.v such that K = O cos 0 and 
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Gs\ne=Hv. Hence, if (x, y, z) be any point on the axis of G\ we 

have -= tan 0 = so that the locus is the hyperbolic paraboloid 

z /£ 

IUz=Ky.] 

8 At all p oints on a given ^trflighlLjjne arc drawn the axc^oL 
principal moment corresponding to any given system of forces ; shew that 
t hese axes u r ^ _ahyi«r bolic parab olojd and that then ends he on 

another given straight line. ,. , . 

[Take the given straight line as Ox, and the common perpendicular to 

it and the Poinsot axis as 0, Then clearly there is no component force 

along 0, or component couple about 0.-. The component f orc««aong the 

axes are thus ( X , Y, 0) and the component couples {L,V, 0) so . 

component couples at the point (£, 0, 0) are L, -»/, and J [ 

Hence the equation to the axis of principal moment there is 

L Jf 

Eliminate £, and we have the hyperbolic paraboloid yr— 1 <y+ y z. 

Also the coordinates (*, * z) of the end of this axis are given by 

X =$+\L, y = Xd/, i= -\£Y, 

where X is some constant. 

Eliminating £, we have a straight line as the locus of (x, y, *..J 

9 Two wrenches of pitches p , p have axes at a distance 2a from one 
another If the resultant wrench UZt pitch g and its arts is eq.iidist.nt 
from the axes of the component wrenches, shew that the angle bet wc 

them is - a(2 


tan 


a 3 -(a r-p)(a-p') 

C< I§r On fW« given scrcwjj, whose ajccsjire mu tually pe rp en dicular 

and concurrentT^hcre act drenches of pitches />„ /*, und P , * hem 
resultant is on a screw of given pitch p. Shew that the locus of this 

screw is the hyi>erboloid 

(p - Pi ) & + (P ~Pz) V l + (P ~ /*) ** 1 + ( P "Pi > (p -p*> ( P ~ P i] = °» 

the axes of coordinates being the axes of the given screws. 

11 Shew that a wrench, of which the force is A and the pitch is we, 
may be replaced by forces inclined at an angle 20 to each other, the 
shortest distance between them being 2c, and that their magnitudes am 

- [V1 + ® tan 0 ± vT^ ® cot o]. 

196. The axes of two given vjrensluLS i nterse ct, at r ig h t 
angles; their intensities are X and V and their pitches are 
p^ and p v ; if the pitches are given, to find the locus of 

central axis. 
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Let OA be the direction of the resultant R of X and 1 
making an angle 0 with Ox, the 
axis of the first wrench, so that 
cos 0 _ sin 6 _ 1 

~X 1T~R‘ 

The resultant couple about 

OA 

= p x . X cos 6 + p y . Y sin 6 
= ( p x cos 2 0 + p,j sin 3 0). R ...(1). 

The resultant couple about 
a perpendicular to OA in the 
plane xOy 

= — p x . X sin 0 4- p y . Fcos 0 = {p y — Px) R sin 0 cos 0. 

The latter couple is equivalent to two parallel forces in the 
plane zOA and, by Art. .51, these and the force R along OA are 
equivalent to a force R along MP, which is parallel to OA and 
is such that 

0M = (py — p x ) .sin 0 cos 0 .(2). 

Transferring the axis of the couple (1) to MP, w r e then have 
a wrench, whose axis is MP and whose moment and force are 
respectively ( p x cos 2 0 -f p y sin 2 0) R and R, and whose pitch is 
therefore given by 

p = p x cos 3 0 4- p v sin 3 0. 

From ( 2), if (or, y, z) is any point on MP, then 

xi/ 

i.e. MP lies on the surface 




(•<“ + !/') 2 = (py~ Px) xy. 

This surface is known as the Cylindroid. Also p x and p y are 
called its Principal Pitches. 

The equation to this surface follows at once from Art. 190. 
For the equation to the central axis of the system is 

p x . X + zY _ p y . Y- zX _ - xY+ yX 
X Y ~ 0 

giving - (A' 3 + F 3 ) = {p v - p x ) X Y, 

and arY = yX. 
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Eliminating X, Y we have, as the locus of the central axis, 

(a?+ y-)z = ( p,, - p x ) *y- 

197. Geometrical construction for the cylindroid 

(.r 2 + if) z = 2axy. 

In the plane of xy draw a circle of radius a touching tht 

axis of x at the origin 0. |.- 

Take OA, a radius vector of this 
circle, at any angle 0 to Ox and draw 
AN perpendicular to Oy. Ihen 

AN = a sin 20. 

The plane y = x tail 0, through 
OA perpendicular to the plane xOy, 
cuts the cylindroid where 

z = a sin 20 = AN. 

Hence, if at A we erect a per- ^ 
pendicular AP equal in length to 
AN and through P draw a perpendicular PM to Oz , then 

is always a generator of the cylindroid. 

198. Any wrench may be resolved into two wrenches , whose 

axes intersect at right angles, in an infinite number of ways. 

For, starting with any wrench {R\ pR) about .Ml as axis 
(Fig Art. 19G), on any line MO perpendicular to Ml take any 
origin 0 and any two lines Ox and Oy perpendicular to OM. 
Suppose MO = a and xOA = 0 to bo given. 

Then, as in Art. 19G, wrenches (A r ; p x X ) about Ox and 
(F; p„Y) about Oy are equivalent to (R ; pR)> where 

p = p z cos 2 0 + p v sin 2 0, 

and a = (Pv ~ cos 0 sin 6 - 

These give p x = p- « tan 0, and p v =p + a cot 6. 

Also X = R cos 0 and Y = R sin 0. 

Hence, R and p being given, we have the values of X , p x 
and Y, p v for any assumed values of a and 0. 

199. Any two wrenches on given screws determine one , and 
only one , cylindroid. 

Let MP and NQ be the axes of the two wrenches, p and q 
their pitches, and a the angle and h the shortest distance, MN, 

between them. 
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Then if on MN we can find a point 0 and perpendicular 
lines Ox, Oy such that when we resolve 
the wrenches about Ox and Oy, the two 
component wrenches about Ox have the 
same pitch and also the two component 
wrenches about Oy, we have proved the 
theorem. For the two wrenches about 
Ox then compound into one wrench, 
and similarly for the two wrenches 
about Oy, and these two resultant 
wrenches, by Art. 196, give the cylin- 
droid required. 

Let us assume then that the wrench about MF is equivalent 
to wrenches of pitches p x and p y about Ox and Oy, where OM—z 
and xOA = 0. 

And similarly for NQ, where xOB = 0 + a. 

Then Art. 196 gives 

p = Px cos 2 0 + p y sin 2 0 — Fx+_py + P* _py cos o# .. .(1), 

z = (py — p z ) cos 6 sin 6 = sin 20 .(2), 

q = p x cos 2 (0 + a) 4 p y sin 2 (6 + a) 

= P ~& + cos (20 + 2a).. .(3), 

and z + h = (p y — p x ) cos (0 + a) sin (0 + a) 

= ^T^ sin ( 2 ^ + 2 «).( 4 ). 

Hence we have 

P + q- Px + p„ + (Px ~ Py) cos a cos (20 + a) . (5), 

p-q= (Px -Py) sin a sin (20 + a) .(6), 

and h = f [sin (20 + 2a) — sin 20] 

— (p u — p*) cos (20 +a) sin a.(7). 

(6) and (7) give 

tan (20 + a) = .(8). 

From (5) and (6) we have 

Px + Py =p + q — (p — q) cot a cot (20 + a)=p + q+ h cot a, 
and p y — p x = (q — p) cosec a cosec (20 + a) = V 'hr + (q —p) 2 cosec a. 
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These equations determine p x and p y . 

Also (2) gives 

q-p 
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Z= b — 


sin a sin (20 + a) 


sin 20 


= 1 C L—P [cos a — sin a cot (2 6 + a)] = \ [Ol — P) cot a ^1- 
z sin a L 

The values thus found uniquely determine the positions ol 
Ox and Oy and the corresponding wrenches about them. 

200 The quantities having been determined as in the 
previous article, if R and R' are the intensities of the wrenches 
about MP and NQ, these two wrenches are equivalent to 

forces R cos 6 + R' cos (0 + a) along Ox, 

R sin 0 + R' sin (0 + a) along Oy , 

and to couples 

p x [R cos 0 + R' cos (0 + a)] about Ox, 

and p y [R sin 0 + R' sin (0 + a)] about Oij. 

These, by Art. 196, clearly compound into a wrench about 

a screw of the cylindroid _. 

^ (a? + f) = (Py - Px) xy = XXJ cosec a \'lr + {q - p )'• 

Ex. A screw of pitch 1 in the line y-2, -- = J3. » “f w , of I*^'* 

4 in the line (y-2) 3, z=2j3, determine a cylindroid shew that 

its principal pitches are 4 - 2 J3 and 4+2 ^3 and that the equations of its 

principal axes are y — 2 = (\^3 + 2) (x — 3). 

201. Resultant wrench of wrenches on screws of the same 

cylindroid. . t . , 

The principal pitches of the cylindroid being p* and a 
wrench of intensity and the proper pitch for an inclination 0 

to Ox is, by Art. 190, equivalent to 
a wrench (R cos 0 ; p x R cos 0) about Ox, 

and a wrench (R sin 0 ; p u R sin 0) about Oy. 

Hence, if each of the given wrenches is replaced by wrenches 
about Ox and ' Oy, they are equivalent to a system ol forces and 

couples given by 

X = 2 (.ft cos 0), 

Y = 2 (ft sin 0), 

L = 2 (pxR cos 0) = p z X > 
an d M = Z(jj„Rsin 0)=p y Y, 
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i.e. to a wrench ( X ; p x X) about Ox and a wrench (F; p y F) 
about Op. 

These are wrenches of the same pitch as the principal pitches 
of the cylindroid, and thus equivalent to a wrench [5; qS] on a 
screw of the cylindroid inclined at <f> to Ox, where 

. F 2 (R sin 9) 
tan <f>-x"^ (Rcos0y 

S = VA” S + Y- = (R cos 6 )} 3 + {2 ( R sin 0 )} 9 , 
and q - p x cos 2 <£ + p y sin- <fy. 

202. It follows from the previous work that wrenches on 
screws of the same cylindroid are in equilibrium if their forces, 
when transferred to the same point parallel to their original 
directions, are in equilibrium ; for then X and F are both zero. 

In particular, three wrenches on screws of the same cylin¬ 
droid are in equilibrium if the intensity of each is proportional 
to the sine of the angle between the other two, 

203. To shew that the work done bp a wrench, of intensity 
R and pitch p about a given screw, when the body is given a small 
twist Bay about another screw of pitch p lt is 

R . Bio \(p 4- p t ) cos 0 — h sin 0], 

where 0 is the angle between the axes of the two screws and h is 
the shortest distance between them. 

Let Ox be the axis of the screw p lf AIP the axis of the 
wrench, OM the shortest distance h 
between them; let MK be parallel to 
Ox and ML be perpendicular to MK 
and OM. 

The force R is equivalent to 
R cos 0 along MK and R sin 0 along 
ML. 

The component R cos 0 is equiva¬ 
lent to R cos 6 along Ox and a couple 
R cos 6. h about Op. 

The component R sin 6 is equivalent to R sin 9 along Op and 
a couple — R sin 6. h about Ox. 

The couple pR about MP is equivalent to couples pi? cos 9 
and pi? sin 9 about MK and ML, and the axes of these may be 
removed to Ox and Op. 
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The given wrench is thus equivalent to 

a force R cos 0 along Ox, 
a force R sin 0 along Oy, 
a couple R (p cos 0 — h sin 0) about Ox, 
and a couple R (p sin 0 + h cos 0) about Oy. 

Now the displacement of the body consists of an angular 
displacement 8<o about Ox, and a linear displacement i>, • 
along Ox. 

Due to the angular displacement the work done by the 
couples is R (p cos 6-h sin ti). Sa (Art. 97) and that by the 

forces is zero. , 

Due to the linear displacement the work done by the couples 

is zero and that done by the forces is R cos 0.p l 8(o. 

Hence the total work done in the small displacement 

= R8a> {{p+Pi) cos 0-h sin 0). 

This work is not altered if p and p x be interchanged, so that 
the work done is the same as it would be if we had a wrench 
(R ; Pl R) about a screw Ox, and the body were displaced through 

the small angle 8eu about a screw of pitch p on MR as axis. 

204. From the principle of Virtual Work it follows that 
a body free to move only on a screw of axis Ox, and acted upon 
by a wrench on the screw MR, will be in equilibrium it 

(p + pO cos 0-h sill 0 = 0. 

Screws which satisfy this condition are called Reciprocal 
Screws; they are therefore such that a body acted on by a 
wrench, of any intensity and the proper pitch, about either of 
them will be at rest if free to move only about the other. 

It follows from the above condition that two screws whose 
axes intersect, so that h = 0, are reciprocal either if they are at 
right angles or if their pitches are equal and opposite. 

205. If a screw y is reciprocal to each of two screws a and 
0, it is reciprocal to any screw 8 on the cylindroid determined 

by a and 0. 

For, by Art. 201, a,0, and 8 being three screws on the same 

cylindroid, a wrench about 8 is equivalent to two wrenches about 

a and 0 if the intensity of the wrench 8 is equivalent to the two 

1 


L. B. 



226 


Statics 


component intensities of the wrenches a and /3. Replace the 
wrench 8 by these two component wrenches about a and /?. 

Since the screws 7 and a are reciprocal, the virtual work 
of the wrench about a for a displacement about 7 is zero. 
Similarly for the component wrench about /?. 

Hence the total virtual work of the wrench S for a displace¬ 
ment about 7 is zero. Hence 8 and 7 are reciprocal. 

206. Nul lines and planes. Suppose that, corresponding 
to any origin or base point O', the resultant force is R and the 
resultant couple is G. Take any line through O’ perpendicular 
to the axis of G ; then the sum of the moments of the forces of 
the system about this line is zero; for the axis of G has no com¬ 
ponent along it and R meets it. 

For this reason the line is called a nul line, and its locus, 
which is the line perpendicular to the axis of G, is called the 
nul plane of O'. Also the point O' is called the nul point of the 
plane. 


207. To find the equation to the nul plane of a given point 
(fi g, h) referred to any axes Ox, Oy, Oz. 

Let A, } r , Z be the component forces along Ox, Oy, Oz, and 
L, M, N the component couples about them. 

By Art. 190 the component couples about lines parallel to 
the axes through (/, g, h) are 

L - gZ + h Y, M - hX + fZ, N -fY + gX, 

and these are proportional to the direction cosines of the axis of 
the resultant couple at ( /, g, h), which is the normal to the nul 
plane there. 

Hence the equation to the nul plane is 
(•'• -/) {L-gZ + h Y) + Oy - g) (il/ - hX + fZ) 

+ (z — h) (AT —fY + gX) — 0, 
i.e. x (L - gZ + h }') + y(M- hX +/Z ) 

+ ~ (X -fY + g X) =fL + gM + hN .. .( 1 ). 


Conversely, if we 


want the nul point of the plane 


lx + my + nz = 1 

then on comparing it. with ( 1 ) we have 



L-g Z+hY M-hX + fZ N-yY + gX w 

/ m ~ n — fL + gM + hN. S- 
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Since the point (/, g, h) also must lie on the plane (2), we have, 
on solving, 

/ _ g _ h _ _ 1 _, 

X -^n M + ?niV " F ^TiV -t- nL Z-mL + lM IX + mY+nZ’ 

giving the nul point of (2). 

208. Condition that the straight line 

x-f _ y-g _ z~h 


l 


m 


n 


may be a nul line for the same system of forces 

The component couples about lines through (/, g, h) parallel 

to the axes are 

L-gZ+hY. M — hX +fZ, and N-fY + gX. 

Hence the moment of the couple about the given line 

= l ( L-gZ+hY) + m (M- hX +/Z) + n (N -fY + gX ), 
and hence is zero if 

X (mil - ng) + Y(nf- lh) + Z{lg- mf) = LI + Mm + Nn, 

le. if | X, Y, Z 

l t m, n — Ll+ Mm + Nn. 

,/- 3’ h 

This is therefore the condition that the given line may be a 
nul line of the system. 

El Shew that among the nul line, of any ryetem of force, four are 
generators of any hyperboloid, two belonging to one y.letn of generator, and 

two to the other system. 

Let the hyperboloid be g+g-^band referred to it, centre and area 

let the system be given by (X, V, Z ; L, K A). Any generator is 

x — a cos 6 _ y — b win 8 _ 
a sin 0 - icon 6 c* 

By the previous article this is a nul lino of the system if 

X ( - be sin 0)+ Yea cos 6 + Zab = La sin 6 - Mb cos 6 + Ne % 

. • a ( X x. L \ cos 8 ( -4-—^ = - - which clearly gives two values 

i.e. «»™0{j l +l- c )- co » 6 \b + ca) c ah' 

of 0 in general. Hence two generators belonging to one system are nul 

liuel Similarly for the other system. 

1 0—Y 
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209. To shew that a given system of forces may he replaced 
by two forces, one of which acts along a given line OA. 

With 0 as origin, or base-point, let R and G be the resultant 
force and couple. Through OA 
and R let a plane be drawn, and 
let it cut the plane of the resul¬ 
tant couple ( i.e. the plane COD 
perpendicular to the axis of G) 
in OB. Resolve R into two forces, 
one, P,, along OA, and the other, 

P.., along OB. 

The force P 2 along OB, when 
compounded with the two forces 
in the plane BOC which form the 

resultant couple, will give a force P 2 in this plane which is 
parallel to OB. 

It follows that the given system of forces is equivalent to 
some force I\ acting along the given straight line OA, together 
with a second force P 3 which acts somewhere in the nul plane 
of 0. 

Such forces as P, and P 2 are called conjugate forces, and 
their lines of action are called conjugate lines. 

Whatever point 0 we take on OA the force P 2 will still lie 
in its nul plane, so that, as 0 moves along OA, its null plane 
continually turns round so that it always passes through the line 
conjugate to OA. Hence the conjugate line of OA may be 
determined by taking any two convenient points on it, and 
obtaining the equations to their nul planes by Art. 207. The 
conjugate line is then the intersection of these two planes. 

Thus suppose we require the conjugate line, with respect to 
the system of forces given by (A', Y, Z\ L, M, N), of the line 





*—f _ y-o = z ~ h 

l in n 



By Art. 207 the nul plane of ( f g, h) is 
.r {L - gZ + h Y) + y (M - hX + fZ) 

+ z (iV — fY + gX ) = Lf+ Mg + Xh . 

Another point on (1) is (f— — , g — — , o] . 

\ 71 7l> J 


.(2). 
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Its nul plane is 


r Tr ldY mhX~ 

+ 2 \N-fV+9X + ~J 

I V 


-r (/-*»')♦" (»-t).® 

(2) and (3) give the required conjugate line. 

Subtracting (2) from (3), we have 

* [" 7 ' mZ] *■*' [ “'~ nX ' + *' [ = L11 L + yn .. .(4). 

. in d (4) (jive the conjugate line more easily. . 

(S) It is easily seen that (4) is the nul plane of the point at 
infinity which lies on (1). For the coordinates of this point a.c 

( Ip, mp, np ), where p is infinite. 

EXAMPLES 

1. Examine the case in which the straight line OA of Art. -209 is 
itself a nul line of the system. = D 

jugate ^r^y^uating tJ -o 

any two of the determinant^ ^ Lx+Jf „ + Xz , 

' A, B, C , D | 

Lr, /r, 6", o' II 

where L\ J/' N' arc the component couples at the point (*, * «) «»d 
A ^ * those ut thC ° rigiD - . , /1' y y. L m N ) is replaced by 

th0 ^it^«o^fo«es«« [(My+NX?JtLH ^^h 

- T ftIi ^ 

“1 1 . fV,n avU of .r- then the components of the 

[Let /> be the force a ong the ax . point (/, y, 0). Since 

J5 -= »rir¥:r- wss?- % “ “,. 

second force.] Y Z • L M. N) is equivalent to two 

4- Shew ^ other’along the line given hy 

forces, one along the lino x j ’ 

Lx + + — 

*(K-J?)+y (*-*>+*<*- 

and find the magnitudes of the two forces. 
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5. Shew that in general two systems of forces have only one pair of 
conjugate lines iu common. 

6 . Forces act along generators of the same system of a hyperboloid. 
Shew that two generators of the same system are nul lines of the system 
of forces. 

7. Shew that the nul planes of a series of points which lie in a straight 
line AB pass through a second straight line CD ; and that if the series of 
lines AB be generators of a hyperboloid, the lines CD will also be generators 
of a hyperboloid. 

8 . A system of forces is reduced to two forces one of which acts along 
an assigned line. Shew (i) that the four lines of action of two such pairs 
of forces are generators of the same system of a hyperboloid of one sheet; 
(ii) that lines meeting two such forces and the central axis generate a 
hyperbolic paraboloid, one sot of whoso generators is perpendicular to 
the central axis. 


9. Referred to the same origin and axes of coordinates two systems 
of forces arc given by (A', T, Z ; L, J/, A 7 ) and (2", T', Z '; L\ AT, N’). 
Shew that, in general, a unique pair of lines can be found such that forces 
along them may be equivalent to either system ; and prove that the 
shortest distance between them is 

Vn*-4//' {Wit’ 2 - K°-) ~ 4 , 

where n = LX'+ MY' + NZ , + L'X+ il'Y-V X'Z, 

K=xx'+ry'+zz', 

and /, /', 11 . It' have their usual significance. 

[Using tho equations of Art. 190 for the central axes of the two 
systems, we obtain for the shortest distanco £, and the angle a, between 

these central axes, cos a = , 


and {_ (llH- ,'lC‘ir-K’ =[5 - L _ Ejecta. 

Also, by Art. 192, if AC and DD be the pair of lines to be found, wo 
sec that AH must be perpendicular to each central axis, and hence must* 
lie along tho shortest distance £ between them. The equations for 6 and <£ 
of Art. 192 become 

tan d = ; tan*-^ 5 ; tan (* - a) = i 

and tan (</> + <,)= 

Eliminating 6 and (f> from these equations, wo see that a and — b are 
the roots of the equation 

, rn 2 /“) . , cr-r- /£cot«ri . 

y-'j L a- - -& J ■ cot - +l/vir - jp~ J =°- 

Hence the required distance = tho difference of the roots of this 
equation = the given answer, on reduction.] 


10. Shew that the nul lines which are common to three given systems 
of forces are generators of the same system of a hyperboloid of one sheet. 
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210 In the present chapter we shall explain and discuss 

the equilibrium of some of the simpler machines. 

We shall suppose the different portions of these machines to 

be smooth and rigid, that all cords or strings used are per eetly 
flexible,and that the forces acting on the machines always balance 
so that they arc at rest. In actual practice these conditions are 
not even approximately satisfied in the cases of many machines 
r machbie is always used in practice to overcome some 
resistance: the force we exert on the machine is the Power 01 
Effort; the resistance to be overcome, in whatever form 1 may 
appear, is called the Weight or Resistance. 

211 Mechanical Advantage!' Tf in any machine an effort * 

. , . W Resistance . ,, , 

P balance a resistance W, the ratio p , t.e. — ■ » 

„ t • 


Effort 


the Mechanical Advantage of the machine, so that 

Resistance = Effort x Mechanical Advantage. 

SS mechaniail advantage is a ratio greater than unity. 

Velocity Ratio. The velocity ratio of any machine is the 
ratio of the distance through which the point of applicatioii. 

., fiV rt or “ nower” moves to the distance through which the 
^nlTa^li^mn of the resistance, or weight,” moves in the 

same time; so that ^ wl iich P moves 

Velocity Ratio = u i8tanC e through which W moves 
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If the machine be such that no work has to be done in lifting 
its component parts, and if it be perfectly smooth throughout, 
it will be found that the Mechanical Advantage and the Velocity 
Ratio are equal, so that in this case 

TF Distance through wh ich P moves 
P ~ Distance through which TF moves ’ 
and then P x distance through which P moves 

= IF x distance through which TF moves, 
i.e. work done by P = work done against W. 

212. The following we shall thus find to be a universal 
principle, known as t he Principle of Work, viz.. Whatever he the 
machine we use, provided that there he no friction and that the 
weight of the machine he neglected, the work done hg the effort is 
alwags equivalent to the work done against the weight, or resistance. 

It may be regarded as an extension of the Principle of 
Virtual Work, in which, instead of virtual displacements, we 
have actual finite displacements which are consistent with the 
geometrical relations of the machine. 

Assuming that the machine we are using gives mechanical 
advantage, so that the effort is less than the weight, the distance 
moved through by the effort is therefore greater than the 
distance moved through by the weight in the same proportion. 
This is sometimes expressed in popular language in the form : 
What is gained in power is lost in speed. 

More accurate is the statement that mechanical advantage 
is always gained at a proportionate diminution of speed. No 
work is over gained by the use of a machine though mechanical 
advantage is generally obtained. Some work, in practice, is 
always lost by the use of any machine. 

The uses of a machine are 

(1) to enable a man to lift weights or overcome resistances 
much greater than he could deal with unaided, e.g. by the use 
of a system of pulleys, or a wheel and axle, or a screw-jack, etc., 

(2) to cause a motion imparted to one point to be changed 
into a more rapid motion at some other point, e.g. in the case of 
a bicvcle, 

i'i) to enable a force to be applied at a more convenient 
point or in a more convenient manner, e.g. in the use of a poker 
to stir the fire, or in the lifting of a bucket of mortar by means 
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of a long rope passing over a pulley at the top ot a building, the 
other end being pulled by a man standing on the ground. 

213. The Lever. The Lever consists essentially of a rigid 
bar, straight or bent, which has one point fixed about which 
the rest of the lever can turn. This fixed point is called t le 
Fulcrum, and the perpendicular distances between the fulcrum 
and the lines of action of the effort and the weight are called 

the arms of the lever. 
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Class I. Here the effort P and 
the weight W act on opposite sides of 
the fulcrum C. 

Class II. Here the effort P and 
the weight W act on the same side 
of the fulcrum C, but the former acts 
at a greater distance than the latter 
from the fulcrum. 

Cl. ASS III. Here the effort P and 
the weight. W act on the same side of 
the fulcrum C, but the former acts at 
a less distance than the latter from the 
fulcrum. 

214. Conditions of equilibrium of a straight lever. 

In each case we have three parallel forces acting on the 
body, so that the reaction, R, at the fulcrum must be equal and 

opposite to the resultant of P and 11. . . • 

In the first and third classes we see that R and / act m 

opposite directions; in the second class the} act in _^ u " U “V 

direction. In all three classes, since the resultant of 1 am 

passes through C 9 we have, as in Art. 31, • ^ 

a- W_AC = *rmo(P we obscrve that generally in 
bince p - jj( j ann ()t - i y - 

Class I, and always in Class II, there is mechanical advantage, 
but that in Class III there is mechanical disadvantage. 

215. Examples of the different classes of levers are : 

Class I. A Poker (when used to stir the fire, the bar oj the 

grate being the fulcrum)-, A Claw-hammer (when used to extract 
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nails) : A Crowbar (when used i with a point in it resting on a fixed 
support)] A Pair of Scales; The Brake of a Pump. 

Double level's of this class are: A Pair of Scissors, A Pair 
of Pincers. 

Class II. A Wheelbarrow; A Cork Squeezer; A Crowbar 
(with one end in contact with the ground) ] An Oar (assuming the 
end of the oar in contact with the water to be at rest). 

A Pair of Nutcrackers is a double lever of this class. 

Class III. The Treadle of a Lathe; The Human Forearm 
(when the latter is used to support a weight placed on the palm of 
the hand. The fulcrum is the elbow, and the tension exerted by 
the muscles is the effort). 

A Pair of Sugar-tongs is a double lever of this class. 

The practical use of levers of the latter class is to apply a 
force at some point at which it is not convenient to apply the 
force directly. 

In the previous article we neglected the weight of the lever 
itself. If tliis weight be taken into consideration, we obtain the 
conditions of equilibrium by equating to zero the algebraic sum 
of the moments of the forces about the fulcrum C. 

The principle of the lever was known to Archimedes who 
lived in the third century H.c.; until the discovery of the 
Parallelogram of Forces in the sixteenth century it was the 
fundamental principle of Statics, 
v 216. Bait Levers . 

Let AOB 1h> ;i bent lever, of which O is the fulcrum, and let OL and 
0,1/ Lo the perpendiculars from O upon the lines of action -1 (’ and BC of 
the effort /* and resistance H”. 

We have, by taking moments about 0, 

l' <)M perpendicular from fulcrum on directi on of resistance 
ir~oZ. ~~ perpendicular from fulcrum on direction of etiort 

To obtain the reaction at <> let the directions of P and H meet in C. 
Since there are only three forces acting on 
the body, the direction of the reaction 11 at 
O must pass through C\ and then, by Land's 
Theorem, we have 

it = r = ir 

sin ACB sin BCO sin ;IW A 

The reaction may also he obtained by 

* » 

resolving the forces A\ I\ and IT in two 
directions at right angles. 
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In the above articles we have neglected any friction at the fulcrum 
we have also assumed the forces acting on the lever to be ... a plane 
is perpendicular to the axis about which it can turn. If the force- act 
any other directions the consideration of the cqu.hbr.uin would be an 

example of Chap. X. 

217. Pulleys. A pulley is composed of a wheel of wood, 

or metal, grooved along its circumference to receive a string or 

rope : it can turn freely about an axle passing through Us con re 
perpendicular to its plane, the ends of this axle being supported 
by a frame of wood called the block A pulley is said to be 
movable or fixed according as its block is movable or hxed 

The weight of the pulley is often so small, compared with 

the weights which it. supports, that it may be neglected: such a 
pulley is called a weightless pulley. We shall always mg., 
the weight of the string or rope which passes round lie pull, . . 

Wc shall also consider the pulley to be perfectly smooth, 
so that the tension of a string which passes round a pulley is 
constant throughout its length. 

R 218. We shall discuss three systems of pulleys ami shall 
follow the usual order; there is no particular reason foi tin., 
order, but it is convenient to retain it for purposes ot refc.enc,. 

Fmsr SYSTEM OF pullky*. Each string attachedto the 
supporting bean,. To find the relation between the effo, 

“runner” 11)1(1 the weiffht. . . . 

1 In this system of pulleys the weight is attached to the lowest 

pulley, and the string passing round it 
has one end attached to the fixed beam, 
and the other end attached to the next 
highest pulley; the string passing round 
the latter pulley has one end attached 
to the fixed beam, and the other to the 
next pulley, and so on; the effort is 
applied to the free end of the last 

string. , 

Often there is an additional hxed 

pulley over which the free end of the 

last string passes; the effort may then 

be applied as a downward force. 

Let A x , A,, ... be the pulleys, be- 
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ginning from the lowest, and let the tensions of the strings 
passing round them be T it T 2} .... Let W be the weight and 
P the effort. 

For the equilibrium of the pulleys A 1} d 2 , ... we have, if 
w lt iv 2 , ... be their weights, 

rn _ W , «'l rp _X (T , W W x W 2 

■1 2^2’ J- 2 Wo) 22 d" 92 d- c y f 

T — L(T in \ 

-l3 — *(iad- W 3 )= + 2» d- 22 d- -2 , 


If there were n movable pulleys, we should have finally 

W 

o 


P _ T _ , Wi , Vh- , , 

■* n Oil d" 9A ' On—1 *** * • • ' 1_ 


On • 9’i-i. 2 ’ 

. •. 2 n P = W + u\ + 2w, + 2Hv a + ... + 2 n ~ l -w n . 

If the weight of each pulley is w, then 
2 "P = IT + w (1 + 2 + 2*+...+ 2 n_l ) = IF + w (2'* — 1). 

ir 

It follows that the mechanical advantage, -p , depends oil 
the weight of the pulleys. 

Let R be the stress on the beam. Since 7?, together with the force P, 
.supports the system of pulleys, together with the weight 11' we have 

R + P— 11 + W| + ic.» + ... + ?c n . 

l/ & 219. Verification of the Principle of Work. If the 
weight TP be raised through a distance x, the pulley d 2 would, 
it the distance d,d« remained unchanged, rise a distance x) but, 
at the same time, the length of the string joining d, to the 
beam is shortened by x, and a portion x of the string therefore 
slips round d,; hence, altogether, the pulley d 2 rises through a 
distance 2 x. 

Similarly, the pulley d 3 rises a distance 4.r, the pulley d 4 
a distance 8.r, and finally the pulley A n a distance 2 n-1 .r. 

Since d„ rises a distance 2 n ~ l x, the strings joining it to the 
beam and to the point at which P is applied both shorten by 
2' 1-1 . Hence, since the slack string runs round the pulley d n , 
the point of application of P rises through 2 n x. 

Hence the work done on the weight and the weights of the 
pulleys =W .x + w l .x+ w 2 .2x + w 3 . Ac + w x . Sx + ... +«;„. 2 n ~ l x 

= 2 n x. P, by the last article, = work done by the effort. 
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C. 220 Second system of pulleys. The same string passing 
round all the pulleys. To jind the relation between the effort and 

the weight. . . „ 

In this system there are two blocks, each containing pulleys, 

the upper block being fixed and 
the lower block movable. The 
same string passes round all the 
pulleys as in the figures and is 
fastened to either the upper or 

the lower block. 

In either case, let n be the 
number of portions of string at 
the lower block. Since we have 
only one string passing over 
smooth pulleys, the tension of 
each of these portions is P, so 
that nP = W+w, where W is 
the weight supported and w is 

the weight of the lower block. 

In practice the pulleys of each block are often placed paialW 

to one another, so that the strings are not matllc ' ,,i ' tlC ‘ ^ 
parallel; they are, however, very approximately paiallcl, so th. 

the above relation is still very approximately true. 




/-' 221. Thiiu> system of pulleys. All 

the strings attached to the weight. To find 
the relation between the effort and the 

weight. . . , 

In this system the string passing round 

any pulley is attached at one end to a bar 
from which the weight is suspended and 
sit the other end to the next lower pulley; 
the string round the lowest pulley is at¬ 
tached at one end to the bar, whilst at 
the other end of this string the power is 
applied. In this system the upper pulley 


is fixed. 

Lot A„ A 2 , A„ ... be the movable 
pulleys, beginning from the lowest, and let 
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the tensions of the strings passing round these pulleys re¬ 
spectively be T x , T z , T z , .... 

If the power be P, we have clearly T x = P. 

Considering the equilibrium ol the pulleys in order, w e 
have, if w x , w. 2 , ... be their weights, 

T 2 = 2 T x + w x = 2 P'+ iv x , 

T 3 = 2T, + w, = 2 -P -F 2w x + w 2 , 

T< = 2T Z + w z = 2 3 P + 2 -w x + 2w z + w z . 


T n = 2 n_1 P + 2 n ~- w x + 2 n- 3 w n -1 • 

If there were ?i pulleys, of which (n — 1) would be movable, 
we should have, from the equilibrium of the bar, 

T V=T n +T n - x + ... + T,+ T X 

= (2 M - 1 ) P + (2 "- 1 - 1) w x (2 n_a - 1) w % + ... 

+ ( 2 * - 1 ) w „_ 3 + (2 - 1 ) w n - x .(!)• 

If the weights of the pulleys are all equal to w, this gives 
W = (2" - 1 ) P + tv [2»~ l + 2 n ~* + ... + 2 - (« - 1)] 

= (2 M — 1) P + to [2 n — n — 1]. - (2*'-0(r^ w) - 

Stress on the supporting beam. This stress balances the effort, the 
weight, and the weight of the pulleys, and therefore equals 

P-¥ 11 + icj + tc z +■ ... + ip„. 

222. In this system we observe that, the greater the weight of each 
pulley, the less is P required to be iu order that it may support a given 
weight H r . Hence the weights of the pulleys assist the effort. If the 
weights of the pulleys be properly chosen, the system will remain in 
equilibrium without the application of any effort whatever. 

For example, suppose we have three movable pulleys, each of weight w, 
the relation (1) of the last article will become ll'= 15/*+ ll?r. 

Hence, if llic = If, we have P zero, so that no power need bo applied 
at the free end of the string to preserve equilibrium. 

\, 223. The bar supporting the weight II’ will not remain horizontal, 
unless the point at which the weight is attached be properly chosen. In 
any particular case the proper point of attachment can be easily found. 

In the figure of Art. 221 let the distances between the points I), E, F, 
and (», at which the strings are attached, be successively a, and let the 
point at which the weight is attached be A'. 

The resultant of T x , T,, T z , and T x must pass through X. 

Hence by Art. 34, if the weights of the pulleys are neglected, 

... x 0+ 71, x a+T.,xia + 7\ x 3a \P. a + '2P . 2a + P. 3a ,, 

~ T x + T 2 +T..+ T x ~ SP+AP+2P + P n ' 
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224 This system of pulleys was not however designed in 
order to lift weights. If it be- used for that purpose it is soon 
found to be unworkable. Its use is to give a short strong pull. 
For example it is used on board a yacht to set up the back stay. 
In the figure of Art. 221, DBFO is the -leek of the yacht to 
which the strings are attached and there is no 11. Ihe str ings 
to the pulleys A„ A„ A„ A, are inclined to the vertical and the 
point 0 is at the top of the mast which is to be kept erect. 1 hr 
resistance in this case is the force at 0 necessary to keep the 
mast up, and the effort is applied as in the figure. 

225 Verification of the Principle of Work. Suppose 
the weight W to ascend through a space *. The string 
ioining B to the bar shortens by *, and hence the pulley A, 
descends a distance x. Since the pulley A, descends * and 
the bar rises x. the string joining A, to the bar shortens bj -i, 
and this portion slides over A,; hence the pulley A, descends a 
distance equal to 2* together with the distance through which 1, 
descends, i.e. A, descends a distance 2* + *. or .is. Hence the 
string A,F shortens by is, which slips over the pulley A, so 
that the pulley A, descends a distance *x together with 0u 
distance through which A, descends, i.e is + ■! '. oi '• Jh 
first, second, third, ... (« - D«h movable pulleys therdo.e 

descend *, 3x, lx. ... (2— - D * “'«• thc ol 
p descends (2" - 1)#, so that the velocity iatio - L 

The work done by the effort and the weights ot the pulleys 
[which in this case assist the power] 

= p (2 n — 1) a; + (2 n_l — 1) a - + iv.. (2 ,, " u — 1 ) a- + .. . 

+ 3w„-3* + W*-!* 

= X IV, by Art. 221, = work done on the weight U . 


£ v/ 226. The Wheel and 
Axle. This machine con¬ 
sists of a strong circular 
cylinder, or axle, terminat¬ 
ing in two pivots, A and B, 
which can turn freely on 
fixed supports. To the 
cylinder is rigidly attached 


r 


rrr 


w 
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a wheel, CD, the plane of the wheel being perpendicular to 

the axle. . 

Round the axle is coiled a rope, one end ol which is firmly 

attached to the axle, and the other end of which is attached to 
the weight. Round the circumference of the wheel, in a direc¬ 
tion opposite to that of the first rope, is coiled a second rope, 
having one end firmly attached to the wheel, and having the 
“ power,” or effort, applied at its other end. The circumference 
of tlie wheel is grooved to prevent the rope from slipping off. 

If a be the radius of the axle, and b be the radius of the 
wheel, the condition of equilibrium is, by taking moments 
about the fixed axis, P .1 = IF. a .(!)• 

IF b radius of the wheel 
Hence the mechanical advantage = p = - = axle * 

Verification of the Principle of Work. Let the 
machine turn through four right angles. A portion of string 
whose length is 27 rb becomes unwound from the wheel, and hence 
P descends through this distance. At the same time a portion 
equal to 'lira becomes wound upon the axle, so that IF rises 
through this distance. The work done by P is therefore P x 2vb 
and that done against IF is IF x 2 t tu. These are equal by the 
relation (1). Also the velocity ratio (Art. 211) 


27 rti 


- = the mechanical advantage. 
a 


Theoretically, by making the quantity - very large, 


we 


can 


make the mechanical advantage as great as we please; practi¬ 
cally however there are limits. Since the pressure of the fixed 
supports on the axle must balance P anil IF, it follows that 
the thickness of the axle, i.e. 2 a, must not be reduced unduly, 
for then the axle would break. Neither can the radius of the 
wheel in practice become very large, for then the machine would 
be unwieldy. Hence the possible values of the mechanical 
advantage are bounded, in one direction by the strength of our 
materials, and in the other direction by the necessity of keeping 
the size of the machine within reasonable limits. 


227. In Art. 22G we have neglected the thicknesses of the ropes. If, 
however, they are too great to he neglected, compared with the radii of the 
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wheel and axle, we may take them into consideration by supping the 

tensions of the ropes to act along their middle threads. 

Suppose the radii of the ropes which pass round the axle and wheel to 
be v and u respectively; the distances from the line joining the pivots at 
which the tensions now act are («+x) and (/, + >/) respectively. Hence 
the condition of equilibrium is P{b+y)~ H («+■*•’> *° th,lt 

p SU ni of the radii of the axle and i ts rope 
11' = sum of the radii of the wheel and its rope 

228 Other forms of the Wheel and Axle are the Windlass, 
used for drawing water from a well, and Capstan, used on board 
ship. In these machines the effort instead of being applied, as 
in Art, 220, by means of a rope passing round a cylinder, is 
applied at the ends of a spoke, or spokes, which are inserted in 

a plane perpendicular to the axle. 

In the Windlass the axle is horizontal, and in the Capstan 

it is vertical. In the latter case 
the resistance consists ot the ten¬ 
sion T of the rope round the axle, 
and the effort consists of the forces 
applied at the ends of bars inserted 
into sockets at the point A of the 
axle. The advantage of pairs of 
arms is that the strain on the 
bearings of the capstan is thereby 
much diminished or destroyed. 

The condition of equilibrium may 
be obtained as in Art. 22G. 

\/C 229. Differential Wheel and Axle. A slightly modified 

form of the ordinary wheel and axle is the differential wheel 
and axle. In this machine the axle consists ot two cylinders 
having a common axis, joined at their ends, the rad., ol the two 
cylinders being different. One end of the rope is wound loumi 
one of these cylinders, and its other end is wound m a contrary 
direction round the other cylinder. Upon the slack portion ot 
the rope is slung a pulley to which the weight is attached. h 
part of the rope which passes round the smaller cylinder tends 
to turn the machine in the same direction as the effort 

As before, let b be the radius of the wheel and let « and c 
be the radii of the portions A C and CB of the axle. « being the 

1 (l 
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smaller. Since the pulley is smooth, the tension T of the string 
round it is the same throughout its length, and hence, for the 
equilibrium of the weight, we have T=hW. 



B 


W 


Taking moments about the line AB for the equilibrium of 
the machine, we have P.b+T.a = T.c. 

Wc-a , . , , W 2 b 

P = —-— , and the mechanical advantage — -p — * 

M 0 

By making the radii c and a of the two portions of the axle very 
nearly equal, we can make the mechanical advantage very great 
without unduly weakening the machine. 

1 230. Weston’s Differential Pulley. 

In this machine there are two blocks; the upp er contains 
two pulleys of nearly the same size which turn 
together as one pulley; the lower consists of 
one pulley to which the weight W is attached. 

The figure represents a section of the 
machine. An endless chain passes round the 
larger of the upper pulleys, then round the lower 
pulley and the smaller of the upper pulleys; 
the remainder of the chain hangs slack and is 
joined on to the first portion of the chain. The 
effort P is applied as in the figure. The chain 
is prevented from slipping by small projections 
on the surfaces of the upper pulleys, or by de¬ 
pressions in the pulleys into which the links of 
the chain fit. 




Weston's Differential Pullen 


:M3 


If T be the tension of the portions of the chain which support 
the weight If, we have, since these portions are approximate!) 
vertical 8 on ejecting the weight of the chain and the lower 

ulle . 2T= W .O)- 

FU If It and r be the radii of the larger and smaller pulleys of 
the upper block, we have, by taking moments about the centre 

A of the upper block, ^ ^ + y ^ = y R 
Hence 


W 2R 

p ^ t and the mechanical advantage — ~p — p _ 


Since It and r are nearly equal, this mec lwiical advanta ge is 

tPC The C (hdinentiai pulley-block avoids one great disadvantage 
of the differential wheel and axle In 


of the fiinerenbiai .— . . . , . 

great amount of rope is required jn otdm to raise the ** 8 ^ -.A 

through an appreciable distance. . r ■ 

a • V 231. Wheel and Axle with tU pivot resting on ‘pffparing " 

• • I. _—f f hn m /I 1)1 iJ Ol 1 **'•» \ ^ 

A,< 2 «*« * 


oxi iy neei tin** * * - ^ -Ti i- -n* 

Let’ the central circle represent the pivots A or B ot 1> ig.. 

Art. 220 (much magnified) when 
— % 


7 5 


-}8 


looked at endways. 

The resultant action between 

these pivots and the bearings on 
which they rest must be vertical, 
since it balances 1 J and W. Also it 
must make an angle X, the angle of 
friction, with the normal at the 
point of contact Q, if we assume 
that P is just on the point ot over¬ 
coming W. Hence Q cannot be at 
the lowest point of the pivot, but 

. . « • i 1. _ ....... 



q -f 

U > \ # 

b*C * 


the lowest point oi tuo 

must be as denoted in the figure, where OQ makes an ang e 
with the vertical. The resultant reaction at Q is thus veitical. 

Since R balances P and IK, .. R - 1 + 

Also, by taking moments about O, we have 

P .6 — R.c sin X = W a . (-)> 

where c is the radius of the pivot and b, a the radii of the wheel 

and the axle (as in Art. 226). 


16—2 
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Hence 


P=W 


a + c sin X 


b — c sin X 

If P be only just sufficient to support W, i.e. if the machine 

be on the point of motion in the direction then, by changing 

Ti 7 « - c sin X 

the sign of X, we have 1 , — W j ) + cs [ n \‘ 

In this case the point of contact Q is on the left of the 
vertical through 0. 

232. The Common Balance. The Common Balance con¬ 
sists of'a rigid beam AB, carrying a scale-pan suspended from 
each end, which can turn freely about a fulcrum 0 outside the 
beam. The fulcrum and the beam are rigidly' connected and 
if the balance be well constructed, at the point 0 is a hard s e 
wedge, whose edge is turned downward and which rests on a 

small plate of agate. 

The body to be weighed is placed in one scale-pan and in 
the other are placed weights, whose magnitudes are known; 
these weights are adjusted until the beam of the balance rests 
in a horizontal position. If OH be perpendicular to the beam, 
and the arms HA and HB be of equal length, and if the centre 
of gravity of the beam lie in the line OH, and the scale-pans be 
of equal weight, then the weight of the body is the same as the 

sum of the weights placed in the other scale-pan. 

If the weight of the body be not equal to the sura ot the 
weights placed in the other scale-pan, the balance will rest with 

the. beam inclined to the horizon. 

In the best balances the beam is usually provided with a 

long pointer attached to the beam at //. The end ot this 

pointer travels along a graduated scale and, when the beam is 

horizontal, the pointer is vertical and points to the zero gradua¬ 


tion on the scale. 

p 233. To find the position of equilibrium of a balance when 

the weights placed in the scale-pans are not equal. 

Lot. the weights placed in the scale-pans be P and 11, the 
former being the greater; let £ be the weight of each scale-pan 
and let the weight of the beam (and the parts rigidly connected 

with it) be IK', acting at a point K on OH. 

[The figure is drawn out of proportion so that the points mag 

be distinctly marked ; K is actually very near the beam.'] 


The Common Balance 


245 


wh„, h, r-" -■' 

KSESSS"-* «— — h •'■ * 

and B in L,G and iU. 



Taking moments about 0, we bave 

/ /> + s') 0/> = (W + S) OM + b . Ou, 

< , (P + S)(«l»fl-*.infl)-0» r + S)(“c« fl + * 

A ' _ — --—r • . .1* . i. i . i 


tan 6 = 


i/ 234. ««*»*«« »/ " wiU bo the case if the » of 

:r;:E,r' r ritt—---** 

arc placed in the scale-pans. ^ , f tho bcam is horizontal 

To test whether the balance is ' k<j the i, C ain horizontal by 

when the scale-pan is empty, to balance the weight of a body 

putting sufficient weights in one sc 1 ^ ^ wcights ; if they 

placed in tho other ; now inteidial b- hii \ r nc ; if in the second case 

still balance one another, the « l , “' h rt j cu i, the balance is not 

the beam assumes any position inclined to the 

true. . : r the hemu must, fur un\ 

(2 ) The balance must be sensiti , ■ • h scu l c -pans. be 

difference however small, between the weights 

Inclined ilt an appreciable angle to the ^ ^ incliliat ion of 

For a ,«V*« difference -tween 7 ^ b;lUncc ; also the less 

the b^,‘ 10 the weights required to produce a given 

inclination 0. the greater is the sensitiveness of the l.dance. 
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The sensitiveness is therefore appropriately measured by 


tan 6 . , _ _«_ 

p- ip i e ‘ 7 \\”k+(P+ W+2S)h m 


(Art 233.) 


Thus the sensitiveness of a balance will be great if the arm a be fairly 
long in comparison with the distances h and k and the weight IF' of the 
beam be as small as is consistent with the length and rigidity of the 

machine. 

If h is not zero, it follows that the sensitiveness d ependS-Qn the values 
of P and IF . i.e. depends on the loads in the scale-pans. In a balance for 
use in a chemical laboratory this is undesirable. Such balances are 
therefore made with h zero, i.e. with the point 0 in the figure coinciding 
with II. The sensibility then varies inversely with k , the distance of the 

centre of gravity of the beam below 0 or H. 

But we must not make both h and k zero ; for then the points Oand A 
would both coincide with IT. In this case it is easily seen that the 
balance would either, when the weights in the scale-pans were equal, be in 
equilibrium in any position or else, if the weights in the scale-pans were 
not equal, that it would take up a position as nearly vertical as the 
mechanism of the machine would allow. 

( 3 ) The balance must be stable aud must quickly take up its position 


of equilibrium. 

The determination of the time taken by the machine to tako up its 
position of equilibrium is essentially a dynamical question. We may 
however assume that this condition is best satisfied when the moment of 
the forces about the fulcrum 0 is greatest. When the weights in the 
scale-pans are each /’, the moment of the forces teuding to restore 
equilibrium 


= (/' + S) (a cos 6 4 - h sin 6) — (P+S) (« cos 6 —h sin 6) 4- 11 '. k sin 6 


= [2(/’+.S'>/< + IF'.*] sin 6. 

This expression is greatest when h and k are greatest. 

Since the balance is most sensitive when h and k are small, and most 
stable when these quantities are large, we see that in any balance great 
sensitiveness and quick weighing a rc to a certain extent incompatible. In 
practice this is not very important; for in balances where great sensi¬ 
tiveness is required (such as balances used in a laboratory) wo can afford 
to sacrifice quickness of weighing; the opposite is the case when the 
balance is used for ordinary commercial purposes. To ensure as much as 
possible both the qualities of sensitiven ess and quick weighing, the 
balance should be made with fairly l ig ht long arms, and at the same time 
the distance of the fulcrum fr o m the beam should be considerable. 


235. P>y the method of double weighing the weight of a body may be 
accurately determined even if the balance bo not accurate. 

Place the body to be weighed in one sealc-pan and in the other pan 
put sand, or other suitable material, sufficient to balance the body. Next 
remove the body, and in its place put known weights sufficient to again 
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balance the sand. The weight of the body is now clearly equal to the sum 
of the weights. . extremely good machines 

v/ 236 The Steelyards. The Common, or Roman. Steelyard 
JaLhme for weighing bodies and cons,sts of a bar, AB, 

movable about a fixed fulcrum at a point 6. 

At the point A is attached 
a hook or scale-pan to carry 
the body to be weighed, and 
on the arm CB slides a mov¬ 
able weight P. The point at 
which P must be placed, m 
order that the beam may rest 
in a horizontal position, de¬ 
termines the weight of the 
body in the scale-pan. The 
arm CB has numbers en¬ 
graved on it at different 
points of its length, so that 
the graduation at which the 
weight P rests gives the 

WCi t‘ Vll “weight of the steelyard and the scale-,,m and 
0 be the point of the bean, through which W' act. The bean, 

in the movable weigh tP must braced to ba ance 

the'point 0 which 

" th 4Kl-“he scale-pan is 11'(- «/>). lot -Y„ be the 

successive distances CA 26 A > j spaces can be 

put the figures 1, 2, 3, .... ^nc 
subdivided to shew tractions of 1 lbs. 
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V 237. The Danish Steelyard consists of a bar A B, terminating 
in a heavy knob, or ball, B. At A is attached a hook or scale- 

pan to carry the body to be weighed. 

The weight of the body is determined by observing about 
what point of the bar the machine balances. This is often done 
by having a loop of string, which can slide along the bar, and 
finding where the loop must be to give equilibrium. 

Let P be the weight of the bar and scale-pan, and let G be 
their common centre of gravity. When a body of weight W 
(= n P) is placed in the scale-pan, let C be the position of the 
fulcrum. By taking moments about C, we have 

AC.nP-AC. T V=CG.P = {AG-AG).P. 



Hence, to graduate this steelyard, we must mark oft’ from A 
distances equal to h AG, $AG, ... and at their extremities 

put the figures 1, 2, 3 . 

Similarly, for fractional weights, take distances equal to 
%AG, JACr, %AG, ..., and at the ends mark 4, •••• 

The point G is easily determined since it is the position of 
the fulcrum when the steelyard balances without any weight in 
the scale-pan. 

\/ 238. The Screw. A Screw consists of a cylinder of metal 
round the outside of which runs a protuberant thread of metal. 

Let A BCD be a solid cylinder, and let EFGH be a rectangle, 
whose base EF is equal to the circumference of the solid cylinder. 
On EH and FG take points L , N, Q ,... and K, M, P,... such 
that EL, LN ,... FK, KM, MP, ... are all equal, and join 
EK, LM , NP, .... 



The Screw 


•240 


Wrap the rectangle round the cylinder, so that the punt 
coincides with A and EH with the line AD. lhe point / ». 1 

coincide with E at A and the lines EK, LM, M . ‘ 

become a continuous spiral line on the surface of the cyl.nde, 
and if we imagine the metal along this spiral hue to become 
protuberant, we shall have the thread of a screw. 


- 

c 

H 
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It is evident that the thread is an inclined plane mining 
round the cylinder, and that its inclination to the h»mon^thv 

same everywhere and equal to the angle • “ t 

often called the angle of the screw, and the distance 
consecutive threads, measured parallel to the caUu 

the pitch of the screw. The pitch is also defined b> othci 

writers as the distance advanced along the axis of t . ^ 

an angular turn equal to unit angle, so that the pitch = 

with this definition. 

FK 

Also tan (angle of screw) - pp 

distance between suc cessive threads -- 

= circumference of a circle wdiose radius isthe distance Iron. 

the axis of any point of the sciew. 

The section of the thread of the screw has. in practice various 
shapes. The only kind that we shall consider has the 

rectangular. 

239. The screw usually works in a fixed support, along tie- 
inside of which is cut out a hollow of the same shape ast 
thread of the screw, and along which the ''read shd * lhe 
only movement admissible to the screw is torero■> > 
axis and at the same time to move in a direction paiallc to t 
length. If the screw were placed in an upright poM em, an 
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weight placed on its top, the screw would, in general, revolve and 
descend Hence, if the screw is to remain m equilibrium, some 
force must act on it; this force is usually applied at one end o 
a horizontal arm, the other end of which is rigidly attached to 

the screw. 


c/ 240. In a smooth screw, to find the relation between the effort 

and the weight. , 

Let a be the distance of any point on the thread of the scro\ 

from its axis, and h the distance, 

AB, from the axis of the screw, 

of the point at which the eftort 

is applied. 

The screw is in equilibrium 
under the action of the effort P , 
the weight IF, and the reactions 
at the points in which the fixed 
block touches the thread of the 
screw. Let R, S, T, ... denote 
the reactions of the block at dif¬ 
ferent points of the thread of the 
screw. These will all be perpen¬ 
dicular to the thread of the screw, 
since it is smooth, and therefore 
do no work as the screw revolves. 

For each revolution made by the effort-arm the screw rises 
through a distance equal to the distance between two consecu¬ 
tive threads. Hence, during each revolution, the work done 
bv the effort is 

P x circumference of the circle described by the end of the 
effort-arm, 

and that done against the weight is 

IF x distance between two consecutive threads. 

These are equal by the Principle of Work, and hence the 

, ‘ W 'l-rrh 

mechanical advantage = -p = 2 7 ra tan a 

circumference of a circle whose radius is the effort-arm 
= - distance between consecutive threads of the screw 




The Screw 

V^241 f "^Equilibrium"of a' rough screw. To find the relation f [ 
between the efi'ort and the resistance in the case of a screw, when 

friction is taken into account. 

With the same notation as in Art. 240, let the screw be »n 
the point of motion downwards, so that the 

friction acts upwards along the thread. - R A r 

The vertical pressures of the block are 

R (cos a + p sin a), .S’ (cos a + n sin a), ... _ _ 

and the horizontal components of these 
pressures are R (sin a — p cos a), N(sina-/xcosa) ... 

By resolving vertically, and taking moments about the axi* 

of the screw, we have 

]\r __ (ft + S + T 4- ...)(cos a + [i sin a) .(1 h 

and P.b = a(R + S+T+..M* ina-^cosa) .(2). 

p . b sin a — ^ cos a _ sin ) 

Hence = a cos a + ^ sin a _ ^ cos (a - X) 

Pa , x 

... U , = 5 tan(c-X). 

Similarly, if the screw he on the point of motion upwards, 

we have, by changing the sign ot /z. 

Pi = q sin g 4- M c °s g = q tan (a + \). 

IK b cos a — fj. sin a b 

If the effort have any value between P anti P,. ‘ho screw 
will be in equilibrium, but the friction will not he hinitu 
friction. It will be noted that it the ang o a o t ie \ 

equal to the angle of friction, X, then the value of tl. " 

isVero In this case the screw will just remain in cq ul.b, nun 

supported only by the friction along the thread " ^ ^ 

If i<X, P will be negative, i.e. the screw will not descend 

unless it is forced down. 

242. Theoretically, the mechanical advantage in ( 

the screw can be made as large as we I ■« f ^ \n 
sufficiently the distance between the threads ot - • 
practice, however, this is impossible; for, if « ^.minu^the 

distance between the threads to too small a qua, y, ■ ‘ 

themselves would not be sufficiently strong to bca, the stiam 

PUt BTmlTof Hunter’s Differential Screw this difficulty 


r 1 • •> ^ f * * 
f.A/C Z*? 
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mav be overcome. In this machine we have a screw AD working 
“ 'a fixed block. The inside of the screw AD - hollow -d m 
grooved to admit a smaller screw DE. The screw DE is fastened 

at E to a block, so that it can¬ 
not rotate, but can only move in 
the direction of its length. 

When the effort-arm A# has 
made one revolution, the screw 
A D has advanced a distance 
equal to the distance between 
two consecutive threads, and at 
the same time the smaller screw 
goes into DA a distance equal 
to the distance between two 
consecutive threads of the smaller 
screw. Hence the smaller screw, 
and therefore also the weight, 
advances a distance equal to the 

difference of these two distances. 

' Hence, just as in Art. 240, if the screw be smooth we have 

by the Principle of Work 

ir _ 277-6 _____ 

P — 27ra tan a — 2-7ra' tan a! 

circum. of the cir cle described by the end of the po wer-arm 
“ difference of the distances between consecutive threads of 

the two screws. 

By making the distances between consecutive threads of the 
two screws nearly equal, we can make the mechanical advantage 
very great without weakening the machine. 

\ 243. The Wedge is a piece of iron, or metal, which has 
two plane faces meeting in a sharp edge. 

It is used to split wood or other tough 
substances, its edge being forced in by 
repeated blows applied by a hammer to 
its upper surface. 

The problem of the action of a wedge 
is essentially a dynamical one. We shall 
only consider the statical problem when 
the wedge is just kept in equilibrium by 
a steady force applied to its upper surface. 
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Let ABC be a section of the wedge and let to ^ 

equally inclined to the base BC. Let the 

Let P be the force applied to the upper face, H and H tin 

normal reactions of the wood at the points where the swig 

touches the wood, and and the lm-u.ms infe 

assumed that the wedge is on the pom.of be - 

Tet P be applied at the middle point ot BC m a flirecu 
perpe^cnlafto BC, and let the weight o, the wedge be 

negligible in comparison with P. 

Resolving along and perpendicular to BC, hau. 


.(1>, 


and 


Al J{si„|-«cos| = ^'si..“-K'cos 2 ... 

p = fi(l{ + R') cos| + (R + R ‘) sin 2 . 


Hence R = R\ “ n(1 


2 R_ 1 

ja a ■ a 

p cos ^ + sm ^ 


cos X 


sin Q 


+ X 


if X be the coefficient of friction. , , /> v ov a 

The Uie^m greatest: when a 

t,,is w> ;; b. £ 

sw* ... . 

angle as is consistent with its strength. 

244. If the force to°.nlk" the ^ - 

great enough, the forte / i y bc on the point of being 

the point of motion down 1 U its value i. found by 

m Art. ,43, so that « sboi.M bare 

/., = »« (»in“ - a cos“) - 2" sec X sin (| - x) . 

If “ be > X, the value of /*i *» positive. 

„* bo < X, /-, is negative and the wedge could therefore only be on 

the point of slipping out if a pull were applied to ,ts upper sur ^c 

If !_ x , the wedge will just stick tat without the application an, 
2 


force. 
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V245. The IncUned Plane. The Inclined Plane, considered 
as a mechanical power, is a rigid plane inclined at an angle to 

the horizon. 

It is used to facilitate the raising of heavy bodies. 

The equilibrium of a particle on an inclined plane has already 

been considered in Arts. 78—80. 

To find the work■ done in dragging a body up a rough 

inclined plane bg means of a force parallel to the plane. 

As in Art. 78 the force P x which would just move the body 

up the plane is TF (sin a + g. cos a). n T> AC 

Hence the work done in dragging it from A to G — 1 • ^ 

= TF. A C sin a + p.W. AUcos a = W.BC+pW.AB 

= work done in dragging the body through the same vertical 

height without the intervention of the plane 

4- the work done in dragging it along a horizontal distance equal 
to the base of the inclined plane and of the same roughness 

as the plane. 

> £ 

' 246. From the preceding article we see that, il our inclined 

plane be rough, the work done by the power is more than the 
work done against the weight. This is true for any machine, 

the principle may be expressed thus : <:i 

In any machine, the work done bg the power is equal to the 

work done against the weight?together with'%e work done against ■ 
the frictional resistances of th'd'machine, ana the work done against 
the weights of the component parts of Uu^jnachin^. 

The ratio of the work done on the weight to the-.work done 
by the effort is, for any machine, called the efficiency of the 
machine, so that, dnriinr any small displacement. 

Useful work done by the machine 
Efficiency = - \y or k supplied to the machine 

<*- 4 “ Let P„ be t he effort required if there were no friction, and P 
the actual effort. Then, by Art. 211, 

Work done against the weight 

= P 0 x distance through which its point of application moves, 

and work supplied to the machine 

= p x distance through which its point of application moves. 
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Hence, by division, 

p a Effort when there is nofriction 
Efficiency = p = Actual effort 

We cau never get rid entirely of frictional resistances, or 
make our machine without weight, so that some work must 
always be lost through these two causes. Hence the efficiency 
of the machine can never be so great nsunity. fk .l l^\ ( niore neat 1> 
the efficiency approaches to unity, thTfUter is the machine. 

There is no machine by whose use we can create work, and 
in practice, however smooth and perfect the machine may be, we 
always lose work. The only use of any machine is to multiply 
the force we apply, whilst at the same time the distance through 
which the force works lessened... 

247 'Friction exerts such an important influence on the 
practical working of machines that the theoretical mvestigatio n^ 
are not of much actual use a nd recourse must for any paiticul.u 
/ machine be had to cxperm^nt. The method is the same tor all 

kinds of machines. . 

The velocity ratio can be obtained by experiment , for in all 

machi^nr^quals the distance through which the effort moves 

divided by the corresponding distance through which the wugh , 

or resistance, moves. Call it n. 

Let the weight raised be W. Then the the oretical effiut 1 

corresponding to no friction, is j[. Find by experiment the 

actual value of the effort P which just raises IF. The actual 

mechanical advantage of the machine is " , and the efficiency 

of it is, by Art. 240, p . 

248. As an example take the ease of a class-room model of a differential 
wheel and axle on which some experiments were performed. 1 he machine 
was not at all in good condition and was not cleaned before use, ami no 
lubricants were used for the bearings of either it or its pulley. 

With the notation of Art. 229 the values of «, />, and c were found to c 

03, and 3 inches, so that the value of the vdocit X _mtio 

This value was also verified by experiment; for it was found that for 
every inch that W went up, P went down nine inches. 
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P was measured by means of weights put into a scale-pan whose 
weight is included in that of P; similarly for IF The weight of the 
pulley to which TF is attached was also included m the weight of H. 

The corresponding values of P and IF, in grammes' weight, are given m 
the following table; the value of P was that which just overcame the 
weight IF. The third column gives the coiTesjJouding values of P«, i.e. 
the effort which would have been required had there been no frictional 

resistances. 


i 

IF 

- 1 

p ! 

P - W 
P °~~n 

-w- H 

F- Po 

E -P 

II 

*153 

m ^ 9*rn * 

i 50 

28 

5-55 

•2 

1-79 

X"V MM X"% 

| 100 

36 

1111 

-31 

2-78 

! 150 

45 

16-67 

•37 

33 

1 250 

60 

27-78 

•46 

4*17 

I 450 

90 

50 

•56 

5 

650 

119 

72-22 

•61 

5*46 

X V 

850 

147 

94-44 

•64 

5-78 

1050 

175 

11667 

•67 

6 

1250 

203 

138-88 

•68 

6-16 

1450 

| 232 

16111 

•694 

V 

6*25 

4r l 

I 

___________-.—--- 

J---— 

_111- 

_ 


1 


The fourth column gives the values of E, the corresponding efficiency, 
and the last column gives the values of Jf, the mechanical advantage. 

On plotting out on squared paper the above^results^ thq points giving 
p are found to roughly be on a straight line goint throu|h^the third_and 
—last of the. above. Hence the relation between P and IF is of the form 

W+bj where a and b are constants. 

Also P=45 when 1F= 150, and P=232 when 1F=1450. 

Hence «=144 and 6 = 23 4 approximately, so that P= 144 lF+23’4. 
This is called the Law of the Machine. 


Also 


Hence 



P 0 =JTF=-1111F. 

•Ill IF * , TF__IF_ 

•144 W+SOA ~ "P “ 144 IF 4 - 23*4 * 


These give E and M for any weight IF. 

The values of E and M get bigger iis IF increases. Assuming the 
above value of E to l>o true for all values of IF, then its greatest value is 
when IF is infinitel y great, and is then about *77, so that in this machine 
at loist 23 % of the work put into it is lost. ^ 

So tl^greatest value of the mechanical advantage = ^-= about 7. 

If the machine had been well cleaned and lubricated before the 
experiment, much better results would of course have been obtained. 
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249. Just as in the example of the last article, so with any other 
machine the actual efficiency is found to fall considerably short of unit . 

‘ There is one practical advantage which, in general, l^hn.gs ^ mac nn s 

applied provided that the cffic.ency .s less \ >v ^ on 

!«3S5t r=x sa»“fr, ?. 

srtf^J»^WK!S&5; 

then the load will not run down if the ethe.eiKT ^ ? 

■ ^"t£ r»lley (Art. MO), » -u».,v 

constated the^cteu^UW. than i ; , "fttC 

and ‘the chain let go. This property of not-overhauling compensates, ... 

.. 

. “! =s sswr-Js ^rrs= 

2- r *= »• 

Mechanic* or other works on Applied Mechanics. 

EXAMPLES 

1 I f the centre of gravity of a wheel and axle he at a distance « from 
the axis shew that the wheel can rest with the plane through the axis and 
:l:l Tt™ of gravity inclined at an angle less than d to the vcrt.wd, where 

Bi „ eJ- sin 4, b being the radius of the asle, and <f> the angle of fnut.un. 

2 The arms of a balance are equal in length but the beam is unjustly 
loaded ■ if a body ho f.laced in succession in each scale-pan and weighed, she 
“ true wight is the arithmetic mean between ,ts apparent we.ghU. 

^ 1 arms of a balance are of unequal length, but the '-earn 

remains in a horizontal position when the scale-pans are not loaded . sho 
that, if a body be placed successively in each scale-pan, its true «c g * 

th x ^u,rif a 1 ^"^: r*;> *. t ^ * 

the same substance, using alternately each of the scale-pans, he «,11 
defraud hiinnelf. 


h. 8 . 
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4. If a balance be unjustly weighted, and have unequal arms, and if a 
tradesman weigh out to a customer a quantity of some subst&uce by 
weighing equal portions in the two scale-pans, shew that he will defraud 
himself if the centre of gravity of the beam be in the longer arm. 




* 

? 






^ 5 . A common steelyard is graduated on the assumption that its weight 
ts f/and the movable weight is Tl', both which assumptions arc incorrect. 
If two masses whose real weights are P and ft appear to weigh P+ X and 
R + )' shew that the weight of the movable weight and the steelyard are 

w t^ e i r assumed values by ~ ( A' — I') and ~j(X — Y) — ^(/ J Y— JtX), 

L where I)=P— f{+ X - Y, and h and a ate the distances (both measured in 

■* _the same direction) from the fulcrum to\the--■■Centre of gravity of the bar 

*- / )^-~*^trn(l to the point of attachment of the substance to,be weighed." 1 ^ 

•A to. 

r—) w 

) o. - o.(p-vx-R-Y) 1 


-—and to the point of attachment ot the substance to ,do woignea. M ^ 

_Shew also that a body whose rea^weight is .^-appears to weighq^ (pTa)^ 

i <x / /’ . • A * <r U+r-r-x)«._ 

v— . w .„ xu’-'n+pr-R x < 

^ o.( P-VX-R-Y) - -5/ + P— It . _ . . , ,-- P 


r. v b.*r= qi.(x-'r) -+ 





IF*- tan (« 4 -X), and, when there is no friction, it is IT ^ tan a. 


As in Art. 247 the efficiency, E , =the ratio of these 


_ tan a sin (2a + A) —sin X _ i 2 sin X _ 

— tan (a -t-A) — sin (2u + X) 4-sin X sin (2a 4- X) 4 -siu X ' 


E is greatest when 2« + X = 90 


7. An ordinary block and tackle has two pulleys in the lower block 
and two in the upper. What force must be exerted to lift a load of 
300 lbs. I If on account of friction a given force will only lift -45 times as 
much as if the system were frictiouless, find the force required. 

[75 lbs. ; 16Gjj lbs.] 


8 . In a block and tackle the velocity ratio is 8 : 1. The friction is 
such that only 55°/o °f the force applied can bo usefully employed. Find 
what force will raise 5 cwt. by its use. 43C x *. xf = *'x \ [lrv ; b cwt.] 


9. In some experiments with a screw-jack the values of the load IF 
were 150, 180, 210, 240 and 270 lbs. wt. and the corresponding values of 
the effort P were found to be 20-9, 22-7, 25-75, 28*4 and 31*4 lbs. wt.; 
assuming that P=a+b IF, find the approximate values of a and b. 

[5*3 ; *097.] 
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10 In some experiments with a model block and tackle (tbe -ond 

system of pulleys), the values of IP (me. u<hng X*™** ' f ™ 

block) and V expressed in grammes weight were lound to he 

ir=75, 175, 275, 475, 075, 870. 10 »*; 

P.25, 48, 71, 119, 100, 214, 204. 

Also there were live strings at the lower block FwA 

relation between P and IP, and the correspond,ng -dues^for^ ^ 

and mechanical advantage. Draw the giap o , + , 236 „• ] 

U . The following table gives the load i»,tons upon a cry and the 
corresponding effort in lbs. wt.: V,W ^ — 

Load 1, 3, 5, ». } 0 ' . l ' = .j 

Effort 9, 20, 2», 37. «, '>'• <*• 

. « i i x l -w 


IMIUru *Jy . 

Find the approximate law of the .^Uo 1 ^ 5W C 

at the loads 5 and 10 tons, given that ^,^.3 + 4.7 jj'; -8 and 88.] 

11 A weight is lifted by a screw-jack 

« - - the 

following table: _ - 7 8 10. 

IE* 2: 32 ; to: £ «. 

Find the approximate law of the niachinc^and^lcula^ offic'CM} 
for the weights 4 and 9 tons. L 
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EQUILIBRIUM OF**STRINUS AND CHAINS 


250. A perfectly flexible string is such that the action 
across any normal section of it is a single force whose direction 
is along the tangent to the string. This section is supposed to 
be so small that the string may be treated as a curved line. 
The string otters no resistance to being bent at any point and 
hence possesses no rigidity of shape. A chain, whose links are 
very small and perfectly smooth, may be treated as a flexible 

string. f 

In the case of a string which is not perfectly flexible, or ot a 

wire, the actions across any normal section do not reduce to a 

single tangential force, but to a single force and a couple as we 

have already seen in Chapter VII. 

ca. A-<.131251. A uniform heavy ine.vtensible string hangs freely under 
the action of gravity; to find the equation of the curve which it 

forms. 
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Let C be the lowest point of the curve, P any point of the 
string such that the arc CP = s: let T be the tension at P and 

T 0 the tension at C. . , \ 

Then the portion CP of the string is in equilibrium under 

the action of T, T„ and its weight, which is ». where « is ■ 

the weight of the string per unit of length. . . 

If /be the inclination of the tangent at P to the honzonta , 

we thcn have T COS yfr = T 0 .0). 

and Tsin yfr = ws . 

Let the tension at the lowest point be equal to the weight 
of a length c of the string, so that fl-wcjtnd hence 


tan y = ijr = 

* o 


3). < 

C * f 


ws s ti* ;-«<• 
» 

0 


„ d y. = £ if the axes of a- and y be respectively h orizont al and 

l * e * dx c' - 

vertical. Differentiating, we have 


* J 


AJ« 


dx 


J 


dry 

dor 


, y 
# 

c-i'd 

f 


O') 

(_.s «••*»*—* 

V 


I l I 


yd r * 


-• 


■ • 


y ■ - &> 


w 

V 


= - + const, 
c 


w 


t ("dy , A , ( a J 

On integration, log ^ + V 1 + VdS 

If the axisofjg be taken to pass through we have ^ = <> 
h e n aT= 0, and hence this constant vanishes. 

... - *■ 


N„. -j'+v'i ■' Ul) /, Mn 

dx V \dxj 


a* 

- = 


Hence, by subtraction, 

d_y = 
dx 2 L 


W 
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On integration, V\e°+e c \-\-A. 

“ L J ( u/i •- w^t 0 ; 

If the origin O be taken at a depth c belowJT, we have 

y = c when x — 0, and hence A — 0. 

The equation to the curve with the axes so chosen is thus 

* % . All 

y = | JV + e c J = C cosh ^ .( 5 )-V .11 

This curve is known as the Common Catenary, and Ox is 

. . Or 

called its Directrix. 

Equations (3) and (4) give 

s = c tan y\r = c d Jt = % \f~ e e ] = c sinh ^ .(6). 

. <*> . 

From these two equations A we have 

?/ 2 = c a + s 2 .... • • 

* x) # —-;-. 

This, together with equation (3), gives 

y * U = c sec yfr and s — c tan yfr .(8). 

If PiV be the ordinate at P and NY be drawn perpendicular 
to PT , then the angle YNP = -\p and hence, from (8), we have 

* »“'*■ NY = c = OC, 


and PY = s = the arc CP. 

* "f r * 

(1) now gives T = wc sec yjr = wy, p * car - 

i.e. the tension at any point P of a Catenary is equal to the weight 
of the portion of the string whose length is the vertical distance 
between P and the directrix. 

The quantity c, which defines the size of the Catenary, is 
called its Parameter. 

y *-**t£- •>-*<* *£>- 

252. For all values of c, an ap proximation, to the form of the 
curve for smal l values of x is 2c (y —c) = x 3 ', this is seen from 
equation (5) of the last article by expanding the right-hand side 
in powers of x. Hence, in the neighbourhood of the lowest point 
of the Catenary, the curve approximates in form to a pa r abola. T 

_X 

For large va lues of x compared with c, the value of e c is 
negligible, and the Catenary then a pp roximates in shape to the 
Exp one ntial C_ury£. 
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Sag of a chain 

/o 53 EX. 1 A uniform chain , of length 2l , /«« if* ««* 

/ « 3 ofthe&Uin, and that the “sag," 

equal to the weight of a length \/ G(/-«) ‘ _ _ 

0 / Me (aired pend of Me Mam M» •« «*■ '* * ^ <' ” a> 

""sfuco I is very little greater then «, the tension of the chain must be 
very great and hence c must be large. n ( , 

Equation ( 6 ) of Art. 251 then becomes ']' 

The Exponential Theorem gives, on expanding, ^ 

t= l[ 2 c + 2 'fe i+ '"] =a+ « ? + I55?+ "" .—3- 

A first approximation is then /-'<=$• “ nd l,l!, ‘ ce '" = V 6(1-*)’ 
m that the tension at the lowest point is equal to a weight of this length 

° f Thforimate of the end of the chain is, by equation (5) of Art. 251, 
given by 2 , 

y-|[.‘+."]-i[*+*4 +2 -^ l+ -]" , ' + a’ + a?+ "'' 

Hence the sag of the lowest point 

—g “pp- -***!=* 

■ It W 1 „w» easily that if d U the sag of the lowest point then the 
tension there is approximately equal to a length_**«» chain. 

Me inclination of Me wire <e Me »ro»»d « * «« | • 

, + 7 , 2 w ', tr/iere is u Me ire,y,f »J 

Mere and at Me ground are >e M ana M 

<** wire P‘ r of leH / , !‘L or., /• i8 the kite and C is on the ground, so 
With the figuro of Art. 2 )1, ' •» ? 
that ,V/' = /. + e and hence, from the trump e A T 

(/ , + e)»=A'r»+r/«-e« + ft. 

. . t 2/l 

. « _ * 1 =A 2 , so that tan | - * • 

Also cos + - j t “ p + / t s» 2 / 

Also the required tensions at /> and C are ». PS and ».c. 
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Ex 3. *4 heavy uniform string 90 inches long hangs over two smooth 

pegs at different heights. The parts which hang vertically are of lengths 
So and 33 inches. Prove that the vertex of the catenary divides the whole 
string in the ratio 4 :5, and find the distance between the pegs. 

Let s x and *. be the distances of the two pegs from the vertex C of the 
catenary, so that +*>=27. If c be the parameter of the catenary then 
by equation (7) of Art. 251, *,* + <:* = 30* and */ + C * = 33* ; for the ends of 
the strings must lie on the directrix of the catenary by the last property 
of Art. *251, since the tension of the string is unaltered by its passing 

round a smooth peg. 

S\ + oO 4 

Hence, easily, = 10, s 2 = 17 and c = 20 v -, so that ^^ 33 — 5 • 

Also if .c, and .r a are the abscissae of the pegs, then 

30 = ^ cosh — 1 and 33 =5 cosh . 

2 c 2 c 

Hence the total horizontal distance between the pegs 

,r , ,3 V '*2 , , _, 33 2~| 

= 20 J2 cosh ~ 1 + cosh *—^-J. 

Ex. 4. A uniform chain , of length 2 1 and weight W, is suspended from 
two points , A and li, in the same horizontal line. -4 load P is now suspended 
from the middle point D of the string; if A U = 2a, find the depth below AB 
of the final position of I). 

Let C be the lowest point of the catenary of which DA is a part; let 
its parameter be <*, let the arc CD = s and let the ordinate of D bey. Then 

/'= vertical component of the tensions at D = 2Ts\n (Art. 251) 


— •> 


M .< * 

• 2 7* v=" r 


Also, by equation (7) of Art. 251, 

and (s + /)- + e- = (j/ + iff .(1), 

if h be the required depth. 

IP , 1 - ir +2 P h 

1 licse equations give $— jp > auu y — jj,- m y . \~)* 

Also, if .v be the abscissa of />, then by equations (ft) and (G) of Art. 251, 


JT+O 


wo have 


y + s=cc e , and y + h + s + l = ce 


r .> + / 
c = 1 H-— 


y + s 


On substitution from (1) and (2\ we have an equation to give h . 

p no . Ex. 5. -1 c/iai/iy of length *2/, is hung over tiro s mall smooth pul-l eys 

which are in the same horizontal line at a distance 2a apart; to find the 
p ositi ons of equil ibriu m and to determine whether they are stable. 
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n~ 


Since the tension of the chain .- a . a 

is unaltered by passing over the 
pulley, and since on one side it is 
equal to the weight of the free part 
AN\ and on the other it is equal to 
V the weight of the chain that would 
stretch vertically down to the 
directrix (Art. 2. r >l), it follows that 
N and al so N'M e on the directr ix 
of the catenary. 



Hence 


J=arceJ + Hnc^V=|[y-e ']+|[e c +e 


where c is the parameter of the catenary. , . r . , ( 

Equation (1) cannot Ite solved algebraically, but a _ Rn»|.h.c x.jn«^ t <f.«. 
yX obtained as follows when ,< and I are given nun,or,rally. 


may 


Put - = X ; then e X = - X 

c a 


■ (-’ 


Draw the curve Y —c X and 


l 


the straight line Y= X. 


The points, Qand It, in which 
they cut give, on measurement 
of their abscissae, approximate 
solutions for X and hence for c. 
It is clear that there will be two 
real, coincident or imaginary 
solutions according as 


V* . 


ba-J. •-< <- 


tw. 




l 


- I tat! POX, 


a 


where OP is the tangent from O 
to the curve. 

Now P is given by 


Y . nnv dY x 
=tan POX = -7-T>=t' 

A t/A 


Y, 


/ 

/R 




// 

P 


n 


Q 



y 


and is therefore the point (1, e), 
so that tan POX=e. 

There arc therefore two, one, or 
no possible catenar ies according as 


/ | «e. 


One catenary will be somewhat jus 
drawn in the first figure and the other 
as in the annexed one. 

The parameter c of the first case is 
clearly greater than in the second. 
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Stability or instability. By Ex. 2 of Art, 144 the height of 
centroid of the catenary above its directrix = CX ±^ 

■2s ’ 

• its depth below A A'=,/ - _ 2/ 8 ~xc 

2a ' 2s • 

Hence the depth below A A' of the c.o. of the whole chain 


2s.^ Xc . + 2yJ 

_if_- __ 2T+1/3—XC 

-* + 2y 2 (y+s) * 


Now in the abov 


,-e case .r=a; y = |( e ° +e ? 

and l=>y + s = cec. 

■ ■■ depth below A A of the centre of gr avity of the whole chain 
« l c r l r“l 

= Ha£jz « _ cjU + fJ~ 1 ' _ P+c»-3«c _ (j* _ „*)+(„ _ a) . 

- „ l T7 ‘ — - n -. 


2e< 


2 /_ 

c 


bel“ 0, ‘x!l’- th r' e , ? reat ° r , ia thc of ‘be centre of gravi 

and the second is th^isSb^™ thB 1>0 “' bl0 curves is ‘bo stable o, 


po,^PaJ,r,t "7"? 0/ '•»#* 1 « to f» 

/. and k from P ■ t, r! / “’“• v , '° r ‘*°'d«l and vertical distance 

iJ'l''i /»«"»"«• « »/«<• m «*** .V 


l 


T n , . ■ # * we catena™ in which it rests 

iuo “.;f «“■*• 

1 ben the equations of that article give 

•" = £>(/+' c ] . . 

r z ~ *+A 

y+ *‘±[ e c + ‘~" 1 .v. 


V 

uati 


f -v be 


Kill] 


1 =.- 


r £+A £+A x x 

P-'l 


v. 


Q 

■ T+h -i- .r /, 

/ + /=fV *• - 


(4), 


X 

c 


X 

c 


r /# 

An *( • -I cftUtJ — /-= — Ct f 
■•"■A are mi // (( ? 

p ositio ns of equilibrium ~ ~-i SL !L 

+ C « iv »ng ±\ / / 2-^. 2 = c [ < t 2c _ t ," 2r ] ( 6 > 


+ ce ‘=ce ‘(l-e c ) .(5). 

A A 
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This equation cannot be solved algebraically. A graphic solution 
may be obtained by putting ~ = X, s0 that (6) gives 


sinh X= + ^ l '~^ x 
~h 


■(7\ 


and hence X is given as the point in which the straight lines 

r=± )/EEE x 

meet the curve r=sinh X. 

On drawing the curve we obtain two equal and opposite values for A\ 

and hence two equal and opposite values for r, provided that > j, 

l e ' }* ov,ded that 1 greater than the length PQ. '' 

eauatil'Tir ° f C beiDg , n ,° W known 10 *»y degree of approximation, 
Sereforeii TT* \ ^ ^ eqUation (1) « ives .'/• The solution is 

taken Fn P 6 V 11 18 c uar fcl)rtt on, J the positive value of c need be 
taken. For a negat.ve value of c would make y negative. 

obtaSTv S ih& l a V,llU i° ** an a l , l ,roxinmte solution of (7) has been 
y graphic methods, a further approximation may be obtained 

»>y analysis. For, taking the upper sign in (0) and putting ^ ^ = X, 

WC PuUine r 1VC r nh / =X * r ’ Where X * i8 ““ »PI»roximate solution. 

Putting A = A l + £, where £ is small, we have 

sinh (A', + £)=A (A', + £), 

i c - sinh X x + £ cosh A', + ... = A (A', + £), by Taylor's theorem, 

icncc, neglecting Squares of £, we have 

£ = X : LTL?’] 1 h -V, _ vV- - /-* A', - i \ 
cosh X i — X l .i“ ~ 

“^t^ 1+fiaa ^ mdai)i)rojimiit . 




«wut « 2 j W1 ““ a8 ,,f 1 foot 

'pc, 2 i0O A f^ |,h “ co “ t ^‘«d <>f N 

i f ? : 1,0 '«tw TO „ 

, feM } foot 1,1 the middle. Show F 
aWt 205 lbs. wt. t. = !oV 


3 ‘ A trolley-wire is curried r 
1 lie poles are 40 yards apart, 
sags down 0 inches below the . 
per yard, show that the rr 
nearly 180 lbs. wt. 



/ 
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2.CI0) AUo 

4. From statical considerations shew that the taggents at any two 
points P and § of a Common Catenary intersect on the vertical through 


the centre of gravity O of the arc PQ. 




O. A uniform heavy chain, of length 155 feet, is suspended from two*: 
points in a horizontal plane which are lSo feet apart; shew that the , 
tension at the lowest point is nearly 108 times the weight of the chain.3j a t 

6. If a uniform chain be fixed at its ends, and any number of its 
links be free to move along smooth horizontal wires in the same vertical 
plane as the chain, shew that the parts of the chain between these 
successive links are all arcs of the same catenary. 

7. If the velocity of the wind bo the same at all heights, and its 
effect on the string attached to a kite be negligible, shew that as the kite 
ascends the force required to hold it diminishes. 

>^X8. A uniform chain, of length 2 1 and weight IF, is suspended from 
two points, A and B , in the same horizontal line. A load P is now 
suspended from the middle point D of the chain and the depth of this 
point below AB is found to be h. Shew that each terminal tension is 

/i 2 + l 2 


i [pi 

2[_ h 


+ IF 


2 hi 


! J- 


9. AnJ.,clast,o string, of length 2 1 end weight w per unit of length, 

is suspended from two points at the same level and at a distance adaiSt 

equations to determine the lowest point of the string below the 
ivnnt of suspension. - 

■ ,CT i.oint% r if0rt “ 3triug ’ ° f leugth l > suspended from a fixed 

S^Cieh t ofTt If " " d B * • >ul,ed horisontaUy by a force equal to the 
g of a length he string, shew that the horizontal and vertical 


■j: 


'stances 


B are a sinh -1 - and JP+a* - a. 





f length /, is to be suspended from two points, 
ntal lino so that either terminal tension is 
it. Shew that the span A B must lie 

- log« [a 4- \ f n* — 1 ]. 


w, from the Tables, that the longth is 


•» the ground from tho bows of a ship 
: d in a straight line away from the 
nd is attached to a heavy anchor 
ns to move it. Tho vertical part 
t the chain weigh jier foot in 
* off' tho ground by the ship 
'ust sufficient to move the 

[68 6... lbs.] 
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% 

13. A barge is tied by a uniform chain 20 feet loner ««« e 1 • . 
is attached to the bow / and the other £ tL top^Ta ^ t ° tS? 

12 feet higher than B ; the stream exerts a force of lbs weight on the 
barge and the chain has a mass of 1 lb per foot • shXrfhJTul? 
of B from the vertical through A is 30 log^ tot ’ d ' sU '“* 

h 0 rhM"nt^iy V l:hc/^)^ft!^t S vo^«:^y 8 * S s^^e t ^:T^mV ^ th(^te n ^ , ^ ^ 

point is about 405 ,h, wt„ the w^^ “ 
v^tl)iri g k R “ f a !l n ^V'a“fh ‘7 **•*• ' n "‘ in the .rate 

/- (\(\q a @ / a + fl 
K 008 —g— == * cos —— , 

«. .™ l r/*i h urs‘ *£ z s “ ■* -< - »*— 

rod which passes through A. U the weight oft!°" “ h ° riz0ntal 

We ‘ ght 6f ‘ h0 °“ n - ** greateat^fh^S^rs 

^logLX + ^l+X^j, where * ( 2 , < + 1) 

and hJh the coefficient of friction. 



s;:s-“‘"aGSfiss:rr“.“ * - 

the table in a vertical plane through P a * ! h ° 8tnn S «»ts on 

-Srrx: rs? - 


- 0 , 


'th of the string. 

th Dart on 
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20. A uniform string, of length 18a feet and weight 3 W pounds, lies 
on a horizontal smooth table along with a rod, of weight 2 W pounds to 
the ends of which its ends are attached. When the middle point of the 

pressure on the table just vanishes. 
Shew that the length of the rod is 16a log, 2 feet, and that the work done 
is 


\A: 


J 11 a (15 + 64 log, 2) foot-pounds. 

«- 21 * A tele S ra I >h " ire is made of a given material, and such a length l - 

n>«-+5* stretched between two posts, distant d apart and of the same height, * 

aS lircKluco tlle least possible tension at the posts. Shew that 

1= - sinh X, where X is given by the equation X tanh X = 1. 


^o~-^254. A string hangs under gravity and it is loaded so that 

the weight on each element of it is proportion al to the horizontal 

projection^ of that element; to shew that it will hang in the form 
of a puj'ubola. 

Let T be the tension at any point P and T 0 that at the 
lowest point A, Draw the tangent 
PT and the perpendiculars PN, PM 
to the horizontal and vertical lines 
through A. 

Since the weight of each ele¬ 
ment of the string AP is propor¬ 
tional to its projection on MP, it 
is clear that the abscissa 
centre of gravity of * 
as that of '1'” 
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Also 


sl 






Since the vertical through T bisects MP it w\lv*l so bisect 
the straight line AP. The curve is thus such lilt the line 
parallel to its axis through the intersection of two of it&tangents 
bisects the .fee joining their points of contact. But%is is a 

lunuamental property oflKb parabola; so that it is clear without 
any analysis that the curve is a parabola. 

25 ® , Tl ‘ e «>keu verytiyluly stretched, becomes 

ultimately a jmrabohi to a first approximation. 

Since cjs the length of the string whose weight is equal to 
the tension at the lowest point, it becomes very large 

lowest t0 11,6 CatCnary ' rCferrC<1 l ° 3X08 throu « h 


y + c 




W the Exponential Theorem, = c + ^ , ** , 

Q o + 24 c* + 


• • • • 
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these chains hang supporting chains or rods which carry the 
roadway of the bridge, these supporting rods being usually at 
equal horizontal distances from one another. 

The weight of the chain itself and the weights of the 
supporting rods may be neglected in comparison with the weight 
of the roadway . The weight supported by each of the rods may 
then be taken to be the weight of equal portions of the roadway, 
so that we have the case of Art. 254. Thus the figure of the 
chain of a suspension bridge will approximate very closely to 
that of a parabola; the closer the supporting bars, and the 
lighter they and the chain are in comparison with the roadway, 
the more nearly will this figure approach to a parabola. 


Ex. 1. The whole load of a suspension bridge is 200 tons evenly 
distributed over its horizontal span, which is 150 feet, and its height is 
20 feet; shew that the tensions at the lowest point and at the points of 
support are 1874 and 2124 tons weight respectively. 


» 1 ' 



I A- 


IV ^ 

Ex. 2. Shew that the tensions at the ends of a chain whose span 
30 feet, t lie depth at its lowest point below the level of the supports 10 feet, 
and the load, which is uniformly distributed across the span, half a ton 
r4(W per foot run of the span, are each 9*375 tons wt. 

i' Cl 



Ex. 3. If -a chain, of 
l>etween two points A and 
/• is the vertical depth of t *> 

shew that the te~*-‘ 

- -r' 


length l and weight IF, is stretched tightly 

li which are..not in the same horizontal and 

• • ** ». 
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Q./ 


11106 


5iX 


/__ * .... . - . . i • i U\~-bfS4 

V 257. General ^equations of equilibrium of a string which 
rests under the action of any given forces. 

Suppose the string to be in one plane in which the forces 
act. Let P be any point , 

(x, y) of the string, whose ^t+oT 

arcual distance from a fixed ' 1 

point C is s. Let Q be a y 9/ 

point very close to P, so moii / 

that PQ = Ss, and hence Q / 

is the point {x + Bx, y + By). fp 

Let T and 7’+ BT be _ 

the tensions at P and Q. ~c 

Let the forces per unit 

of mass of the string at P _ 

be X and Y, so that on the ° x 

element PQ the components parallel to the axes are mBs . X and 1 

mBs. Y, where in is the mass per unit of length. ” c 

[Strictly speaking these components do not act at P, but at 
the various points between P and Q; we are however ultimately 
taking PQ very small, so that no error is introduced by making 
them act at P.l 

dx 

The tension at P resolved parallel to the axis of x is 'T , 

and this is clearly equal to some function, f(s), of the arc s, 
since it depends on the position of P. 


.- *r 


q.y.- r I.Vry 
Ck i 7or 


jThe tension at Q, resolved parallel to Ox, similarly .7 

=f(s + Bs) =/ (s) + Bsf («)+..., by Taylor’s theorem,, T L 


= r d f + s* £ (r d £ 

as as V as 


( r S + --l 


Equating the forces on PQ in the direction of the axis of x, 
we then have 

r% = mss.x + r£ s + s. d a (r'£) 

+ terms containing squares and higher powers of Bs. 

After cancelling and dividing by Bs, make Bs very small, i.e. 
make Q approach indefinitely close to P, and we have 

d / dx\ 

*( r 3 + “ jr -°. (1) - 


I-. H. 
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have 


Similarly, resolving the forces parallel to the axis of y, we 


d ( T dy 
ds V ds 


) 


-f- r)i Y — 0 


( 2 ). 


If the forces, A’ and Y, and also the mass m, be known for 
every point 1* of the string, the two equations give T at any 
point and also a differential equation for the form of the string. 

258. Ex. 1. Suppose the string to be uniform and to hang freely 
under gravity as in Art. 251. Then, the axes being horizontal aud vertical, 
we have A'=0 and f= - g. 

Hence (1) and (2) become 

i( T -£)=° a,,d s( r a) = " w - 

I he first gives T = const. = mge (say), and hence the horizontal 
tension is constant throughout the string. 

On substituting for 7’in the second equation, we have —(c =■ 1 

ds \ dxj ’ 

dl l' = 1 d± = 

d.v - c dx c \l ’ 

which is the differential equation of Art. 251. 

Ex. 2. Let the string be, as in the case of the Suspension Bridge, so 
loaded that on each element the weight is proportional to the horizontal 
projection. 

Then 0 and r&?=-X dx. 

lienee (L) and (2) give 


i. 


1 ( r s) -° und s ( r</ £)= Xm s • I '~ Mr ... 


Ujj L 


••• o^ m rT£ 

On integrating wo see that the curve is a parabola, as in Art. 254. 

If the mass m of the chain per unit of length vary iu any wav we 
have similarly 

If in ho given in terms of the position of the element ds, this equation 
gives the form of the curve. It also gives the variation of the mass when 
the form of the curve of the string is given. 

259. Catenary of uniform us’find the 

equation of the curve in which a string would hang if its mass 
at each point P were proportional to the tension there, so that 



Catenary of Uniform Strength 


’ho 


the strength of the string is to be everywhere proportional to 
the force it has to exert. 

In this case X = 0, Y = - g, and m x T, i.e. m = \T, where 

\ is some constant. V<~, r. •**> .»* t-*V ; 

The equations of Art. 257 t hen give . .»> v 


TT 




r ^ = C, and i f "f ) = \r« 

(is ds\ dsj is , t* v - 

-« ** v ‘ r * 


(If fir 1 ^ n. ur...'. s~ 

rt / v* •' \ — \ T„ .(jy 

A <* £ = «—v - v 


Substituting for T, we have ^ = • 


* = X. * -I ^ \ L-~ , 

\ *c l-^r/ 


i* 3 % 


. . c, <* a .y_ x „/*V_ Xr/ r,. /^Y 

l - e - '3* * A > " d? “ XflF \dx) “ Xflr L 1 + Wr/ 

( l~u 


. i 


A 


«*•*'**»' ” A /**“ 


1 £ & - 




K 


•O 


r/* 3 


<'y\ a X ‘"' 


1 + (I) * 

On integration, this gives tan - ' f ^) = \gr + C,. 

If we choose the lowest point of the string as origin, then 


— 0 when x = 0, and hence C , = 0. 
ax 


^ = tan (Xgx) = tan ^ , if ^ 
Integrating, we have 

%C iT 

■y = — a log cos - = a log sec - 


the constant of integration vanishing since x and y vanish 
together. 


7T 


The curve has two vertical asymptotes when x = ± ^ « 
Law of variation of the mass of the string. 


From (1), Z’=C^ = C v /l + (^) - „ 


n x 
= C sec - . 


Hence s = a log tan > li s is measured from the 

lowest point. 


6 

a 


+ = tan (| + £) + cot (J + I,) = 2 sec ? . 


T=C.\W +e~“). 


18—2 
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Hence the mass per unit of length at any point distant s 

S_ £ 

from the lowest point varies as ^ (e" + e H ), i.e. varies as 

cosh 



260. If the string does not necessarily lie in one plane, and 
X, Y, Z are the component forces parallel to the axes, the 
equations of equilibrium are, similarly as in Art. 257, 



l { T S + = °- 

£s{ T -ds) + mY = 0 ’ 


and 

U T %) +mZ =°- 


Hence 

2 , ^ + M + " jr -° . 

.(1), 


r S + S + “ r =°. 

.(2), 

and 

T & + %X + «*-° . 

.(3). 


Multiply these equations by 


cLt dy 


ds ’ ds ’ ds 


dz 

i~ and add ; 


t hen, since 




dfc cfcv dy dry dz d 2 z _ 1 d 
ds ds 2 ds ds 2 ds ds 2 — 2 ds 


Off - ©1 


© 


= 0 , 


we have 


dT ( dx „ dr/ „ x _ 
a + “ ( A ds + 1 ds + z ~r.) = 0, 


dz\ 

ds) 


t.e. 


r=C-f m (XAc + Ydy + Zdz). 


Hence, if the external forces have no component along the 
tangent to the string, the tension is constant. 
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dT 


Again from (1), (2), and (3) eliminating T and ^ , we ha\e 

dz 


f dyd-z dz d-y 1 

+ Y 

ds 2 ds ds- 



dz d-x dx drz 
dsds- dsds 1 


+ Z 


dxd-t/ d d d-x 
ds ds- ds dsr 


= 0, 


X\+ i p. Zv — 0, 

where (\, /x, v) are the direction cosines of the binormal ot the 

curve in which the string lies. 

Hence the resulting external^ force^at any point P of the 
string is perpendicular to the bimfrmsil at P, i.e. it always lies 

in the osculating plane at the point P ot the string. 

v , d : x d-u , d *z , 

If we multiply (1), (2). and (3) by ^ and ^ and 

,, , T, ( y #*. a . y d -\-0 

add, we have - + m (X ^ ^ ^ 


rn 


i.e. 


- + mR = 0, 

P 

where p is the radius of curvature, and R is the resolved part of 
the external force along the principal normal whose direction 

cosines arc 

d-x d-y drz 
p d7*' p ds »* P ds -' 

Once more, integrating the first three equations ot this 
article, we have 

rp <l'J 


rn du 

ds 


4- JmXds = A, T -q + j ni Yds — B, 


and 


T~+ [ mZds = C. 

as J 


Hence the equation of the curve in which the string lies is 
given by 

A — J tnXds B -j vi Y ds C-f viZds 


Shew 


dx 

ds 


d'J 

ds 


dz 

ds 


/hose focus 
j force at any 


where A, B, and C are constants. 


> constant. 
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261. String on a given smooth surface under given forces. 
Let R be the pressure of the surface at any point of the 
string and (l\, m Jt ?ij) the direction cosines of the normal drawn 
inwards. The equations of equilibrium are then 


U T< £) +mX - Ri ' =°. (i >- 

U T -£) +mr - 0 . (2) - 

and ( T S) + mZ - - K "> - 0 .< 3) - 


Also the equation of the surface is known, say 

f(*,y> *) = 0 . 

ci- » dx dy dz . . 

fcince ti ^ + m, 4- n t ^ is proportional to 


(*)■ 


df dx + df dy df dz 
dx ds dy ds dz ds 

and is therefore zero, we have, as in Art. 260, on multiplying 
OX (2), (3) by ~ , ( ~ , ~ , adding and integrating, 


T 


= C — I m {Xdx + Ydy + Zdz) 


(5) 


— & ~ ii the external forces are given by a potential function V. 

Again, it from equations (1), (2), (3) we eliminate ^ and It, 
we have 


( rp & . y\ V dz \ • • i a 

\ ds* + mA ‘ ) ( ~f~ w i — ) + two similar terms = 0. 

Substituting the above value of T in this we have a differential 
equation which, with (4), gives the curve in which the string rests. 


262. It in the previous article the string rests under the 
action ot no external forces, then A" = Y—Z — 0, and hence, 
from (5), T = const. = C. 
i.e. Hence (1), (2), and (3) give 


drx 

d\y 

d-z 

d*x 

d*y 

d*z 

Hence, ds* 

_ ds 2 

ds* 

ds 3 

ds* 

df 

tangent to tlT 



, e - rfT 

= <Jf = 

= df 




dx 

dy 

dz 
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The curve of the string is therefore such that its principal 
normal coincides with the normal to the surface, so that the 
osculating plane at every point of the string passes through the 
normal to the surface. Such a curve is called a Geodesic of the 
surface, and is such that any element PQ of it is the shortest 
distance on the surface betweeu P and Q. 


yX EXAMPLES 

l 1. In the catenary of uniform strength, prove that 

x=u %—a log (sec ^+tan yfr), cos ifr cosh ^ =1, and p=a cosh - , 

where p is the radius of curvature and the inclination of the tangent 
to the axis of x. 

Hence shew that the mass per unit length at any point varies as the 
corresponding radius of curvature. 

2. A catenary of uniform strength has a span of 50 feet and its total 
weight is 600 lbs.; the density of the material is HO lbs. per cubic foot 
and the tension is 20 lbs. weight per square inch of its section ; find the 
equation to its curve, anil the areas of its cross sections at its lowest and 

[,i = >ob. a ! 15 cot i nml 15 cos “ .1 sq - ius - ] 

\ if the de nsity at anv poin t of a cord vary as t he radius of curvature 

of the curve in which it hang.s y shew that this curve is the catenary <>t 
uniform strength. 

4. Shew that the form of the curve of a suspension bridge when the 
weight of the rods is taken into account, but the weight of the rest of 
the bridge neglected, is the orthogonal projection of a catenary, the rods 
being supposed vertical ami equidistant. 

5. Find the form in which a chain hangs when the line-density is 


highest |K>ints. 



(riven by — sec 2 -*, T n being the tension at the lowest point and .< »>eing 
h J ga a 

measured from this point. [A circle, of radius </.] 

6. A string, of length na y is fastened to two points of a straight line, 

distant 2a from one another, and is repelled by a force perpendicular to 

the line and varying inversely as the* square of the distance from it. 

Shew that its form is a semi-circle. 

* A - */T 

7. In a non-uniform string hanging under gravity tlie area of the 

cross section at any point is inversely proportional to the tension. Shew 
that the curve is an arc of a parabola with its axis vertical. 

If a uniform string hangs in the form of a parabola, whose focus 
is #V, under the action of normal forces only, shew that the force at any 

point /* varies inversely as and that the tension is constant. 
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Light inextensihle string resting on a smooth plane 


cui've. 

Let PQ be an element 8s of the string, the arc OP being s 
and 0 a fixed point on the curve. 

Let T and T+ 8T be the tensions at P and Q, the tangents 
at which are inclined at angles yjr and -v/r ■+■ 8yfr to any fixed line. 

Let R be the reaction of the curve per unit of length of the 
element PQ, so that the reaction on the element may be taken 
to be R8s acting along the normal at P drawn outwards. 



Resolving along the tangent and normal at P, we have 

(T+ 8T) cos 8yfr= T | 
ai *d ( r l' + 8 r fy sin 8\fr = R8s j 

1 o the first order ol 8\Jr, we have cos 8yfr = 1, and sin 8\fr = 8yjr. 
Hence, neglecting squares of small quantities, we have 


and 


ar= o .(ix 

.( 2 ), 




where p is the radius of curvature at P. (1) gives T= constant. 

Hence the tension of a light string passing round a smooth 
curve is constant throughout. 

Also (2) gives R oc —, i.e. the normal reaction varies as the 
curvature of the curve. 


264. Heavy string resting against a smooth curve. 

It the line from which y\r is measured be horizontal and 
taken as the axis of .c we have, in addition to the forces of the 
previous article, a vertical force vj8s acting at P. 





Strings on Smoot It Curves 
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Hence, instead of the equations of the previous article, we 
obtain 

(T+ 8T) cos 8>Jr = T + w. 8s. sin yjr \ 
and ( T+ 8T) sin 8\fr = Rds + w . 8s. cos ^ i 

These give, as before, 

8T = w8s .sin \fr = iv8y .(1 )■ 


and 


T^f=R + WCOSyfr .( 2 ). 

ds 


(1) gives T = C + toy, assuming w to be constant. 

Hence, if '1\ and T, be the tensions at two points whose 

ordinates are y x and y.., 

T x -T,= w(y x -y,), . 

i.e. if a heavy uniform string rests against a smooth cune the 
difference of the tensions at any two points is equal to the weight 
of a portion of the string whose length is equal to the vertical 

distance between the two points. 

When T is known, then (2) gives 

T 

R = - W cos \fr, 

P 

where p is the radius of curvature at 1 . 

265. Ex. A heavy uniform tinny rests symmetrically on a smooth 
catenary whose axis is vertical and vertex upwards; find the tension and 

pressure on the curve at any point. 

The equations of the previous article become in this case 


and 


dr . . „ 

+ «p sin \U = U 
ds 

T 

U = - + w cos yp 
P 






dT sin t 

Hut *=c tan so that { , = - wc cqs , ^. 


• T= - 


t> 
wc 


+ A = wc [sec yp„ - sec yp ], 


COS \f/ 

where is the inclination of the tangent at either of the free ends. 
Hence (2) gives 

JVC' 

y 

Hence It varies inversely as the square of the distance l>eho\ tin 
directrix of the catenary. 


* * 

/{=z Z^° s ‘ ^ + m* cos \1/ = w sec \fr {t . cos- yf/ = — j • see 
c 
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v "' / 266. Light in extensible string resting in limiting equilibrium 
on a rough plane curve under the action of no external forces. 

Let PQ be an element of the string; let the arc OP be s y 
where 0 is a fixed point; let PQ be 8s, and the angles that the 
tangents at P and Q make with some fixed line be yfr and 

•x/r 4- 8-kJt. 



Let the tensions at the points where the string leaves the 
curve be T 0 and T lt and suppose the tension 2\ to be on the point 
of overcoming 7*, so that the element PQ is on the point of 
motion in the direction PQ and hence the friction acts in the 
direction PT. 

If R be the reaction on PQ per unit of length, the total 
normal reaction on PQ may be taken to be R8s acting at P, 
and the tangential action is g.R8s acting in the direction PT. 

Resolving the forces along the tangent and normal at P, we 
then have 

(T+8T) cos 8^=2' + g.R 8s, 


and (7’+ 8T) sin Byfr = R8s. 

But cos 8\fr = 1, anti sin 8yfr = 8yjr, neglecting squares of 8\p-. 
These equations therefore give 



and 


T d -& = n. 

ds 



Heavy Strings on Rough Curves 


•2s:3 


(i y T 

Eliminating B, we have ^ 

. *. log T = pyfr 4- const., 
i.e. T=Ae»*. 

If yfr be measured from a line which is parallel to the direc- 
tion at the point where the string leaves the curve, then 1 = 1„ 
when yfr = 0. 

Hence A = T 0 and T=T 0 . e -**, giving the tension at any 
point P in terms of the terminal tension and the angle through 
which the tangent at P has turned from the terminal tangent. 

267. As a numerical example, take the case of a^ rope 
twisted through one complete revolution round a post. lor an 
ordinary hemp rope round an oak post, p. is about 

Hence £ = e Wl9 = e = (2*718) 5 ' 1 "®- about 23, so that the 

tension of the rope is increased 23 times by its being twisted 
once round the post. 

If it be twisted twice round, the ratio becomes about t'- T , 
or about 535. 

268. Heavy String. If the string be heavy and w its 
weight per unit of length then, the angle yfr being measured 
from the horizontal, we have, in place of the equations ot the 
previous article, 

(T + ST) cos Sf = T + fiHBs + ^Ss sin f) 

rr J. X'P\ An hdr = R hs + whs COS ylr 




and* (T + ST) sin hyfr = Ros + 
* Hence, in the limit, 


diT 

ds 


= JJ.R + W sill yfr 


( 1 ). 


and 


T = Jt + w cos yfr .(- )• 

ds 


- - — hT'~ = IV (sin yfr - p. cos ^)• 
ds ds 


ds 


Since in our figure s and yfr increase together, ^ , p- 

dT 


' * dyfr 


-fj,T= wp (sin yfr - p cos yfr). 
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To integrate this linear differential equation we, according 
to the usual rule, multiply by e and have, on integration, 

T . e~= C + f wp (sin -\Jr — p. cos yfr) e - ^ dfir. 

The curve on which the string rests being known, we can 
obtain p in terms of yjr and the integral on the right-hand side 
can be found. T is thus determined. 

The reaction R is then found from either equation (1) or (2). 


269. Ex. A uniform inextensible string, of length l, hangs in limiting 
over a fixed rough cj/linder, of radius a , ichose axis is horizontal; 
HheiiF&rai the length of the greater of the tiro vertical portions is 

l — tt a 2ga * ^ 

+ 1+/*-*' . .~~ 

Let the shorter and longer portions hanging from points A and 13, at 
the endi^>f the horizontal diameter A 23, be y, and //.,» and let motion be 
about to ensue from A towards 13. Then, T being the tension at a point P 
such that A /' subtends an angle 0 at the centre, we have, as in the last 
article, 

(Th- bT) cos b9 - T~ g/lbs — mg cos 0bs = 0, 


and 


{T+bT*) sin b9 — libs + mg sin 0bs = 0. 
1 dT 


and 


a dd 

T 


a 


=plt + mg cos 9, 


= II — mg sin 0. 


I fence 


dT 

-jq — gT= mga (cos 0 + psin 9). 


— a® _ {/ _ si , /i\ . " M® 


. •. Te = mge J (cos 9 -f- m si n 9) e 

. ~ (1 - M J ) 9 -2p cos 9 „ 

= mgae 1 + f- " r 

When d = 0, T = mg// t , and when 9 = tt, T= mgi/>. 

2m 


/* 


and 


. 1 . tngg x = - mga + C, 

— LA. TT '2.UL — IX TT . 

. e = m<ja e + t • 


Hence 


— IXTT 

- j/i 




Also 

Hence the result. 


1+M 
y i + 7ru = ^ 
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EXAMPLES 

1. A single movable pulley, of weight IT, is just supported by a 
power P which is applied to one end of a light cord which goes under the 
pulley and is then fastened to a fixes! point; shew that, if <p be the angle 
subtended at the centre by the part of the string in contact with the 

pulley, then I y - (1 — 2 cos <£ + <*“ M *)= IP. 


^ 2. A light string is passed over two rough j>egs .1 and It in the 
same horizontal line at a distance 2a apart. The ends are fastened to 
a weight C, and in the position of limiting equilibrium A It subtends a 
right angle at C. Shew that the horizontal distance of C in this position 

from the middle point of All is a tanli ^ . where /i is the coefficient 

of friction. 

A heavy particle is attached to an endless light inextonsible string 
which passes over a rough pulley fixed in a vertical plane. If the straight 
parts of the string are inclined to each other at an angle a, prove that, 
for limiting equilibrium, their inclinations to the vertical are 


tan “ 1 


sin a 


cos a + e 


*ti(a + rr) 


4. Four rough circular |>cgs are at the angular points of a square in 
a vertical plane with its sides horizontal and vertical. Over each i»og 
passes a string supporting a weight H' and the other ends of these four 
strings fire knotted together. Shew that the greatest weight that can be 
attached to this knot, so that it may remain in equilibrium at the centre 


of the square, is 2 J2e ^ sinli ■ 


5. Three equally rough pegs A , It, C of the same circular cross 
section are placed at the corners of an equilateral triangle, so that ItC is 
horizontal and A above IIC. Shew that the greatest weight which can be 
supported by a weight II' tied to the end of a string, which is carried once 

round thepegs and does not completely surround each peg, is IIV >,1,T , where 
t± is tlpr'cnellicient of friction. _ 

6. A circle rests in u vertical plane, bch\<'pressed against a pe 
rough vertical wall by a string fixed to a poT.-t in the wall a 1 
circle. The string sustains a weight and th? coeflicien* 
between the string and the circle is p. If W be 'lie wcigl 

and 6 the angle between the string and the wall, .shew b ant ^ F 

is on the point of sliding, then P(l +cos 6)tP e = il’ + ° 

7. A weightless string lies stretclied in — ^. v , 

sphere of radius a; shew that the distance o«f> = 0 . 

cannot exceed a sin *, where c is the angle of n jt Q f length. 

, l!)—2 
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8 . If a heavy uniform string passes round various smooth curves in 
the same vertical plane and its ends hang vertically, shew that they are 
in the/^ame horizontal straight line. 

A uniform heavy string rests on a smooth parabola, whose axis is 
vertical and vertex upwards, so that its ends are at the extremities of 
the latus rectum. Shew that the pressure on the curve, at the point 
where the tangent makes an angle (f> with the horizontal, is 


ir 


Tf (2 cos 3 <f> 4- cos (f>), 

where ir is the weight of the string per unit of length. 

10. Upon a rough circle fixed vertically is placed a striug which 
subtends an angle £ at the centre. If the string is on the point of slip¬ 
ping oft', prove that the angular distance a of its upper end from the 
highest point of the circle is determined by the equation 


cos (a -+-Jt — 2f ) =<i 0 tan« 
cos (a — 2t) ' ’ 


where e is the angle of friction and « is measured in the direction towards 
whjch the string is slipping. 

~ 11. A uniform heavy string rests on the upj>er surface of a rough 
vertical circle of radius a, and partly hangs vertically. Prove that, if one 
end be at the highest point of the circle, the greatest length that can hang 

. . . V+(f— 1 )« e 2 

froelv is --—---. 

- 


is" 


12. A heavy chain, of length l , rests partly on a rough table and the 
remainder after passing over the smooth edge of the table, which is 
rounded off in the form of a cylinder of radius a, hangs freely down. If 
the coefficient of friction is shew that the least length on the table is 

\S 13. A heavy uniform chain rests on a rough cycloid, whoso axis is 
vertical ami vortex upwards, one end of the chain being at the vertex and 
the other at a cusp ; if the equilibrium be limiting, show that 




W Inl¬ 


and 


1 lei icc 


(1+/»*)«* =3. 

A heavy uniform string is placed upon a rough catenary, whose 
■tioal and vertex upwards; the coefficient of friction being given 
■*w that tie string will be in limiting equilibrium with one 
\ if it-s^ngth equal to the parameter of the catenary. 

> o\ a rough semicircle, being acted on by a constant 
xls »°ne of its extremities, and the friction is just 
n. Shew that the coefficient of friction is given 


■*sts 


'/a 


A 1st • 

Hence the result. 



Strings muter Central Forces 


2*7 






16. An iuextensible .string, whose length is 2l> passes over two equal 
smooth circular pulleys whose centres are in the same horizontal line ami 
at a distance 2b apart. If a be the radius of the pulleys, and the angle 
subtended at the centre of one of the pulleys by the portion of string in 

contact with it, prove that b + a cos \J/ = cot ^ (a sin ^ + /- a\f/) log tan ^ . 

r v-^17. A string, whose length is /, is hung over two small rough |>egs at 
a distance 2« apart in a horizontal line. If one free end of the string is 
as much as possible lower than the other, the inclination, d, of the taugent 
to the vertical at either peg is given by the equation 


l . 6 

— sin Q log cot 


cos A + cosh (n- - 0)}. 


Shew also that the lengths of the vertical portions are in the rati* 
c JMn : e ili9 and that the part of the string between the i>cgs is of length 


2« cot 0 -r log cot - . 


270. Central Forces, .d/i inextensible string is in equi¬ 
librium in one plane under the action of forces, which vary 
according to some function of the distance from a given point O. 
and act either towards or from 0; to find the curve of equilibrium. 

Let 1 J Q be an element 8s of the string, where s is the arc 
CP measured from some fixed 
point C of the curve. Let T and 
T -f- 8T be the tensions at P and 
Q, and y{/ and yjr + 8yfr the angles 
which the tangents at P and Q 
make with some fixed line Ox. 

Let F be the force at P per 
unit of length in the direction 
OP, so that F= some function of r 
= <f) (r). The resultant of the 
forces from 0 to the different 
points of the arc PQ may be 
taken to be F8s along OP \ for 
in the limit we shall take 8s to 
be very small. 

Resolving the forces on the element PQ along and p 
dicular to the tangent at P, we have 

(T + 8T) cos 8yfr — T+ Fm8s cos <p = 0. 

and (T + 8T) sin 8yfr — FmBssin <f> = 0 . 

where in is the mass of the string per unit of length. 



l 


l!>— 2 





*288 


Statics 


Putting cos hy\r = 1 and sin = &yfr, and taking 8^ to be 
indefinitely small, these give in the limit 


dT ~ v dr 

—- = — Fm cos tf> == — .F in -y- 


(3), 


and 


T — F mp sin <p = Pm 


<Zr » „ c?r 

. r -T- . - = Fm . v t- 


cZp r 




(4), 


where p is the perpendicular from 0 upon the tangent at P. 

(3) gives T = — jmFdr -t A. (5), 

and, dividing (3) by (4), we have 

dT dp 

« ~T ~ ~ ~p ’ 

and hence T . p = const. = B .(6). 

The equation (6) may be more easily obtained by considering 
the equilibrium of the finite portion, CP, of the string. 

Take moments about 0 for all the forces acting on CP. All 
the central forces acting on it pass through 0, and thus have no 
moments about 0. Hence the moments about 0 of the tensions 
at P and C are equal. Hence 

T .p — T„. p 0 = constant.(7), 

where T 0 is the tension at C and p 0 is the perpendicular from 0 
upon the tangent at C. 

The equations ^5), and (6) or (7), give all the conditions of 
equilibrium. 

First, let the force F Vie given; then (5) gives T, and, on 
substitution in (0), we have a relation between p and r. 

Also in any curve we have 

1 _ 1 1 /dry 

p~ t ^i } * \dd) 


Eliminating p between these two relations, we have a differen- 
1 equation to give r in terms of 0. 

’'C result will contain three arbitrary constants. Two of 
ill be found since the two terminal points C and D of 
ng are given : the third will be determined from the 
lIeiK 't the length of the string between C and D is given. 

Vlso 1( ZZy, let the form of the string be given. We are thus 
Hence t?i^ at, * on between the p and r of the curve. 
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1 (l 'F 

(6) then gives T in terms of r, and (3) gives F = — — -j— , 

and hence we have J* 1 in terms of r. 

271. Ex. 1. Shew that a string will rent in the form of */ //ortion of a 
cardioid if it he acted upon by a force from its pole varying a* 

1 

5 * 

{distance) 

The equation to a cardioid is r = a (I + cosfl), so that 

i - i + ? Q* = ? + ? • " L> sin '' * = ? f< " +JJ = 5 ■ 


) gives 7’=//. y/ ”” = P' - • 


Hence equation ((») 

From equation (3) we then have 

1 rf7 ? _3 M _s 

t ~ ,n dr ~ 2 at ‘ '' ' ' 

Ex. 2. An infinite string pusses through tieo small smooth rings A and 
JJ y and is acted upon by a force from a given fixed point O which runes 
inversely as the cube of the distance. Shew that the part of the string 
between the rings is in the form of the arc of a circle. 

Let T, l>e the tension at 
any point P, of the straight 
portion of the string at a dis¬ 
tance .»• from tlie centre 0. 

Then 


(7' 1 +a7’ 1 )+'^<U-7’ 1 =0, 

•»/ 


dr, 

« ,v,ll 8 dl = 


uni 


.r 


pin 



p, q; 


ONV 


and T 7 , = .,+ A'...(1). 

£.1 “ / 

0 

0 
0 

Since the string must 6 
clearly have zero tension at 

. . uni vt 

infinity, we have A' = o. Hence, if OA = the tension at A is — r 2 s 
the tension of the string is unaltered hy jitissing through the smooth ring 
at A , so that the tension of the curved part at A is also. 

For the curved part, equation (. r >) of the last article then gives 

r=- ( M ?dr- / Z* + A. 

I r 3 2 r l 

Also, when /• = «, we have seen that T = so that A 


l SI—2 
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Equation (6) then give.-* 

- = where X is some constant. 

p 2r- . B 

1 1 (dr \ - _ 1 _\ 2 

r* + r- \M) 


. dr , r 

0 — -^=7 =— = sin ~ 1 r + y. 

A 


s!W- r 2 

. r = Xsin {6 — y), which is the equation of a circle. 

If OA be the initial line, if OB = l> and L. AOB=a , then the two points 
(«, 0) and (6, a) lie on the curve, so that the equation becomes 

b — a cos a 
sin a 


r = a cos 6 4- 


sin 6. 



EXAMPLES 

Find the law of force in the case of strings resting in the form of the 
following curves under a central force F from the pole : 

Parabola, focus the pole. [_Foc r ~ 

Equiangular spiral, r cota . [F x r -! .J 

Rectangular hyperbola, centre the pole. 

[/’is constant and attractive.] 

Lemniscate, r - «= a 2 cos 20. [/’xr -4 .] 

5.- v r n cos >id = a". [Fx r** -2 , and is attractive if »>1.] 

r 6. If a striug lje in equilibrium under any central forces, the resultant 
action of these central forces on any portion PQ of the string is along 01\ 
where 0 is the centre of force and T is the point of intersection of tangents 

at P anjJ Q. 

✓ 

A homogeneous string rests under the action of a central repulsive 
force varying inversely as the square of the distance ; verify that the form 
in equilibrium is one or other of the curves 

^ = 1 4- sec <i cos (0 sin a), or - = 1 4- sech a cosh ( 0 sinh «). 

./I " f 

8. A string, whose length is infinite, has one end attached to a fixed 
point O and after passing through a small smooth fixed ring goes to iufiuity. 
It is acted upon by a central repulsive force from 0 varying inversely as 
the nth power of the distance. Shew that the curved part of the string is 
given by the equation 

r n-2 =«"-*cos (n — 2) 0. 

If/.v-2, shew that the curved part is an equiangular spiral. 

, t string rests in the form of a plane curve under the action of it 

Also force ; if the force at any point be proportional to the 

t-<» 1 o tint that the curve is a parabola. 

Hence tE§ lauOL 
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272. Extensible strings. The equations of equilibrium 
for extensible strings are formed as in the previous part ot this 
chapter. The tension of any element of the string is connected, 
by means of Hooke’s Law, with the stretched and unstretched 
lengths of the element. It must be carefully noted that a 
heavy elastic string when stretched is not ol constant den>it\, 
even if it were uniform when in the unstretched state. 


\) 





3. A uniform extensible string, of weight H’ and natural 
length l, is suspended from a fixed point and at the other end is 
hum a weight W; if X be the coefficient of elasticity, shew that 

** u z r ir "l ii 

the whole extension of the string is - y ^ J * ^ 

Let T and T+BT be the tensions of the string at depths 
a and x + Bx, and let be the unstretched 
length of the part whose stretched length is 
x. ° Hence the weight of the part whose 

) y 

stretched length is Bx = y. Bx 0 . 

For the equilibrium of this element we have 


T=l'+BT+j.dx v , 


so that 


</'/’ 
(l 


r. 


w 

T 


(D. 


B.v — Bx 0 

Also, by Hooke s Law, / - \ ^ 


ox 




H 

c 


5r u 

= 

P 



J 

W 


P. 




so that 


(1) and (2)jgive 


dx I 
dx„ + X 


d*x 

dxj 


w 

\r 


■ ' dx, 


dx w A . 
- = ~\i + A 


& 




Now, when .r 0 = Z, T must — H , and lienee then, hy (2), 




ID—2 


/ 
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Hence, from (3), 


1 + 


W 


w 

X 


+ A. 



W , W + W' 
-\l Jo+l+ X~~ 


W • r o 2 , / 1 , ir+ M" 
X/"2 V X 


"\ 

-- I 


( 4 ). 


the constant of integration being zero since x and vanish 
together. 

(4) gives the stretched length corresponding to any un- 
strotched length. When .t 0 = /, we have the’whole stretching 


Wl* 

XI 2 + 


W+ 11 " l 

X ~ X 



274. A heavy uniform elastic string is hung up under 
gravity as in the common catenary. If c be the length of the 
unstretched string whose weight is equal to the tension at the lowest 
point, and !c be the ratio of this tension to the modulus of elasticity, 
find equations to give the form of the string. 

Let (x, y) be the coordinates of a point whose arcual dis¬ 
tance from the lowest point is s, and let T be the tension at that 
point: also let s„ be tin* unstretched length of this arc s, so that 

T _ ds — ds 0 
X ds 0 

y = 1 + — . T .(1), 

ds 0 wc 

where w is the weight of unit length of unstretched string. 

The equations of Art. 257 are then 
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These giv< 


and 


dx 

1 ~r = const. = wc, 
ds 

, r dy 

Fj = H'S„, 


since s and s u vanish together. 


Squaring and adding, we have T = w \V- + s*. 
Hence, by (1), 

dx do: els 


= wc 


ds t , ds ds„ 
dy _ dy ds 
ds„ ds ds„ ' 


1 k 1 . c . 

7p+ — = k + , .(4). 

IF wc] \'<* + 8o* 

'»+*]»*?■+. * . (5 , 

1 wc] C xV- + 8* 


and, by squaring and adding, 

06*0 C 

Integrating these equations, we have 


.r = ks„ 4- c log 


s 0 + V s„- + c- 


.(«>. 


y = /.• ^ + V s,? 4- c* - c 


( 7 ). 


and 


/t f / - -—; , , s 0 + \'s,r + c-“| 

« = S„ + ; 7 - #„ VC* + #,■* + log---— ...(H), 

taking x and y to vanish with s. 

(7) determines s 0 in terms of y and then ((») and (8) give 
and 8 as functions of y. 

The equations (4) and (5) give 


and hence, from (8), 


dy s„ 
tan -dr = j = -■ , 
r dx c 


fiC 

s — c tan yfr + ^ [sec ^ • trtn ^ + log (sec >jr + tan \fr )J 
If we put £„ = csinhu the equations ((>), (7), and (8) can J** 1 

• A A . •' I 

written _*_ 

- = u + k si node. 


and 


nd t f 

7 


.uiporaturc 
..nturc. Fin 
,ue two open» vne 

» .i >liufo lien the 


•» vi v 

.}*• 


/ 
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275. Ex. A n inextensibfe string is being wound very slowly on to the 
rim of a wheel , rough enough to prevent any sliding , and the other end is 
attached to a weight IT which is on the ground at a depth l below the centre 
of the wheel , so that then the hanging part is initially vertical and un¬ 
stretched. Shew that the icorXr done in turning the wheel so as to just lift 
the weight off the ground is 

where the weight of the string is neglected. 

At any instant during the operation let x be the unstretched length of 
the string that is then vertical, and T its tension, so that, by Hooke’s Law, 

T= x .CD- 

\\ hen f Incomes / + a . S0, where a is the radius of the \Vheel, and 80 is the 
mgle turned through by the wheel, then 

l 


'/’■ s'•/’ \ l + u.80 l + a.80 — .e . ,, xn 

/ r rt/ = ,\---= X - , so that 8 T= X 


7 


l + a .80' 

Heme the work done during tins infinitesimal stretching 

T. .v8T_IT. 8T 
X 


= T. a80 = 


T+X * 

1 l.-m c the whole work done until the weight rises, i.e. until T is equal to If, 
-f" T = / II - - V 1.1R + \ 


EXAMPLES 

When 11 \' u \[ ovn e l ° la * tic stri >‘S AB is hung up under gravity, prove 
hat the upper half of the string lengthens three times as much L the 
tower half. If / is a point on it such that AP : PD :- 1 : 1 show also 
that^ho stretchings of the parts above and below P are equal. ’ 

e,nSti ° f ri,, S of natural length 2/, which would stretch to 
hung up by one end, rests on a smooth table of width 2a with its ends 
hanging over the sides of the table; find the whole extension of the string 
;hew that the tension of the part in confcet wTth til LbTe t 


t - --- i/di u 1 

1 /l-a . , 

V r t,,1,es thc "eight of the striug.'-- 

: md ... ! 


i.e. 


and 


» 

An m ox ten.si hie string, uniform when unstretched and of length l t 
v unstretched in a straight * „ e on a horizontal plane. The 
'.ulled at one end m the f . tion of it * length produced> wuh 

■sing force, so thafk) icceleration is always infinitely 
ion the force\ the extension of the string is 

v eight of th<^ M.ng, X the coefficient of elasticity. 
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4. A heavy elastic string, of weight ir and unstretched length <•, 
,s placed upon a smooth double inclined plane, the inclinations of whose 
faces to the horizontal are « and « ; shew that the total extension 

of the string is ... 

lie sin asm a 

2X sin a 4-sin a'* 


/ 

v/ 5. 


, r rests on a rough inclined plane with the upj*T 
shew that its extension will lie between the limits 


where a is the inclination of the plane, * the angle "1 

2X cos € 

friction, IT the weight of the string and X its modulus of elasticity. 


6. ’ AD is an elastic cord whose natural length is 10ft., whose mass is 
5 lbs., and whose modulus of elasticity is 80 lbs. wt. It is suspended 
vertically from its end A, and a mass of 10 lbs. is attached to its end B ; 
fmd the length to which it stretches if it is allowed to gradually reach its 
final position. Shew also that the density of the material at the middle 
point of AB is in the stretched coni diminished in the ratio 32:37. 


7. If a uniform elastic string fixed at one end be acted upon at each 
point P by a force F in the direction of its length, so that the tension 
at P varies as its distance from the free end, prove that log /■ varies as 
the unstretehed distance of P from the fixed end. 


8. A uniform string, of weight ir and modulus of elasticity X, is l}iug 
in a stretched state on a rough horizontal table whose coefficient of friction 
is fi. If it Ik- everywhere on the point of contracting, shew that its 

stretched length is timCf4 its “"^retched length. 


9. A uniform heavy elastic string, of natural length 2«, is stretched 
as much as possible and lies in limiting equilibrium on a rough inclined 
plane; shew that the direction of the friction changes at a point of the 
string whose natural distance from the upper end is a [1 +tnn a cote], 
where « is the angle of friction and <« is the inclination of the plane 

to the horizon. 


10. A uniform "beam, of length /, rests along a line of greatest 
Luo which Is inclined to the horizon at an angle ... The 


sloi>e of a plane which .s 
beam is then subject to an extension from an increase of temperature 
and then to contract!V*' ft’ 0111 cooling to its original temperature, tin 

what points of the beam ' j “j "*t during c*ch of the fwo opera' 

, * .ti n J amt the h iL t(Allir \ l „ .liuh.iwo the 

and Hhew that on the w % ^ # . through a instance 

the plane equal to XI tan i. ? m ••ition ot the be. 

unit length for the extrem^ , COMH .|, « , Cot |, " * 1S th 

of friction. 
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11. An elastic string, of natural length a and weight niff a, has one 
extremity fastened to a point in a smooth horizontal table and rotates on 
the table with uniform angular velocity *>; shew that the stretched length 

. f fm 
tnn jwa l - 



)’}, where X is the modulus of elasticity. 


12. A light elastic band, whose unstretched length is 2a 9 is placed 
round four rough pegs A, B, C, D which arc at the angular points of 
a square of side a. If it be taken hold of at a point P between A and B y 
and pulled in the direction AB y shew that it will begin to slip round both 


A and B at the same time 



UTT 


13. A weight P just supports another weight Q by means of a fine 
elastic string which passes over a rough circular cylinder whose axis 
is horizontal; shew that the extension of the portion of the string in 

contact with the cylinder is ^log^t^, where « is the radius of the 

cylinder, M is the coefficient of friction and X is the modulus of elasticity. 

^ spider hangs .sus[>endcd by a light elastic thread from the ceiling, 
the modulus of the thread being equal to half the weight of the spider. 
Shew that, in climbing to the ceiling, the work done by the spider is 
one-third less than it would be if the thread were inelastic. 


15. A heavy elastic string, whose unstretclied length is l and whose 
mass is pl y lies loosely coiled on a horizontal table. If one end of the 
string 1x5 slowly lifted vertically until the whole string hangs just clear of 
the table, shew that the work done is 

+**£]■ 

where X is the modulus of elasticity of the string. 

[When the end has l>eon lifted a distance .r, if .r„ be the unstretched 

length of .r, then, by Art. 27.% .r=.r„+ *£.r 0 » Also the tension Tv t the 

upper end = nff.v,,, so 

= 7’S.»= M <7.r 0 £l + ?Jl x „ 

have the given result.] 

16. If a uniform 

♦ 

i-is natural state wi 
■d to hang freely 1 

and ‘ ll e,ier gy i* 1 
iral lengt* 


.t -f O.X*, 


that the work done, whilst x becomes 
’] 8.v„. Integrating this betwegj>^'^ 0 ftud ^ we 


aastic string be at rest bori zontal plane 

on- 6111 V iccele‘edge, and if it then be 

iQU the forced the t the loss of gravitational 

weight of the^ ^ng.^ wc jg b t of the string, a is 
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MISCELLANEOUS EXAMPLES ON ST1UNOS AND C lIAIN> 

1. A ring, of weight wb, is attached to the middle point C ol a string, 
of length / and weight xcl, which hangs symmetrically over two smooth 
pegs in the same horizontal line, the ends of the string hanging vertically. 
Shew that the parameter c of the catenary is given by the equation 


a 


b+l=e r (7, + nV-+ /,-], 

where 2 a is the distance between the pegs, and that the least value *»t 

« 1 1 - 4 

/ for which equilibrium is possible occurs when f . r :~ /,r 

Shew also that the angle 0 which the tangent at (' makes with tin- 


(, + b ta,, lV ;> 

\ t, tan e) 


md hence 


vertical is given by the equation 6tan 0 lo 

. /~ h 

that its greatest value is 2 tan / +7,‘ 

2. A flexible string, of length 2/ and line-density <r, has a heavy bend 
of mass 2 irk' knotted to it at its middle point; the ends of the string 
are fastened to two fixed points at a distance 2/- apart slightly less than 
21; shew that the parameter of the catenary of either half of the string is 

approximately 

+ /- + :»/•■-) (j 

1 ~(>7T- i ) ) • 

3. Two smooth circular cylinders, each of radius a, arc placet! with 

their axes parallel in a horizontal plane and at a distance 2/* (> 2«) apart. 
A uniform string is placed symmetrically across the cylinders with its 
ends hanging freely. Show that the least possible length of the string is 
2be + 2a (2 tair'e-c). [Assume the result of Page 287, Ex. 1«.J 

4. A rod, of length 2b, is suspended horizontally and symmetrically by 
two heavy strings attached to its ends and to two fixed points which are 
at a vertical distance a above it and at a distance 2 (« + />) apart. If the 
length of each string be /, show that the tension of the rod is equal to the 
weight of a piece of string whose length c is given by the equation 


/- = a 1 + I *:• »i nil* 


a 


ic' 


5. A bar, of length 2a, has its ends fastened to those of a heavy 
string, of length 21, by which it is hung symmetrically over a peg. The 
weight of the bar is u times and the horizontal tension \>n times the 
weight of the string. Prove that 


III 


a + n -«= |(m + 1) cosecli - « coth . 
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6. A uniform chuin, of length s, hangs from two fixed points A, B on 
the same level at a distance 2a apart. Shew that, if s varies, the 

minimum depth of the directrix of the catenary is -.-_JL=, where z is 

given l*y :tanhz=l, and that the corresponding value of s is 

2 a 

zJzT-V 

Prove also that there are two values of s for which the directrix is 
at any given depth greater than this minimum depth, and that if s be 
slightly increased beyond the greater of these two values the directrix 
falls, whilst if it be slightly increased beyond the least of these two 
values the directrix rises. 


7. A uniform chain has its ends attached to two pegs, one of which is 
distant 2<t horizontally from the other and is at a depth 26 below it. 
Shew that, as the length of the chain alters, the parameter of the catenary 
with the highest directrix is determined by 


a - — coth a = ^ cosech 4 —. 
c c 3 c 


»• 


8. A uniform chain, of length 21, hangs between two points .4, B at 
the same level and the depth of its lowest point below AB is k, If the 
distance AB( = u) be increased by the small quantity 8>/, prove that the 

X* cos 

vertex of the catenary will rise through the height 8a . - . , whore 

® a —l cos ^ 

is the inclination to the horizontal of the tangent at zl or B. 


9. A given length l of uniform heavy chain is securely fastened to a 
fixed point at one end, and hangs over a smooth peg in the same horizontal 
at a distance 2«/ from it. Shew that there arc two jxisitions of equilibrium 


or none according as 




where £ is the positive root of the 


equation 3c 2 * = • 

Shew also that if there arc two positions of equilibrium then the one 
for which the parameter of the catenary is the greater is stable. 


10. A uniform chain of given length is fastened at its ends to two 
points in the same horizontal line, and passes over a smooth i>eg midway 
between these points. Shew that, if the symmetrical position of equi¬ 
librium be the only one, it is stable for displacements in the vertical 
plane; but if an unsymmetricnl position also exist, the former is unstable. 


11. ll a chain of length a is held at its ends, and swung round, and 
the ends are then drawn apart till the chain is practically straight and its 
tension length is /<, shew that, the number of revolutions per second is 
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12 A heavy uniform string hangs from one end in equilibrium in a 
wind blowing horizontally with uniform velocity. On the assumption 
that the wind exerts at any point of the string a normal force per unit 
length proportional to sin 2 *, shew that the equation giving the form o! 

the string is . . .. 

p (cos * - tan «) SCWS ° x (cos * + cot«)' “Constant. 

where . is a constant such that the value of + at the free end of the 

string is cos -1 (tan a). 

13 Find the velocity at which the power transmitted by a belt is a 
maximum. When this is the case, shew that the ratio ot the tension on 

the tight side to that on the slack side is 2,^+1 :3 where /i is tie 
coefficient of friction and « is the angle of contact t«twce.t the belt 

aU( \uu be'the radius of the pulley, » the mass per unit length, and « 
the angular velocity of the belt, then, by elementary dynamics, 

rn 8s «*a = ( T+ 8 T) sin 80 - It8s, and 0 =( T+ 8 T) cos 80-1 ult 8s. 

Hence -p*»*«*, so that J’= AS* + Hence, if 7\ and 

r„ 1 >C the terminal tensions, we have easily l'=f (T„ - umW) + 

Hence the power transmitted 

= (T l - T„) «o> = (<'“- 1) (7’.. - 

and it is thus a maximum, for different values of w , when .W-V- = 
and then 

T x 2f+l , 

r,r 3 J 

14 An endless string hangs symmetrically round a smooth right 
cylinder, of radius «, whose axis is horizontal. If the string have 
contact with the cylinder along three-.piarters of the circumference, 
find its whole length and the position of its lowest point. 

15 A heavy uniform string surrounds a vertical circle, Wing just 
so stretched that it is on the point of leaving the circle at the lowest 
point; shew that the tension at the highest point is three times that 

at the lowest. 

16 A smooth elliptic disc (semi-axes «, b) is fixed in a vertical plane 
with its axes equally inclined to the vertical. A heavy string passes 
tightly round the disc and is gradually loosened. Shew that the eccentric 
angle * of the point at which the string leaves the disc is given by 

2 a-b tan 3 <f> - « (3a* - i 2 ) tan 2 * + b (36-* - « 2 ) tan * - 2«A* = 0. 

[The point is determined by the fact that at it the pressure of the 
curve in zero and a minimum.] 

17 A uniform ntring, the ends of which are fastened at a point .1, 
Hurrounds a centre offeree at 0, which repels with a force varying inversely 
os the square of the distance. Show that, if the length of the string is 
4 OA, the internal angle between the two parte of the string at A is 120 . 
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18. Shew that a uniform string will rest in the form of the ai“c of a 
circle if it be acted upon by a central force from a point on the cir¬ 
cumference varying inversely as the cube of the distance. 

19. A BCD is a square of side b. A uniform string of line-density a, 
fixed at B and D, is in equilibrium under a repulsive force fxr~ 3 from A. 
If the tangents to the string at B and D are perpendicular to BD , and if 

the tension at each of these points is shew that the shape of the string 
is the curve >-=&(sin£-f cosd). 

20. Shew that an arc of an equiangular spiral is a possible form for 
a catenary of uniform strength, whose ends are fixed, to assume under the 
action of a repulsive force from the pole varying inversely as the distance. 

21. An inextcnsible endless string of given length is under the action 
of two central forces varying inversely as the cube of the distance from 
two fixed points; shew that a circle is a possible form of the string in 
equilibrium, and find the position of its centre. 

22. Shew that a string can rest in equilibrium in the form of an ellipse 
under the action of two repulsive forces from its foci of magnitude pr~ % r' ~ ^ 

and fjL<- -/ ij , where rand r are the focal distances of any point /*, and 
prove that the tension at the point P is proportional to the perpendicular 
from the centre upon the tangent at P. 


23. A smooth circular cylinder, of radius a, is fixed with its axis vertical 
and a smooth horizontal peg is fastened into it. An endless string, of 
length 2/, is then thrown over the cylinder and catches on the i>eg. Prove 
that in the position of equilibrium the angle between the parts of the 

string at. the peg is 2cot“> where rsinli “ 7T ' = t. 

r c 

| The origin being at the lowest point O of the string, the axis of c 
vertical, and x l>eiiig the length of the circular arc which is tho pro¬ 
jection of any arc OP, we have, by resolving horizontally and vertically. 


Hence 


j ^ m O ...... . j .... m 1^1 f 

ds\ 1 dk} z=,r ' an< * d# ( ^ = so tlmt = constant == ire. Hence 

t/Zd.-N! . d-z 1 di . 

<h \d.r) ~ c ' l ' e ' (b&^Zdx' 1 118 ,s t,ie differential equation of Art 251, 

and the same solution holds good. It follows that the string will not 
>e disturbed il the cylinder be develoi>cd into a vertical plane.] 

24. A uniform heavy string, of length 2/, hangs in contact with a 
smooth vertical cylinder of radius It is fixed to two points in the 
vertical plane through the axis of the cylinder, each at distance « from 
t he axis, where « > r. Shew that the depth ,/ of the lowest i>oint of the 
string below the plane of the sup^rts i.s given bv 


/•sin 


+ f *■ •» 

n a- — r- = 


l+t/ 

- /- = —- log -—iL 
2 // 
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25. A string vests on a smooth sphere cutting all the sections through 
a fixed diameter at a constant angle. Shew that it would so rest if acted 
on by a force varying inversely as the square of the distance perpendicular 
to the given diameter and that the tension varies inversely as that distance. 
fUsing ixilar coordinates (<*, 6, 0) the curve of the string cuts the 
1 , ., odB , , o>\nBd < t>_ . 

meridians at a constant angle fl if !U, ‘ I d< ~ ' 

Hence easily 

^ = cos 6 cos cos pi - sin </) sin % = cos <? sin 0 cos ,1 + cos <#, sin ,i 

ds ajS 

and -f- = — sin B cos {3. Taking moments almut the fixed diameter, we 

d * A 
have '/’sin ft • « sin # = constant, so that T — ^ ^ . 

The third equation of Art. 2(51 gives 

/Icon 6 = ^ (r*) = £ (-Tsnxe cos 0, so that /f is zero. 

Hence, if /•’ be the force perpendicular to the given diameter and 
outward, equation (1) of Art. 261 gives 

*’co»*- - '/[ ( J 'rf.) “ - ffi ( COS 3 C,,t ^ C " S * ~ '"•■m'fl" 0 
a siir 0 * " sin* ^ 

26. The extremities of a string of length ,•(.•- 1 )nT +0 -si"-<. are 
attached to two points on the surface of a right circular cone at distances 
,• and «• respectively from its vertex, where 2<« is the angle of the cone and 
d, is the angle between the planes through the axis and each of the points. 
If the string rest in equilibrium on the surface under the action of a 
repulsive centre of force at the vertex varying inversely as the square of 
the distance, then the curve of equilibrium will cut each generator at the 

same angle. 

27. Find the form of a smooth surface of revolution such that "hen its 
axis is vertical any uniform string resting upon it will cut all the meridian 
curves at the same angle. [The generating curve is a rectangular hyperbola. | 


28. Two scale-pans, of weight X«, are connected by a weightless elastic 
string, of modulus X, which hangs symmetrically over a fixed rough horizontal 
cylinder of radius a. I uitially the string is uniformly stretched tin mighout. 
If one of the scale-pans is gradually loaded, prove that, before the other 
moves, the natural length of the additional vertical portion of the stung 


. « 14-n*** nan 

8Upporting the first is - log ^ + ~ “ j +n 
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29. A heavy elastic string, of length 2 a and modulus of elasticity 
equal to its weight, rests in equilibrium on a smooth parabola of latus 
rectum 2a. The axis of the parabola is vertical and the free end of the 
string is at the vertex which is the lowest point. Find the point on the 
parabola to which the upper end is attached, and shew that the tension 
there is IF( % f2 —1), where IF is the weight of the string. 

m 

30. An elastic string, originally uniform and of length l, is fastened at 
two given points and is in equilibrium in the form of a portion of a circle 
under the action of a repulsive force tending from a given point in the 
circumference; find the law of force. 


31. A heavy elastic string, which is uniform when uustretched, is 
placed round a smooth circular cylinder whose axis is horizontal and is 
just not in contact with the lowest point of the cylinder; if T be the 
tension at a point the radius to which is inclined at 6 to the vertical, then 
( T+ X) 2 = A cos 6 -f B, where X is the modulus of elasticity and A and 
B are constants depending on the weight of the string, the modulus of 
elasticity and the radius of the cylinder. 

If to be equal to the weight of a length of unstretched string equal in 
length to the radius of the cylinder and if it be also equal to the modulus 
of elasticity, shew that the tension T x at the highest point is given by 



32. A heavy elastic string, uniform when unstretched, rests on the 
convex side of a smooth vertical circle, one end being fastened to the 
highest point of the circle. If in the position of equilibrium the whole 
length is equal to a quadrant of the circle, prove that the unstretched 
length equals uj2 log („'2 +1), where a is the radius of the circle, 2 ica 
is the modulus of elasticity, and ic is the weight of a unit length of 
unstretched string. 


33. An elastic string, uniform when unstretched, lies at rest iu a 
smooth circular tube under the action of an attracting force, equal to 
/x times the distance, tending to a point on the circumference of the tube 
just opposite to the middle point of the string. If the string when in 
equi librium just occupies a semi-circle, shew that the greatest tension is 

*A(X + 2 npa-)-\ f where X is the modulus of elasticity, a is the radius of 
the tube, and p the mass of unit length of unstretched string. 

34. A heavy eliistie string, of natural length /, hangs from a fixed 
point in a state of equilibrium, and its total extension is pi. The string is 
now enclosed in a smooth fixed lielicul tube, the tangent to which at any 
point makes a constant angle a with the horizontal. The highest point of 
the string is attached to the tube, and the string takes up its position of 
equilibrium. Shew that the total extension is now pi sin a. 
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35. A uniform string in one plane is in equilibrium under the action 
of a central force ; shew that the latter varies as 

What is the kinetic analogue l 

If the string be elastic, shew that, in order that the string may assume 

<i / 1 o \ . 

a given form, the central force must vary as j ■(-+ ..J, where a i> a 
constant for every point of the same string. 

36. Over a fixed sphere, of radios </, there rests horizontally a heavy 

elastic ring of natural radius c. Shew that, in its equilibrium position, the 

angle 2a which a diameter of the ring subtends at the centre of the 

• • % 

sphere is given by tan « —' , where >=a sin and l times 

sin p 

the weight of the ring is equal to the modulus of elasticity. 

If the sphere be slightly rough (coefficient of friction n), shew that, 
before equilibrium is broken, the ring can be lowered till the angle 2<. 

sin n — sin fi 

is increased, approximately, by sin^o —'sin * 

37. A rough surface of revolution is tixed with its axis vertical ; an 
endless elastic string rests on it lying in a horizontal plane and being 
uniformly stretched. If the string he on the point of slipping up 
wherevor it is placed, find the equation of the generating curve ot 

j' 

the surface and shew that it reduces to .v-n//=" (I + #*') lo 5»,. * ' v,,cre x ls 

the modulus of elasticity and h is the coefficient of elasticity, 2n\p m the 
weight and 2*r« the natural length of the string, and the //-axis is the axis 

of revolution. 

38. An endless slightly extensible strap is stretched over two equal 
pulleys; shew that the maximum couple which the strap can exert on 

cither pulley is 

in (<: + rra) y , 


, M/r 2" 
ccoth , + 

2 m 


where a is the radius of either pulley, c the distance of their centres, M the 
coefficient of friction, and T the tension with which the strap is put on. 

39. If a bicycle tyre be regarded as a thin elastic band, stretched 
within » smooth groove of depth J in a rim whose outer radius is «, 
shew that the work required to remove the tyre from the rim is 

(sin (/> - <j> cos {(* - 0)cos«/» + sin «/> - -} , 

where l is the u,.stretched length of the band, X is its coefficient of 
elasticity, cos^ = “" </ and the breadth of the wheel is neglected. 
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ATTRACTIONS AND POTENTIAL 


276. The law of attraction between particles of matter, 
known as the Newtonian Law of Gravitation, is as follows: Evenj 
particle of matter attracts every other particle of matter with a 
force which varies directly as the prod uct of the mass es of the 
particles and inve rsely .as the squa re of the distance between them . 
H ence the attraction between two particles, of m x and nu 

grammes, placed at a distance of x centimetres is 7 dynes. 


where 7 is a constant whose value will be found in a later 
article. This quantity 7 is called the Constant of Attraction. 

At the present stage of the Student’s reading the above law 
must be looked upon as an hypothesis , and no proof can be given 
here. But he may assume that this law is found to hold good 
throughout the Universe, and that it is sufficient to account for 
the motion of the heavenly bodies. The verification of its truth 
is obtained from Dynamica l considerations. 

We shall have a few examples in which some other law of 
attraction, besides that of the inverse square, is assumed, but 
these assumptions do not c orrespond to any such attractions as 
we meet with i n the physical universe. 


277. To find the attraction of a thin uniform rod AB upon 


an external point P . 

Draw PN, (=p), perpen¬ 
dicular to the rod. Let (J 
be any point of the rod suc^i 
that. NQ = x and z NPQ = 6, 
and let QR he an clement 
Bx. 

If k be the cross section 
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and p the density of the rod, the att raction of the elem ent QR 
on a unit of mass at P 

_ 7 kp . 8x _ ykp^Bx _ ykp . 86 
~ PQ 2 p 1 sec 2 0 p 

since x — p tan 0 and hence 8x = p sec 2 0.80. 

The direction of this attraction ultimately, when (JR is very 
small, is in the direction PQ. 

ij v ykpcos 0.80 

Its components along and perpendicular to 1 -'are —— - 

, 7 kp sin 0.80 

and -• 

0 

Hence, if A r and V are the component attractions ot t he 
whole rod along and perpendicular to PX, and if z NPA = a 
and Z NPR = 8- we have 

A” =1“ 7/ ‘ p C “ 8iW = & [sin 6 j fl = ~< k ? [sin 0 - sin «]...(U 
and 

= [» ykp sin 0d0 = 7 kp _ cos e l 6 = 7 kp [cog a _ cos £]...< 2 ). 

J a P Pi J- P 

If R be the resultant attraction inclined at (f> to PX, then 
J{ = X- + Y- = 7 ^ P V(sin 8 - sin a)- + (cos a — cos /})-’ 

P 

r-iko , ^ 27 kp . 8 — a 

= LP V 2 — 2 cos (8 — v) = —- sin , 
p P 

= suxilAPB) .( 3 ). 

P 


and 


Y cos a — cos 8 . a + 8 

tan cb = v = ,, — tan -r , 

r A sin « —sin a 2 


so 


that 


■ a + 8 

<P= ~o~ 




and hence the d irectio n of the resultant attraction bisects the 
angle APB. ,~ v~*.. cl* c.c*. » «4 

Cor. If the rod AB be infinite in length , then a = — !)0 C and 
8 = 90°. 

Hence R — ^, so that the attraction of an infinite rod on 

P 

an external point varies inv ersely as the distance of the point 
from the rod. 


/< j 


h. 8 . 


20 
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278. If in the result (3) of the previous article we put p = 0, 
i.e. take P on the surface of the rod, we have infinity as the 
result. This is clearly impossible. The reason for the apparent 
failure of our analysis is that in our working we assumed each 
element of the cross section at Q to be at the same distance from 
P. Now if P be on the bar, the distances from P of points of 
the cross section through P vary from zero to the diameter of 
the bar and hence cannot be taken to be equal. 

This case is further considered in Ex*^2 of Art. 285. 


279. To shew that the attraction of a rod AB at an external 
point P is the same as that 


Q R 


Pfc; 


of the arc of a circle , of 

like material, with centre P ! \ 

and of radius equal to the j \ q' 

perpendicular from P on j— 

AB, which is intercepted by j » 

the lines PA and PB. - .I. 

QR being an element of N A Q R B 

the rod, let Q’R' be the corresponding element of the circular arc. 

Then attraction of Q'JT at P _ Q‘R QR 
U>n attraction of QRat P ~ PQ- * PQ- 

= 9' K sec ^ 

QR • PA* Q. S’ * QR • sec 

where QS is perpendicular to PR, 


Then 


PQ' _ P\ 

~ PQ ' Ct>S SQP • 8ec2 ^ = PQ • cos ^ • sec ‘ 0 = 1. 

Hence the attrac tions of corresp ondin g eleme nts of the arc 
and rod are the same and in the same direction. 

1 he lesultant attractions must thus be the same in the two 
cases. 


280. Attraction of a uniform 
thin rectangular plate upon a 
unit mass situated on a perpen¬ 
dicular to the plate through its 
centre. 

Let A BCD l>o tho plate, of 
thickness k and density p ; let 
A B = 2a, A I) = 2h, and (Jl*=h, 
where /* is the attracted unit 
i nass. 
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It' UV be a section of the plate parallel to .l^at a distance fr->in O, 
whose breadth is 8.t\ its attraction on I* by Art. :!77, if .V be the middh- 
point of U I', 

•2yl-p.8.r . VP (7 _ 2ypl- JlJ.' _ 

PS 8111 2 “ fh- + .»•- ' \h - + .1 - + o- ’ 

and acts in the direction PS. 

Hence the total attraction -V along PO 


c* opj 


f +& 2ypX-. d.v a U 

= J -h ^P+> ' «?P+P+<f- X s'/7- + .r- 

<r = /■*_ dj- x / ,c ^w(i^ 

•• Aypkali J „ (4- + .*-)s / / < -+.r- , + a-' ./c*W» 

Put .r = // tan so that the limits fur 0 are zero and 


tan 


o . ... o 

f , e.e. sin 4 ; —=. 
A v^-'+A- 


X 


Mil 1 —k— 

1 I Jb‘+h- 


Ayptcal 


\ h f o 


co> 6 dO 

\ h- +tt- — a- sin- 0 


MU " 1 - - - 

I f . a sill 6 “| >//-+/•* __ 1 .• _i 

o/< [_ r/*Je \ (/r +c*-) (/f- + 6-j 


J/ . 


l 




\ A= y ^sii. -_ 

ah s\lt* + d l ) (/i-+ 6-) 


, where 3/ is the mas's of the plate. 


EXAMPLES 

1. A triangular framework of three rods, of uniform ni.i\s per unit ot 
length, attracts according to the law of Nature; shew that a particle will 
he in equilibrium under their attraction if placed at the in-centre of the 
triangle. 

[Use the theorem of Art. 271).] 

2. Shew that the attraction of a uniform rod A/l on a unit mass at /\ 
in the direction parallel to A B> varies as - jj^. 

3. Two straight wires, of length / and l and of masses m and m , are 

place<l so that they are in the same straight line and the distance between 

the ends next one another is /•; shew that the force of attraction between 

.. . . . mm\ _(/ + c)(/'+<•) 

the two wires is y —log 

4. Shew that the attraction of a thin uniform straight bar, of line 
density <r and length l , on another uniform thin straight bar, of line 
density and length placed parallel to it and symmetrically with respect 

to it at a distance ft, is + + 4/<-- —0 s + •*/<“} • 

Explain the meaning of this expression when ft is zero. 


20—2 
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5 Two thm straight uniform rods, AB and CD, are pivoted together 
at their middle points. Shew that the attraction between them reduces 
to a couple of moment 2 ? mm , (4C~ BC) cosec «, where m and m' are then- 
line densities and a is the angle between them. 

6 . Two uniform non-intersecting straight bars, of infinite length and 
of line densities o and o', attract according to the Newtonian law. Shew 
that the resultant force between the bars is 2y iroo' cosec a, where n is the 
angle between the bars. 

[Let OCX, =o, be the shortest distance between the bars; then, by 
symmetry, the resultant force is along 0C/. Let P be any point on the 
first bar such that 0P=£, and p the perpendicular from P on the second 
bar so that p*= <* + £-’sin* a. The attraction at P of the second bar, by 

Art. 277, Cor., = , and the resultant of this along 00 = -— 5 - - 

T-f x 2ya’c . i 

Hence the whole attraction = j * c 2 + ^^\n 2 a' — etc -J 

281. To find the attraction of a uniform circular plate , of 
radius a and s mall thick ¬ 
ness k, upon'a poTnf P 
u<h ich is on the a ds of the 
plate at a distance p from 
its centre. 

Consider the portion 
of the plate included be¬ 
t ween two concentric cir¬ 
cle s of radii x and .r + &r. 

The attraction of any 
point Q of it upon a unit 

mass at P is along the line PQ, and its component in the 
direction PO 

= 7 • jpqi -- cos up Q 


p 



mass of the element at Q p 

= 7 ‘ -t- 

\ 

\ 


PQ- 


PQ' 


The same is true fhj* each point of the elementary area. 

Hence the resultant attraction of this elementary area 

% 

’2ttx . Sx . kb ^ , xSx 

= 7 •-TJTTt - • P = '2-rrykpp - - 3 • 

1 v <.«- + p-y- 




Attraction of a Circular / late 

The attraction of tjn^whoh4>latf there tore 

=2 ^kpp f" . - ww [ -,,J.. 


:J09 


= 'lirylpp 


u (a- + />')- 

1 1 


Li> (a- + ;> 2 )- 


= lirykp 1 


\'n 8 4- /> : - 


cos a = 


If a be the angle that any radius OA of the plate subtends 
at P, then 

OP = p 
PA V«- + /)-’ 

and the resultant attraction of the plate, which is clearly in tin 

direction PO, , 

= 'I-rrykp [1 - cos a). 

Cor Let the radius a of the platejiecome infinity, and <, 
hence the angle a equal to 90"; the resultant at tract io n then • 
is 2ir ykp, which is i ndependent of p. the distance ot the attiacted 

point from the plate. 

Hence the attraction of an infinite thin pate upon . 
point P, situated at a finite distance from the plate. 1. n 
pendent of the distance of 1‘ and is equal to 2w 7 x mass ot 

plate per unit of an a. _ r*> 

282 Change in the attraction of a thin attracting surface an 
„ nn it mass as the latter crosses the surjace normally , from one 

side to the other. . . , .■ . 

Let P and P' be two points, on opposite sides ot, and 

indefinitely close to, the surface, so that PP‘ is 

normal to the surface. 

Round PI y as axis describe on the surtace 

a small circle of area A, and let the rest of the 

plate be called B. 

Then ^ 

Attraction at P = attraction of A at P to- 

gether with the attraction ot If at l •••< > '• 

Attraction at /- = attraction of A at V together with the 

attraction of B at P ^‘ 
Xow l* and P' being indefinitely close together, the attrar- 
fc j on n f H H t P = the attraction of H at P in tin* limit. 


1 


I > o y. : O 

hli 


* * f. 4 ^ 
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Also A is to P as far as its attraction is concerned as an 
infinite plate is to a point at a finite distance. 

:V Hence, by the corollary to the last article, the attraction of 
A at P = 277 - 7 pk, and the attraction of A at P' — — lirypk. 

Hence, from (1) and (2) by subtraction, 

Attraction at P — attraction at P' = ^irypk. c< 3C 

'l'hus t he change in the attraction on the unit mass as it 
passes normally from a position indefinitely close to the attracting 
surface on one side to a position indefinitely close on the other 
side is 4-irypk, and therefore depends only on the t hickne ss and 
density of the plate at the point of crossing. 


283. To sheiu that the component attraction in a direction 
normal to its plane of a uni¬ 
form plane lamina, of any 
shape,at any point P is ymto, 
where m is the mass per unit 
area of the lamina, and ro 
is t he solid angle subtended 
at I* by the lamina. 

Let QR he any very sma ll 
demen t of the lamina which 
subtends an angle 8 o> at P. 
and let PQ or PR he r. 

Then, in the limit, the 



attraction of this element on P — ym 


area RQ 

~P(f- 


1* 

Draw PM perpendicular to the lamina, and QN perpen¬ 
dicular to PR. so that 


z RQX = 90 .- z QRN = z RPM = 0. 

The attract mu of (JR on P resolve*.! along PM 

area RQ . cos 0 area OX - 

= y ,n • pQs = y»* ■ — = V m • 

Hence the resultant attraction oil P in the direction normal 
to the lamina = Hym . 8a> — 7 m to, where to is the whole solid 
angle subtended by the lamina at P. 
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Attract ions. Exatuples 

284. All frostra of a uniform cone, of the same thickness 

and with their plane faces parallel to the base of the cone, exert 

equal attractions at the vertex of the cone. 

Let AB and CD be t wo sections of the cone, of the same 

s mall thickness t, which p 

are parallel to the base ot 
the cone. 

Let any cone, of ver¬ 
tex P, and very small 
vertical angle at P cut 
these sections in the very 
small curves QR and Q R . 

Since QR and Q R 
are similar curves, their areas, and hence also the,r masses since 

they are of equal thickness, are proportional to the squares ot 
their distances from the vertex. 

attraction of QR at P _ area QR ^ area Q R' 

Hence attraction of Q R' at P PQ‘ ' PQ“ 

area QR PQ!‘ _ P$_ = , 

" area Q'K' PQ? PQ'' ~PQ‘ 

Since the attractions of corresponding elements QRmvAQR. 
are equal, the attractions of the whole areas A B and CD are 

the same both in magnitude and direction. 

Hence, by summation, the attractions of any two frustra oj . 
the same finite thickness arc the same lmth m magnitude and 

direction. 

285 Ex 1. Find the attraction of a uniform solid right circular . 
ron^of height h and vertical angle 2a. at the .umtre O of U* plane ha^ 

plane section at a height .r above the hose Huhtcnds an angle -S 

« t0 ’ wl,erC _ .reosa 

COM «i- O ~ - 2/fJ r »iu s a + h* sin* «i 

The attraction of this section of thickness Kr 

S<*\ 

„ jT,_ggg a _ , bv Art. 281. 

= 2nyp*xy\- _ 2/x H . n , fl + A , Hin „ „ J " 

Hence the attraction of the whole cone 

[h r orcoHa _ ~\<Lr 

= 2nyp ) [1 - ^ ( —actual 
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On putting y=.r — h sin- a, this 


=2„ w f hcos '- 

J —ft sin* o L < *> y- + V* sin- « COS* aJ 

r ' \ 

= i-rryp [ y — COS a ‘Jj/ 1 + 4- sill* a COS* a 

L ‘ _“j ft COS- a 

r , — h sin- « cos n log Cy+\'//- + h s sin-a cos-a) . 

= -J 7 J -ftsm*a 

. r . , . . cos'a+COS 2 a~l 

= 'Inyph sin a Sill a -f-COS a — Sin a COS a log . . „ 

° sma-sin^J 


2. The law of attraction being that of the inrerte distance^ find the 
attraction of a uniform circular disc on an e.vternal point in its oion plane . 

Deduce the attraction of an infinite circular cylinder^ attracting according 
to the law of Xature. 


Let a be the radius, /» 
the density and k the thick¬ 
ness of the disc, and c the 
distance of the given point 
T from the centre O. Let 
6 be the angle any radius 
vector through /’ makes 
with OP. 

Then the total attrac¬ 
tion of the disc 

f f rdOdrkn 

= 2 / Jy *—-- 

the limits of r Wing PQ t and PQ>, 
i-e. c cos ft — s'a- — r~ sin 2 6 and 



c cos d 4 - s' a 2 - c 2 sin 2 6, 


and those of d Wing zero and sin -11 - . 

c 


Hence the attraction =4 yl-p j\ , a i — c- 


c- sin- 6 . cos $ d$ 


Aykpa- f* , , ^ °* :k 

— —— / cos- <pd<t>, if i* sin $ = a sin rf>. 

\ 'O v 

The attraction therefore = = y . Mass o f the disc_ 

c Distance from the centre 7 

that P is at t me ted as it would he if the whole mass of the disc were 
collected at its centre . 

Next, let the circle be the normal cross section of an infinite cylinder. 
I he attraction of the filament of infinite length through It perpendicular 

to the plane of the paper is, by - *Art. 277, Cor., equal to 

» /A 
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in the direction PR. The attmction of the i nfinite cylinde r is thus the 

Unyp't- 

.s ame as that of the above disc, if for /* we put 2 , and «= ^ 

If P_ be actually on the surface of the cylinder, ><• that <• = «, this 
attraction becomes 2-nypu. We hyive have the attraction of » thin rod 

on a point 14)011 its surface [cf. Art. 278]. 

If P be inside the cylinder , the attraction on it =2x|| 2ypdrd0 . cos 0, 

the limits for /• being zero toe cos 0 + sin 2 6 and for 0 from 0 to rr. 

This easily gives 2irypc as the attraction at I*. 


at i 


EXAMPLES 

1. Shew that the attraction of a uniform cylinder of height A, radius o. 
and density p f at a point on its axis at a distance r from it" am mit 

side it, is 2iryp [A - s'a- + (c+A )* 4- s '«~ '"]• 

2. Shew that the attraction of a spherical segment on a unit particle 

its vertex is 2nyph ^1 - ^ »«<* that on a unit particle at the 

centre of its base is - &.A + *■ - **(*« - *>h whcre " is thv 

radius and p the density of the sphere and A is the height °t t u >e 0 rm n 

3. Prove that a solid uniform hemisphere, of radius «, exerts no 
resultant attraction at a point on its axis at a distance <• from t u ecu i« 
given by the equation 12c 4 — 8« 3 c+3« 4 = 0. 

Shew that <■ = approximately. 

4. A right circular cone, of uniform density has its axis vertical and 
vertex upwards. Shew that it* attraction at a point / on t u* .ixin •* 
distance c above the vertex, is 

2rr y,o »u a os . *-»»>- % («»•> ", 1) | • 

where 2a is the vertical angle of the cone and a — fi the angle which 
radius of its base subtends at I*. 

5. A frustum of a uniform thin hollow cone attracts a particle placed 


where ll 


at the vertex ; shew that the attraction is 2nycr sin « cos „ log ~ 
and r are the radii of the circular ends, a is the semivertical angle of the 
cone, and <r is the superficial density of the cone. 

6. A homogeneous right circular cylinder is ol infinite length in one 
direction, and at the other end the section is per|«endic»» hi t>> u b c,K 1,1 ‘ , J> ' 
prove that the attraction of the cylinder on a paitic t at t u 

this end is , where Jf is the mass of the cylinder |*er unit of lcngtli. 
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7. A vertical solid cylinder of height #/, radius >\ and density p, bounded 
by plane ends i>erpendieular to its axis, is divided by a plane through the 
axis into two parts. Shew that the horizontal attraction on a particle at 

the centre of the base is -yap log —- 


, and find the angle the 


resultant attraction makes with the axis. 


8. A homogeneous prism, infinite in length, whose cross section is an 
equilateral triangle A IJC attracts a particle at A ; shew that the resultant 

attraction is t where J/is the mass of a unit length of the prism and 

3 a 

it is the length of a side of the triangle. 

9. Shew that the attraction of a thin elliptic disc, of uniform thick¬ 
ness /• and uniform density p, at the focus is 2nyl-p \^/ w ^ere 

•2" and 2b are its semi-axes. 

[The attraction required = j ■' cos#, the limits being zero to 

m • 

. for r % ami from zero to 277 for $. We thus introduce the infinite 
I — e cos 6 

quantity log /% when r is zero. To avoid this, take any circle, of radius />, 
[<*t (1 — <?)] surrounding the focus. The resultant attraction of this circle 
is zero by symmetry. Evaluate the above integral between limits X and 

. for r. and zero and 2rr for rf.l 
1 - e cos 0 1 


10. An elliptic disc, of mass M and semi-axes a and />, attracts according 

; shew that its component attractions at an internal 
distance 1 


to the law 


point ,/• in directions parallel to the axes are 

M .#• , -p. M * i f 

. . - and ^ . * . 

•t -f- h a o +/> b 

Deduce that in the case of an infinite homogeneous elliptic cylinder of 
density t ) y which attracts according to the law of Nature, the conqKments 

4 yTTixfh .r Anypub U . , . , 

im - » ;, nd where u and b are the semi-axes of its 

it -t- b it <t -f b b 

cross section. 

11. Shew that the attract ion of a circular disc of radius a, whose 
law of attraction i*s 

(disumoe^’ is .-'.*-<!*) “ r „*(&'-*)' acconli,, S “* '■ < «• 

where ^ is thf mass of the disc and e the distance from the centre of the 
attracted point which is in the plane of the disc. 

12. 1‘ind the attraction o| a lamina in the shape of a uniform circular 
annulus on an external point in its plane, the law of attraction being that 
of the inverse seventh power of the distance. 
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286. Attraction of a thin uniform spheri cal shell on an 

% 

external or internal point l*. 

Let a be the radius of the spherical shell, /«• and p it- 
thickness and density, 
and c the distance of P 
from its centre 0. 

If Q be any point 
of the shell, QN the 
perpendicular on OP, 
and 0 = Z POQ. then all 
the points on a circle 
with NQ jus radius are 
at equal distances from P, and the attraction of each on P 

cos </> 

resolved along J O * pQ, • 

Hence the resultant attraction of the portion of the shell 

g enerated by the arc a . BO 

a BO . 'lira sin 0 
= 7 * 7 > pQ: COS *' 

Now It- = a* + C- - 'lac cos 0. 

so that R.BR = ac*h\0.B0. 

Hence the attraction of this elementary portion 

a cos (b _ u . a (It- + cr — a 3 \ ~.. 

= l-rrykp . - . BR = tt ykp . - [ - Ri \ 1 Sit. 

% 

First, let P_ be outside the sphere so that <f> a. It we 
integrate the quantity thus found for values of R between PA 
and PR, i.e. between (c - a) and (c t«), we have the resultant 

attraction of the whole shell. 

[•<•• a It- + — a- .. 

resultant attraction = | Trykp R ■ i* 

it" 

a f , c- — a- c* — u-~| 

= "y k P ,,,• [(c + «)-(c-«)- c + „ + c _ u J 

4tt7 kpd* Mass of the shell 

= c » = 7 ' OP 1 

and is thus the same a s. it would be jf. the whole mass of the 
sphere were concentrated at Q._ 
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Secondly, let P be i nside the sphere as at P x , so that c< a. 
The limits of the integration are now P X A and P X B, i.e. a— c 
and a 4- c. 

Hence the resultant attraction 



“ +c R 2 4- c- — a- , n -nylcpa 

w dR = - 


• a — r 



— c~ 


R 


a-rc 


a- c 



v v (l ~ ~ & 

(a 4- cl — (</ — c) 4- -— 

ff+f 



Hence a uniform thin spherical shell attracts an external 
point just as it would if its whole mass were collected at its 
centre, whilst its a ttraction on an intern al poin t is zero. 


287. Attraction of a uniform solid sphere at an external or 
internal point. 


Conceive the sphere as 

concentric shells, each of 

indefinitely small thick- 
% 

ness. 

If P be outs ide the 

sphere, it is outside each 

of these shells, and hence 

the attraction of each 

shell on a unit mass at P 

Mass of the shell 
-7- 0/ >_. 


made up of an infinite number of 



Henee the total attraction at P 


Sum of the masses of the shells 

OP* 

_ Mass of the whole sphere 


= 7 


OP- 


and is therefore the same as it would be if t he w hole, mass of 
the sphere were concentrated at its centre 0. 

It the point be with in the substance of the sphere as at P lt 
then for all the shells of a radius greater than 0P X , P t is an 
internal point and henee, by Art. 28(j, the attraction of all such 
shells is zero. We need only therefore consider sh ells of a 
radius y which is less t han. OP x , i.e. 
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For any such shell P, is an external point and it- attraction 

. p _ Mass of the she ll _ 4rrrfBi/.p aU) , uv lllM>I m _ 
ilt 1 i — 7 • 0 p., 7- c , 

tegrate this for values ot y from zero to c. 

Hence the resultant attraction at 7 , l 


4-Tryp , 4 ^ r N 

= .- I >r d u = o - U 

C j o ^ 


Hence for a point inside the sphere tin- attraction \aii<- 
directives the distance of the attracted point from the centre. 

' ‘ f.r ZfrG 

288. Attraction of a spherical shell, geometrical Proof. 

FtMr,< U ;' Let P be any external 


/ 


point and Q its i nverse, so 
that CQ . CP = CA 1 = a-. 

Through Q as vertex / 

draw a very slender cone / 

to cut the sphere in very 
small areas RS and R'S". 

Since 

CP . CQ = a- = G’P-\ 

cq _ eye 

’• cr ~ CP ’ 

so that the triangles CQR, CRP are similar. 

So also the triangles CQR', CR P are similar. 


1 s 
n I . R 

V- 


Q A 


* 


/ 




U 


R N' 


Hence 


Q/e _ CR __ CR' = QR' ., | ) 

RP CP CP UP . 


and z CPR = z CRQ = Z CR'Q = Z<’PR' .<->>. 

Thus 

Attraction of RS at P = area RS ^ area It'S' 

Attraction of R'S' at P RP' ^ ^ 

area RS R'P * 
area R S RP 1 

Draw RN, R'N' perpendicular to SQS'. 

Then area RS = cross area RN x sec i\ hS 

= cross area RN x sec CRQ, 

since CR, RQ are respectively perpendicular to RS and RN. 
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80 area R’S' = cross area 22'A 7 ' x sec CR'Q. 

area RS _ cross area RN QR- 
area R'S' cross area R'N ~ QR 7 * ' 

Hence 

Attraction of RS at R QR- R'p- 

Attraction of R’S' at R = QR'- RP- = e 9 uat i° n (1 >• 

thus the attraction ot these el ementary area s at R are 

equal and, by (2), they are equally inclined to OR; hence their 
resultant is along CP. 

Also, it 8(o be the solid angle of the slender cone at Q and 

1 . 1 1 A . 1 * v 


• 1 ^ j, Also, if 8co be the solid angle of the slender 

p be the mass of the shell per unit of area, then, 

component along PC of the attraction of RS 


= VP ■ \ COS CRR = yp . areu V R Q 


• RR 


PP 


area RS. cos iVRS area RX Up . 

7P - PR‘ -W- PH : = 7 


RP 


= 7 9 - 8 ( 0 .“^. 

Hence the t otal attraction of the shell 
= S 7P . 8o> = 7P a ' vs ftl _ Vptt- , Mass of the shell 

/p t-P- cp - ba) - op • 477 = y- cp 

Since the attraction of RS and R'S' are equal, it follows 
that the portion ot the shell to the right of the inverse p oint. O 
and the part to the lef t of it, attract R equall y. 

Also die plane through Q perpendicular to CA contains all 
tin- points <.f contact of tangents to the shell drawn from P, i.e. 
it ls the polar plane of R. Hence the polar plane of P divides 
the shell into two parts whose attractions at R are equal. 
Second/,/, consider the attruction Tit^ fr r *Then 

Attraction of RS at Q _ area RS _ area R S' QR- QR - 
At t raction of R'S' at Q Qp 1 ~ qr = qrj- qr = I 

Hence the resultant attraction of RS and RS’ at Q is zem. 

So lor all such slender cones. Therefore the attraction of the 
v hole shel l on Q is zero . 

Also the part of the shell to the right of a plane through Q 
perpendicular to CA and the part to the left attract Q equally 
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289 . Value of gravity on the top of a table/am/ of height 
sc above the Earth's surface. 

If a be the radius of the Barth and g the attraction due i" 
gravity at its surface, then the value of gravity at a height ./ 

above the surface = ^ , where a = ^ , and hence this value 

(</+./)- 


(I ‘ 


= 9 (a 


+ .*•)- • l a J « 


IS -.111 


all. 


If a be the density of the material of the tablel and (assumed 
to be homogeneous), its attraction at a jx>int close t<> its surface 
is 2-7T7 sea, by Arf. 281. 

3 Now, if p ho the mean density of t he Bar th, 


^7ra 3 . p _ ±7rypti 


a- 


i 3 


Hence the attraction of the tablelaifif"^ \ a. 

* 2 up' 

The total attraction, g , at the top of the tableland thus 


I” , 2./1 -3 sea I 2./- 3.» 

= 9 1 — ~ I + 5 9-9 1 “ +5 

•' L o 2 up L a - c 


a 

up 


If we assume, as an approximation, that the mean density a 
of the rocks near the Barth’s surface is about one-halt that ot 
the mean density p of the whole Earth, this gives 


= 9 { . 1 " 4n] ' 


290 . Value of the constant of gravitation. 

By the use of the proposition of Art. 287, and the known 
value of the acceleration, due to gravity at th e Earth’s surf ace, 
we can obtain an approximate value for the constant ot 
gravitation. 

For, if E be t he mass of the Earth and It its radius in any 
system of units, its attraction on a unit mass at the surface 

E. 1 

= 7- ■ 


Hence 


E 

9 = y I{ : 


(•>■ 
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Centimetre-Gra mme-Second Units. 


In this systenk^ = $7tR j x mean density, 

and R = 6*37 x 10 s cms. 

Now the mean density of the Earth, according to the most 
recent determination by C. V. Boys, is 5*527. 

Hence ( 1 ) gives 

± nT 

981 = 7 . ± s ttR x 5 527 = y. x 6 37 x 10 8 x 5*527. 

•i 

Hence 7 = 6*66 x 10 -8 , i.e. the force of attraction between 
two concentrated masses, each equal to one gramme, placed at 
a distance of one centimetre is 6*66 x 10 ~* dynes. 

It is easily seen font -the force of attraction between two 
concentrated masses each equal to about 3877 grammes, placed 
at a distance of one centimetre, is one dyne. «■*•-• * 122 ^ 2 * 22 , 

Ft.-Lb.-Sec. Units. \ 

As a rough approximation, taking the Earth to be a sphere 
oi 4000 miles radius, (1) gives 

4tt 

32*2 = 7 . x 4000 x 5280 x 5*527 x 624, 

* \ 

since the mean density of the Ear tikis 5*527 times that of 
water, i.e. is 5*527 x 624 lbs. per cubic *Ibot. 

Hence 7 = 105 x 10 -; ’ nearly. v 

The force of attraction between two unifonnxspheres , each 
of mass one pound, whose centres are one foot ap art, is thus 
T05 x 10~ ! ‘ poundals approximately. 

Dimensions , of 7 . If [T] denote the dimensions of 7 and 

[M], [L\, [7’] the units of mass, length and time, then equation 
( 1 ) gives 

[/.] [rj-=[r]t^3. 

tn=[,uj-[zj> [n-. 


j»n-> 




EXAMPLES 

1. 1 he centre of a sphere of silver, of radius 5-5 cms. and sp -n* 104 

is distant 17 ems. from the centre of a sphere of gold, of radius 3 cms and 
sp. gr lfJf ; shew that the attraction due to the two spheres is zero at a 
pomt between them distant 11 cms. from the centre of the silver sphere 


3*21 


Attractions . Examples 


DV ismt 2. Draw a graph shewing the weight of a particle in its different 
positions as it is brought up from the centre of the Earth and taken to 
infinity. 

3. Shew that to bring any mass from the centre of the Earth, treated 
as homogeneous, to the surface requires half as much work as that required 
to remove it from the surface to infinity against the Earth’s attraction. 


4. If the Earth (supposed spherical) were covered by an ocean of 
uniform depth h, prove that the value of gravity at the bottom of the ocean 
would exceed that at the top by Arryh (j{/>-<r) approximately, where <t 
is the density of the ocean and p is the mean density of the Earth. 

5. If half the mass of the Earth were concentrated in an extremely 
thin uniform external crust, shew that at the centre of a circular gap in 
the crust the intensity of gravity would be less than its normal value by 
one-fourth. 


6. The density of a sphere varies as the depth below the surface ; 
shew that the resultant attraction is greatest at a depth equal to \ of the 
radius, and that its value there is \ of the value at the surface. 

7. If a sphere consist of concentric layers, of uniform density, shew 
that its attraction is the same at any {mint of its volume if the density at 
each point varies inversely as the distance from the centre. 

8. Determine at external and internal points the attraction of a solid 
sphere of radius a, given that its density at a distance r from the centre 



9. If the density of a solid sphere is a function of the distance from 
the centre, shew that its attraction begins to increase :us we jxmetrate into 
the sphere, if the density at the surface is less than two-thirds of the 
mean density of the sphere. 


10. Shew that the attraction of a uniform thin hemispherical shell, 
of mass M and radius a, at a point on the diameter |>crpendicular to the 
plane of the rim of the shell and at a distance .< from its centre, is 



11. Find the attraction of a solid homogeneous hemisphere at a point 0 
on the edge of its plane base. 

Take O as the origin of coordinates ; Ox us the line through the centre 

C of the base, Oz j>erpciidiculnr to the base. Then using polar coordinates 

r. 6. <f>. the attraction Z along Oz 

dr. rdO .r»\u6d<f> . 

----- cos V. 


-Ill 


yi> 


The limits for r ait* 0 to 2a cos 0 sin 6 , since the expiation to the surface 
of the sphere is (ar — a)*+^*+s* = «*, t.c. r* = 2ax = 2ar co»<f> sin 0. 


IH. 
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The limits for d are zero to - , and those for (f> are — ^ to ^ • 

••*r« j * /* / 4<Zyp 

Hence „ Z=yp j j 2a cos sin 2 6 cos 6 dOd<p = ^ . 

The component attraction X towards the centre 

f I f dr . rd6. r siu ddch , . . 2irypa 

= J IJ yp --~j»- 21 cos cf> sin 6 = — . 

[This result follows also because clearly the resultant attraction of the 
hemisphere along OC must be half tlfat of the complete sphere.] 

By symmetry, the attraction along Oy vanishes. 

Hence th e resultant attraction is \/4 + rr 2 , inclined at 

_ *3 

tan ~ 1 - to OC. 

7r 

12. Shew that at the southern base of a hemispherical hill, of radius 

a and density the latitude is diminished by ^ , where a is the meau 

» O (yf“ 1 

density and >• the radius of the Earth. 

13. It the northern and southern hemispheres of the Earth had been 
of uniform densities p and a respectively, the mean density being as at 

present, prove that gravity at the equator would be greater than it is now 
in the ratio 


v /i+ 


and that the deviation of the plumb line from the zenith at any point of 
the equator would l*e 


tan - 


■ er-l. 

{rr p + <r\ 


14. If n mountain, in the form of an enveloping cone of seinivortical 
au ° ° " cic added to a sphere of uniform density, then gravity at its 


summit would hi 


<7 


1 4- sin 3 a — cos 3 a 
- sin a 


,o!TVi ^ ' S t,M ' uU, . C ;lt points of the surfaco of the sphere 

in aiutain is supposed to he of the same density ns the sphere. 

t tnd if Jhne is any bun of attr action . in addition to that of the 

so fieri •ill "it " 'l'*’ " u: 'b } '!l which the attraction of a thin uniform 
nphertcaf she,l lPO , lfd bc ^ ^ , 

Let the law of attraction so that, by Art. 29* we have given 


/ 


w+ * /.*- + r*_„s 

Ri - T\H)dR = 0 

for all values of c less than a 


CD, 
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Differentiatin g w ith respect to*c, we obtain^ r _ ( y.«r "j t c y^j~ ^ +*■ - ® 

^:?m + f&jzs) = (* +e m" d/ ? 

a A-c. a — c /r- 


■(« - c) _ r a+c 

a+c a — c ja-r 

Differentiating a second time, 

f (a + c) . f(a +e) f (q-c) . f(a±e) A A*"^ 

- 7 + (« + <?)* « - c + (« ia + cY- {a A^ s ’ 


a + c 


so that ‘ 


a — c 

f (a + c) _ f (q-c) 
a + c a — e 


for all values of q, and for all values of c less than a. 

. •. £-—■ is const. . ‘. f(r) = AF + B. 

Substituting this value in (1), we see that .1 =0. 

Hence the only law of force = ^. 

16. Find if there is any other law of attraction , in addition to that of 
the inverse square of the distance , by which the attraction of a thin uni form 
shell of radius a would be the same at all external points as if its mass were 
collected at its centre. 

Let the law of attraction beso that, by Art. 286, we have given 

r* 

q f e+« IP + c n --a- _ /(c) 




q f «+<* JP + c- — a- , .. . „ . , /(<•') 

rrykp - f{H) \nykpa-. -j , 

C~ J c . a II 


and hence 


1 /<■+«* K- + c - - a - 


1 (<+ a 
« 7 e-a 


IP 


f(B) dll = 4f(c) .(1). 


This is to be true for all values of a and all values of c greater than a. 
Differentiate with respect to a, and we have 

■c+a /{■* + <?-a* 

IP 


_i r 

«* c- 


f (It) dll 


Differentiate this with respect to c and a resi>ectively ; thus we obtain 


2c £ 

/(c + «) j /(«-«)“ 

]+2«c £ 

-f(c + a) + f (<*-a)“|_ 2tf 


c+a c—a 

c + a c - a J j 

and 

2«| 

f(c + a) f(c-°y 
c+a c—a 

j + 2qc | 

■/(c- + «)_/'(c-a)1 2<| 

c+a c-a J J 



. f 9 (c -f a ) f' (o — a) c n 

Hence, on elimination of the integral, » ,or 

values of a and for all values of c greater than a. 


21—2 
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Hence 7 ^ must be constant. f(r) = Ar 3 +B i where A and B are 

arbitrary constants; hence the law of force required = Ar+ 

Thus the only possible laws are those of the direct distance, and inverse 
square, or a combination of them. 


THE POTENTIAL. 

291. The potential of an attracting mass M at a point P is 
the work done on a unit 

• —*? - c vU from infinity 

mass as it moves from an V 

infinite distance, by any 1 c f- E *~ rtv 12 

path, curved or straight, 

to the point P. / 

Consider any elemen- / 

tary portion, m, of the / 

attracting mass at 0 / 

and let P,P 2 be any ° r P 

el ementary arc of the path of the particle, where 

OP, = R and 0P 3 = R + SR. 

Draw PoiV perpendicular to OP,. Then, in the limit, 

ON = OP 2 = R + 8R. 

... P,iY = OP, - 0N= R - (R + 8R) = - 8R. 

Hence the work done by the attraction of m as the unit 
mass moves from P, to P a 


7 * op, a * ~ 

Hencc t hy whole work done by this attraction as the unit 
mass moves from infinity to P, where OP is r. 


- © « 


_ M r 

L*"J. 


= 7 rn 


|" 1 __ 1 ~1 _ 7 m 
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A similar result is true for elements w a , • of the 

attracting mass at 0 ,, 0 2 , - 

Hence the total work done by the 
whole attracting mass 

7 m 7 m» 7 m., 

~P0 + P0,P0. 



- / r 

Thus the potential of a mass at any point P is obtained 
as follows; Pe* dm fce «»iy element of M whose distance from P 

is r, then the potential at P =yjjr> where the integral is taken 

throughout the attracting mass. 

This quantity is usually denoted by V. 


292. If V be the potential of an attracting mass at any £ 




point P, whose coordinates 
are x, y, z, we can shew that 

d V 

— is the component attrae- 

tion at P parallel to the axis 
of x in the direction of x 
increasing, and similarly for 

dV . c IV 

and -s- . 
dy dz 

For let dm be an element 
of the attracting mass at the 
point Q, whose coordinates are x', y, z'. Then, by the definition^ 
of the preceding article, 

(dm f _ dm 

y JPQ ' y JV(x-xy + (y-y'r + (e-e') 1 

dV f _ din _ (v-x) 

* * dx 7 J - x y + (y- y y + (z- zy\$ 

f dm x — x f dm a ( , > 

—Wre- pq—^lrn . (1> ' 

where 6 is the inclination of QP to the axis of x. 


= - 


p(*« ) 




326 


Statics 


Now the attraction of the element dm on P is 7 . 


dm 

PQ 2 


along PQ, and hence the resolved part of this attraction along 

the negative direction of the axis of x = 7 . cos 6 . 

Hence the attraction of the whole mass resolved parallel to 

the positive direction of the axis of a: = — y j j^^cos 

Therefore, from (1), it follows that 
dV 

= the resultant attraction of the whole mass parallel to 
the axis of x in the direction of x increasing. 

dV dV 

Similarly and are the resultant attractions in the 
directions of the axes of y and z. 

293. From the preceding articles we thus see that we may 
obtain the potential at any point by findin g the value of the 

integral 7 J ~- 1 taken throughout the mass of the body, or, if it 

be more convenient, we can find it from the property that its 
differential coefficients with respect to x, y, z are equal to the 
resultant forces in the directions of these coordinates. 

Also if V be first found we can easily obtain the component 
forces by differentiation. 

294. If 8 s be an element of a line drawn from P in any 
direction, whose projections on the axis of x, y, z are 8 x, 8 y, and 
82 , and whose direction cosines are therefore 

8 x 8 if .Sir 

&■ S and 5 1 

then the resultant force along the el ement 8 s 

_ dV dx + dV dy d V dT'J'dV 
ds dy ds dz ds ~ ds ‘ 

If this element be PP\ this expresses the fact that the 
force in the direction PP' 


= Lt. 


Potential at P' — Potential at P 

PP' 
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295. From the preceding article it follows that if the 
position of P be given by the usual polar coordinates /*, 0. 
the resultant attractions are 


dV . 


dr 


in the direction of r. 


^ P 


ir :i\ 




/y*. •{ 


1 dV * * e r< ^ ,t 

- -jg perpendicular to r in the plane of 0, ^ 

1 dV *r *>V 

and —;—perpendicular to the plane of 0. 

/•sin 6 d<f) 1 1 

296. When the attracted point P is inside the attracted fee. 
mass, in which case some of the values of r are zero, it seems at 1 


cu 


lice 


first sight as if the value of the potential [y. might be ^ 1 
infinite. •*n-*»‘* 

But it can easily be shewn that this is not so. For take P 
as the origin of polar coordinates (r, 0 , and (f>) in three dimen¬ 
sions, in which case 8m = Sr . rS0 . r sin 0Scf). p. 

Hence the potential V = y JjJ p . r sin 0 drd 0 d<f>, and he 

is finite even if r be zero for some of the elements. 

Similarly, by (1) of Art. 292, ^ = — 7 fpQ *• cos QP C (,,) ST 

ss — yJJ' jp . 7 sin QdriWdc}) cos< ^ s j n 0 = —yjj jpsin- 0 cos<f>drd 0 d<f>, 

and hence no element of it becomes infinite even if r be zero. 

The potential and components of attraction therefore are 
c ontinuous function s, jf every element of the attracting mass is 
of finite volume density . % 

But the same will not be true of the second differential (»)~ 

J • # • ^ * I 6m \ w 

coefficients of the 

of Art. 292 with -... - y" <j 

d 2 V f j f i 0 (a- - yy ’ 

— = - y ] dm [-p- Q -,- 3-pjgr- 

Taking the attracted point (a-, y, 2 ) as the origin as above, 
and substituting in polar coordinates, this gives 

d 3 V [ff 3 cos a <£ sin 2 0 — 1 a , . 

3^=7 JIJ P- ~ r ■»" 8drd0<l<t>. 

cv. 

Here the quantity uncler the integral sign Ls infinite, when 


c will not be true of the second differential ~ 

. . *•*#«“ . •! (f) 

L* potential. For differentiating the expression _ 

respect to x, we have t 

« - i* ^ m m v 
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r vanishes, i.e. for some values of r when the attracted point is 
inside the attracting mass. 

Hence the second differential coefficient is not continuous as 
we pass from outside to inside the attracting mass. 

N«.c- . The above results will not necessarily hold for other laws of 
attraction than that of Nature. For instance, if the law were 
that of the inverse cub e of the distance, the above integral for 

would have an r in its denominator, and so some of its 
ax 

elements would become infinite if the attracted particle were 
within the attracting mass. 

297. Potential for laws o f attraction o ther than that of the 
i nverse square . 

If the law of attraction be y . ,j 7 - J _ Vl , the potential of a 

(distance j 

mass m at a distance r, as in Art. 291, 


/ 


*K X \ 


■4 K 




[ r f-v m \jn y m r 1 T‘ _ r m 1 

• Jf 

Hence the potential of the whole mass M = I “^7 * 

This holds so long as «_is p ositive and g reater than unity . 

If the law be that of the inverse distance, i.e. if n = 1, the 

potential = j* = ““ r t m = C — ym log r, 

where C_ is a n infinite con stant. 

Also the potential of the whole attracting mass 

= C t - y f log rdm, 

where C, is also an infinite constant. 

298. Potential of a thin uniform rod at any external point. 
With the figure and notation of A*ft*. 277, the potential of the 
rod A B at P 

B 1 l jf f ykp- dx _ f&ykpp sec- 6dO 

J 1 J Q J a p sec 0 



fP 

= ykp I se 

• a 


sec Odd 


<4.0- — 


= ykp lug 


= y k P I 1l °g tan (J + |) 

*“» (7+ £) 


- ~r % ^ 

O-i.-* -*V* «-) 


, 7r a 
‘an I i + 
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t r / 7r a \ P A B 

Z P-45 = » + a, so that tan (^ + o _ t;m 2 ' 


Now 


Also Z P5A = J “ &> so that 


/t r /3\ /7r t PBA 

tan (_ + |) = c °t ( 4 -2) = cot T-' 


Hence the potential at P 


= 7*'P lo g 


PA B „ P5A 

COt —s— • cot —o - 


If A5 = «, 4P*r„ and BP = >,, then, by the ordinary 
formulae in Trigonometry, _ _ 

PAB PBA / s(s-r 3 ) / -U* “ ^ 

cot 5 • cot -V ( s _ r ,\ (-v _ a) V (s - r 8 ) (s - 


$ 


_ r, + r 8 4- a 
* s —Tt ~ + r s — « 

Hence the potential at P 

r, + r 2 + (i 

= 7*P 


Cor. 1. It follows that the potential is constant tor all 
points for which r, + r, is constant, i.e. for all points whic h ic¬ 
on an ellipse whose foci are A and B. A . , 

Hence, in the case of a thin rod AB, the ecpn-po t en t »al_ 

curves are ellipses whose foci are A and B. 

Cor. 2. If the rod be of infinite length i n both directio ns, ,,, 

the potential V 

p ykp .dx 2ykp [ ' - r ^-= 

Jo TQ / P Jo y/p + a? 


= 2ykp [log \x + dx 1 + p J l"j ( 


= G - 2yfcp log p, 

where C is an infinite constant . ^ 

This result may also be obtained from the result ot Art. -h, 

( IY lie, . 2ykp 

Cor. ; for = — force of attraction — • 

dp I 

... V = C - 2ykp log p. 
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Cor. 3. If the rod be of infinite length in the direction AB 
produced, but ends at A , the potential at P 

TT 

= ykp j^log tan (j + = ykp j C' - log tan + g)] » 

where C’ is an infinite constant , 

-*[»•-.<* 4 ^-'] ■ 

299. Potential of a uniform thin circular plate at a point.QR 
its axis. 

p) With the figure and notatioff^f Art. 281, the potential at P 

= [''■ kp = 2rryk P ['-JL^ dx 

J PQ Jo p 1 - 4 - x- 

= 27rykp p- 4- 


(«> 


= 27 Tyfcp [Vp J -4 a 3 — p\ 

Or the potential V may be obtained from the result of 
Art. 281. For 

(IV . . . 

—- = attraction in the direction OP 
dp 

= — 2irykp f 1 — -■=-=. 1 . 

L fa 2 + p* J 

V = -Trykp [\^Tp a — p] + C. 

The constant C is zero; for when p is zero, 

V = the potential of the plate at its centre 

/ ** y . 27r.vdx. kp 

it x 


— 2rrrykpa. 


EXAMPLES 

1. If a uniform rod l>e of infinite length, shew that the work done 
in removing a unit particle against its attraction, from a perpendicular 
distance y x to a perpendicular distance y«, is 

2ykp btg~. 
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2. Two equal uniform bars, of masses m x and nt 2 and length ?, are 
symmetrically placed so as to be parallel and at a distance //,. Shew 
that the work done against their mutual attractions in pulling one away 
symmetrically, till it is at a distance from the other, is 

[Use the result of Ex. 4, page 307 ] 

3. The potential of a distribution of matter is given by 

a ~x + vV- + + ~ O’ . 

=fl ° S a +.r + (" ’ 

find the most compact distribution of matter that will produce it. 

4. A number « of equal, infinitely long, homogeneous straight filaments 
lie on a cylinder of radius </, and are at equal distances from one another. 
Shew that the potential at any point P can l>e put in the form 

C- yin log (r 2 ' 1 - ‘2<t "r" cos u$ + a 2 ’*), 

where r and 6 are the iR>lar coordinates of /’ referred to an origin which 
is the intersection of the axis of the cylinder with a plane through 
perpendicular to it. 

5. Shew that the potential of the surfaces of a cube at the centre of 
the cube is 


y ^[G log(2 + s '3)-»r], 


where 2a is the length of a side and M is the mass of a face supposed 
indefinitely thin. 

Deduce that the potential of a cube at its centre is 

y ‘ V [G log (2 + n '3) — ?t], 

where M is its mass and 2a the length of one of the edges of the cube. 

Deduce also that the value of the potential of the cube at one of i s 
corners is one-half the value at its centre. 

[Start with the result of Art. 280.] 

6. Shew that the potential of a thin homogeneous ring, of mass ,n 
and radius a, at a point in its plane distant c from its centre is l'-yn log c 
or C— ymloga, according as c is £ the law of force being i |,ulM * a * 
the distance. 

7. Shew that the potential of a uniform thin cylindrical shell at a 

point /* is ... 

c- AnyaM log « or C- AnyaM log >\ 

according as P is inside or outside the cylinder, the mass per unit area 

being Jf, the radius of the shell «, and r being the distance* of / from 

it« axis. 
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8. In the plane of a thin uniform circular ring, of radius a cms. and 
mass M grammes, a point 0 is taken at a distance c from the centre (e > a ); 
shew that the potential at 0 due to the gravitation of the ring is 


where 


M 
^ c + a 




2 \f ac 
a+c 



9. Shew that the potential of a uniform circular disc, of mass M 
and radius «, at a point in its plane distant c from its centre, is 


TT 

O 


f «/ a 2 _ c * sin* 6 dO 
ITU* J o 


or 


4yJ/ 


it a 


■i 


sin -1 - 

J y/d 3 - c* sin* Odd, 


according as c is less or greater than a. 


10. Find the potential of a uniform lamina, bounded by two con¬ 
centric circles whose radii are « and b , at a poiut distant r from the common 

centre, the law of attraction being 


11. The density of an elliptic lamina varies as the distance from the 
major axis, the mass of a unit element of ami at unit distance being p. 
Shew that the potential due to the lamina at a focus is 2yp& 2 . 


12. 0 is the centre of a homogeneous hemisphere and A is the other 

end of the radius perpendicular to its base. If the radius bo a cms., the 
density p grammes per cub. ciu., and y be the constaut of gravitation, 
shew that the work done against the attraction of the hemisphere in 
carrying one gramme from 0 to A is 


2rrypo* 1 


■[ 



ergs. 


13. Shew that the quantity of work necessary to move ono con¬ 
densed unit of mass along any path from the middle point of the base of 
a homogeneous solid cone to the vertex is 


cos-* a + sm J a — I 

i* n 


,. o cos « (1 + cos a) 

Tryp/i- sin- a COS a log - - . - ' + 

L sin a (1 — sin a; sin* a cos 

where h i.s the height and 2a the vertical angle of the coue, and p is its 
density. 

300. Potential of a thin uniform spherical shell at an 
external or internal point. 

\N ith the figure and notation of Art. 286 the potential at 
an external point P 

f , add . 27ro sin 0 

= J 7/.V> •- pQ -• 
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Also R .BR = ac sin 0 . B6. as in that article. 

Hence the potential 

i'c+a OJl? n f "!<• + <' \-rr<ykp<!‘ 

c I — c 


, a / v ™ RdR , a | r> 
= 2t rykp - -jt- = '2irykp - | R 

C J c-a 


c- «r 


Mass of the shell 

= 7 . 

so that, for an external point, the potential ot the shell is the 
same as it would be if the w hole mas s of the shell were collected 

at its centre . 

For an internal point. 1\ the limits for the integration 
are from R=P X A to 1\B, i.e. from a-c to a + c. Hence the 

potential at R, 


a 4 -r 


(t 1 • 4 

= 27 rykp - R = Airykpa = 7 . 


Mass of the shell 


. . Its radius 

Hence, for an internal point 1\, the potential is constant and 
equal therefore to its value for a point at the centie. 

301. Potential of a uniform solid sphe re at an external or 

internal point. JIO 

Take the figure and notation of Art. 2*7. and conceive the 

sphere as made up of an infinite number of thin concentric 

spherical shells as in that article. 

If P be outside the sphere, it is outside each of these shells, 

Mass of the shell 

for any one of which the potential at 1 = y- q p > 

by the bust article. 

Hence the total potential at an external point P 

Sum of the masses of the shells 
= 7 - OP 

Mass of the sphere 

= 7 - OP * 

and is therefore the same as it would be i! the whole mass ot 
the sphere were concentrated at its centre. 

If the point be inside the sphere, then for all the shells ot 
radius y less than OP lt P t is an external point, and hence, by 

Art. 300, the potential for such a shell =y. (jP x ^' U,U * ^ l * s 
must be integrated between limits 0 and c. 
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For all the shells of radius v greater than OPj, P, is an 
internal point, and hence, by Afrt. 300, the potential for such a 

shell = y . auc j this must be integrated between limits 

y 

c and a. 

Hence, finally, the potential at an internal jjoint Pj »■«- M 


f c ±Trpy-dy , [ a ±irpifdy 

=)o y —^- + )c y --ir 

= . C 3 + 2 ?rpy (a 2 - C 2 ) 


= 2 7 ryp 


(-*)■ 


302. Potential and attraction of a spherical shell, 
thic/cness, bounded by spheres of radii a and b. 



Let 0 be the centre and p the density of the shell. 
Conceive this shell of finite thickness to be composed of an 
infinite number of thin shells, and apply the results of Art. 300. 

First \ for a point P, (OP, = x) within the inner surface of 
the shell, the second case applies, and the potential at it 



= 'liryp (a 2 — 



Secondly ; for a point P.. ( OP., = .r) between the two bounding 
surfaces ; for the shells of a less radius than .r, P, is an external 


point and the first case of Art. 300 holds; whilst, for shells of a 


Spherical Shell of finite thick ness 335 


greater radius, P, is an internal point and the second case 
applies. Hence the potential at P* 

f x 4 Trpy-dy , /*" 4t rpydj/ 

+ J , 7 ' V 

4 (P — b 3 \ ... ... 

= 8 7rp7 V“T ) + («•-•' ) 

r .r 2 2 & 3 ~1 

= 2rrp 7 |a’- 3“3^J* 

Thirdly, for a point P,(0P, = *), external to the whole given 
shell and therefore to all the thin shells, the potential I 


p 47 rpydy _ 4ttp 7 « a - 

i. 


X d 

We thus have the following results for V and its differential 
coefficients: 



-- f 

X <h 

b < X < '1 

j>»i 

V 

2 rryp (a* - b'*) 

2 Try/) Fa- - 

.r- 2 /> : ‘l 

3 3 x J 

<r' — t 

3 .<• 

dV 

dx 

0 

■Irry/j f 

1 3 L 

• 

1 

~d 

1_1 

4TT/>y a* — f‘ [ 

3 

d*V 

dx* 

0 

-tTrypl" 

» L 

■ 2bn 
+ 

Sirpy « 3 — 6 s 
“ 3 .t J 


It will be noted that, if we conceive the point P as travelling 
from the centre 0 outwards through the positions P,. P 8 . ^. 

the values of V and ^ are always continuous, and in particular 

are continuous at the values x = b and x = a, i.e. when the point 
P passes into, and out of, the attracting mattei. 

But the value of is discontinuous at these values. 

At the value x = b/^^ suddenly changes troni 0 to - \iryp, 

and at the value x = a, it suddenly changes troni 

4tt7P . 2 b 3 \ ^ Sirpy a*-b 3 


(i + *Z) to *3 

3 V tt 3 / a 


a 
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C» : ^ j CvX*"*-' J**’* - f* *" rrl1 . ™ . , 

The accompanying figure, taken from Ihomson and laits 

e£F f£*F 

Natural Philosophy, illustrates the variations of F, -^r , and • 

02?, ON are the radii h and a of the bounding surfaces of the 
shell. 



V is represented b} T the continuous curve A BQC, which has 

dV 

no abrupt change of direction; by the continuous curve 

d?V 

OEFD which changes its direction abruptly at E and F\ - 7 — 


by the discontinuous curve consisting of the three portions OE, 
GH and KL. 


EXAMPLES 


1. Shew that the potential of a zone of a homogeneous spherical 
shell at any point P on the axis of the zone is —, where M is the mass 

+ >2 

of the zone and i \, r. are the distances of the point P from the bounding 
edges of the zone. 
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2. Shew that half of the potential of a uniform spherical shell at an 
external point 0 is due to that portion of the sphere which is nearer to 0 

than the centre is. 

3. If the radius of a sphere l>e «/, its density p, and the distance of 
an internal point from the centre 0 l>e />, shew that the difference of the 
potentials at P due to the two portions into which the sphere is divided 
hy a plane through I* perpendicular to OP is 

4. Find the potential of a solid homogeneous attracting sphere, of 
radius « and density , together with a uniform distribution on the 

surface of the sphere of repelling matter of surface density , at any point 

inside the sphere, and also at any point outside the sphere. 

[py («- —.i“) inside ; zero outside ] 

5 Shew that the potential of a solid hemisphere, of radius a ami 
density p, at an external point P situated on the axis at a distance £ from 

the centre is _ 




the upper or lower sign t*eing taken according as /’ is on the convex or 
plane side of the body. 

6. If the density of a sphere at a point distant x from its centre is 

-sin - where X* and c are given constants, prove that the attraction at an 
x c * 

internal point distant a- from the centre is 

, (•: . x 1 a \ 

4^r(^sm- - -cos-J, 

and find the potential. 

7. Shew that the potential of a uniform spherical shell, of small 
thickness /•, and of density ,, and radius n, at an internal point, distant e 
from its centre, is 

. f( c + «)" * 3 - (c - «)» ♦ 3 ], 

(n + l)(» + 3)c lv 

if the law of force he that of the «th power of the distance. 

8. Shew that the mean value, taken for all points on a spherical 
surface, of attracting matter outside the surface is equal to the potential 
of the attracting matter at the centre of the spherical surface. 

If the attracting matter lie within the spherical surface, shew that the 
corresi»onding mean value of the potential is equal to y multiplied hy the 
quotient of the mass by the radius of the sphere. 


L. H. 
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9 Shew that the mean value, taken for all points on the surface of a 
circular cylinder of infinite length, of the potential of an attracting mass 
external to the cylinder is equal to the mean value of the potential of the 
.same mass for points taken on the axis of the cylinder. 


MISCELLANEOUS EXAMPLES ON ATTRACTIONS 

AND POTENTIAL 


1. NS is a magnet and I* a magnetic particle , so that P is acted on by 
forces, towards N and from .S', varying inversely as the square of the distance. 
If 0 be the middle point of NS, if NOP=0, and if OP be great compared 
with the dimensions of the magnet , prove that the resultant attraction at 1 

makes an angte tan~ l (A tan 6) with PO. 

Let OP=r y 0N= OS=a, and e.N0P=6. The attraction of the magnet 

is equivalent to that of equal quantities of positive and negative magnetism 
at its poles N and S. 

Hence the potential V at P =p 
Now NP 1 = r- + a- - 2ar cos 0. 

Hence, neglecting the square of a , 


r_L _ .LI 

_NP SPJ 





Hence, if -V and I' are the forces along PO and perpendicular to PO in 

the direction of 0 decreasing, 

„ dV Alia . 

= - :,r ~ "Sr COS «. 


and 


\dV 
r dO 



sin 0. 


Hence the required angle = tan 



= tan 



2. Iron filings are spread on a piece of paper on which is placed a 
magnet whose poles are S and N ; shew that the curves in which the 
filings arrange themselves are given by the equations cos 6~ cos 0 = const., 
where 0 and O' are the angles PSX and PNX and A' is a point in SN 
produced. 

Show also that all the filings which point towards a given point 0 on 
SN lio on a circle. 

[Each filing is a little magnet, and thus must set itself in the direction 
of the resultant force on either polo ; otherwise it would be acted upon by 
a couple.] 
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3. A very thin uniform circular ring is composed o f attracting matter; 
shew that a particle constrained to remain in its plane trill be in unstable 
equilibrium at its centre. 

Let 0 be the centre of the ring, P the attracted particle at a small 
distance c from O. Then, OP being the initia’ line, the attraction <>f the 
ring in the direction OP 

_ 9 f n ykp a a c ' os & ~ c 

~~ 1 o «- + c* - '2ac cos 6 - 2a c cos $ 


_ 2yXp j + cos cos $ _ ,•] ,/q 

_ -y P f , cos ^ _ t . 4.3 C C os-' 6 1, 

a- J 0 

squares of c being neglected, 

2yhpr . . c . 3 e . “]» ynlrp 

= «siii^+ , 6+ - sin 20 \ = y ./.<•. 

a* [_ 2 4 Jo a- 


The attraction therefore tends to increase c , i.e to increase the distance 
of the attracted particle from the centre. The equilibrium is thus un¬ 
stable. 


4. n equal centres of forces are ranged symmetrically round the 
circumference of a circle; each force is repulsive and varies inversely as 
the with power of the distance. Shew that a particle placed at the 
centre of the circle is in stable equilibrium, except when m is unity. 


5. Eight central forces, the centres of which are at the corners of a 
cube, attract, according to the same law and with the same absolute 
intensity, a particle placed very near the centre of the cube ; shew that 
their resultant action passes through the centre of the cube, unless the 
law of force be that of the inverse square. 


6. A particle is attracted according to the inverse cube of the distance 

by an infinite number of equal masses arranged at distances - along a 

straight line distant y from the particle. Shew that the smallest angle 
which the direction of the resultant action can make with the line is 


cos ~ * 



[If V bo the potential at any point (a-, y), the origin being at any one 

, . . , r to si nil 1/1 u 

ot the attracting masses, wo obtain » = _-.--- .1 

2y cosh my — cos mx J 


7. If every particle of matter attracted every other particle with a 
force proportional to the wth power of the distance, shew that, at any point 
within the matter, the attraction would be infinite if «< - 2. 
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8 An infinite series of parallel infinite long rods, of uniform line- 
density p, are placed at equal intervals c in a plane. Shew that the 
resultant attraction at a point in the plane, whose distance from the 

, . . 2-yurr Tra 

nearest rod is a, is — cot —-. 

[Use the expression for sin 6 in factors, and, by logarithmic differentia¬ 
tion, obtain a series for cot 0.] 

9 \ uniform wire of infinite length attracts according to the inverse 
, tt h power of the distance; shew that the resulting attraction is 


t m 

7 V ff ——i 

/ o n 1 


(I) 


‘■(H)’ 


where ,n is the mass per unit length of the wire and e is its least distance 
from the attracted point. 

10. Shew that the attraction of a uniform cube, of density p, at a 
point distant r from its centre is ~ ynpr towards the centre, if r be small. 


11. A uniform cube attracts according to the law of nature. Shew 
that the attraction at a point situated at a corner consists of three com¬ 
ponents along the edges equal to 

y,m Qog(3+2 N '2)(2- s '3)+ |], 
where p is the density and a the length of an edge. 


12. An infinitely long homogeneous prism, of density p, has a rectangular 
cross section, of length a and breadth b. Shew that, at any point on one 
of the edges, the components of the attraction along the sides a and b of 
the cross section through the point arc 




[■ 


<f tan~ l - -f 


b log 


o-+ /»-"] 

& J 


and 


yp 2b tan 



13. From the preceding, shew that the apparent latitude of a point 
<>n one edge of a long deep narrow crevasse of breadth a, running east and 

west, is altered by the angle nearly by the presence of the crevasse, 

where p tl and p are respectively the surface density and the mean density 
of the Earth and r is its radius. 

Prove also that, if the depth h of the crevasse he small compared with 
its breadth a, then the alteration +l°g nearly. 
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• $ 77 *f* 2 |(> <y 2 1 — * // 

14. Shew that gravity is diminished by - —— = —— . . of itself 

"T 77 i 

at the middle point of the surface of a canal of rectangular section whose* 
length is great compared with its depth a ; the breadth being 2<i, r being 
the radius of the Earth, and n the ratio of the density of water t-> the 
mean density of the Earth. 

15. A lamina bounded internally and externally by concentric circles, 

of radii b and a respectively, is formed of material attracting according 
to the law (distance) -6 . Shew that the resultant attraction vanishes at 
points distant __ 

t . i /+ /»* 

* a~- +/>'■ 

from its centre. 

16. Show that the attraction at any internal point of a homogeneous 
sphere of radius a , every element of which attracts with a force proportional 
to its mass and inversely proportional to the cuIk* of the distance, is 

nu.u a- + .r 2 . «+.».' 

- itu — log-- , 

x 2x- a — x 

where x is the distance of the point from the centre of the sphere and /* is 
the attraction of unit mass at unit distance. 

17. The matter of a spherical shell attracts with a force varying as the 
inverse fifth power of the distance. Shew that the attraction on an external 

CP 

point P is y M. where M is the mass of the shell, C its centre, and 

PT is the tangent from P. 

What does this become when P is inside the shell? 

18. If the law of force be the inverse fifth power of the distance, 
shew that the attraction of a uniform solid sphere, of density and radius </, 
at an external point distant c from the centre is 

y 4c- \ (c* - a*)* + ° c + af 

19. Shew tlmt the attraction of a solid oblate spheroid of small 

eccentricity and whose semi-axes are </, ci, l> is a on a unit 

particle at the end of the axis a y and ^ ynp ^1 + // at the end of the 

axis b y where 6 = (l - *)a . 

20. Shew that the attraction of a uniform hemispherical shell, of 
radius a, at a point in the plane of its rim distant /•(></) from the centre, 

is made up of a force ^ towards the centre, and a force 


2Ma f 2 «in 1 0 d0 
nr 1 J u — a* sin- 0 
perpendicular to the plane. 

Hence find the attraction of a solid hemisphere at a point on its rim. 
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21. A solid, of density p, is formed by the revolution about the axis 
of x of the part cut off from the parabola y- = 4o.i* by its erolute 

2“ay 2 = 4(.r-2a) 3 . 

Shew that the attraction at the cusp of the evolute is 

Try P a [4 sinh " 1 4+5 VI? - 27]. 

22. Shew that the attraction at the focus .S’ of a segment of a para¬ 
boloid of revolution, bounded by a plane perpendicular to the axis at a 
distance b from the vertex, is 

. a + b 
4rryprt log e —-- - , 


where 4o is the latus rectum of the generating parabola. 

23. Shew that the resultant attraction of one-half of a solid homo¬ 
geneous oblate spheroid cut off by an cquatoreal plane, at a point on the 
r i,n of the base, is inclined to the plane of the base at an angle whose 

tangent is 

4yc (tanh -1 e — e) 

7r(rtsin -, e — ce) ’ 

where a and c are the semi-axes and c is the eccentricity of the meridian 
section. 


24. If a lamina contains the origin and is bounded by the hyperbola 
1 shew that the r-componcnt of its attraction at any point on 

ft- b- 
the ellipse 

./•2 . . '2ny mah 


- =i, y=o is 

*t- + 0 £ o %«-//- 


J.W 


where I* is the ^-coordinate of the point, and m is the mass of the lamina 
per unit of area. 

25. Shew that the attraction at a jx>le of a solid prolate spheroid due 
to the matter on the far side of the cquatoreal plane is 


ilrryfXt 



(2 - \'2 - e -) + 



(!+<■ )»! 

1 + e \'2 -V-J ’ 


when- if is the semi-axis, «• the eccentricity of the meridian, and p is the 
donsit v. 


26. The are of a curve attracts a particle placed at its pole with a 
law of attraction equal to p-i-(distance) 11 ; if the resultant attraction of 
the are always bisects the angle l>otwecii the radii vectores to its ends, 
shew that the equation to the curve is r n ~ l sin \(n — 1) 0} s const. 


27. If a homogeneous solid of revolution* whose mass J/and density p 
are given, l>e such that its attraction at a point O on the axis of revolution 
is a maximum, shew that the solid is generated by the revolution of a 
curve whose equation is 

/**' = <£“ cos 6. 



Attractions and Potential. Examples 343 

[Let Ox be the axis of revolution. It is clear that 0 must lie on the 
solid. The surface, which is such that the attraction resol veil along Ox 
of a particle, placed anywhere on it, is always the same, is clear \ 

= const., i.e. r* = a 1 cos 0 . 1 


cos 6 


Choose a so that this surface just includes all the mass M of the given 
matter, Lc. so that if = mass of the surface of revolution given by (\) 

= 4 ~!’a\ as is easily found by integration. The surface thus obtained 

is the required one. For suppose we remove an element »<, of the mass 
from a point I\ inside this surface to a point /'..outside it, and let Vl\ and 
OP 2 meet the surface in and Q.. Then clearly attraction of w, at on a 
particle at O > its attraction when at <?,, and its attraction when at 
< its attraction when at <<?., whilst its attractions when at V, and (f. 
resolved along Ox are the same. Hence, by removing the mass /a, from 
any point inside the above surface to any point outside, we have lessened 
the attraction along Ox. lienee the proposition.] 


i. A uniform solid sphere, of muss J/, is cut in tiro bp a plane through 
ntre; shew that the reaction between the halves due to their mutual 


28 , 

its centre _ 

3 1/2 

attraction is y , where a is the radius of the sphere. 

Clearly the attraction of one half on itself is zero; for it is the re¬ 
sultant of pairs of equal and opposite forces. Hence the attraction of 
one half on the other half is equal to the attraction of the whole sphere 
on that half. Let P l>e any point of this half, OP = r y l.POZ= where U 
is the centre and OZ perpendicular to the cutting plane. 

The attraction of the whole sphere at / , = y . ^ npe [Art. 2*7], and the 

element of volume having this attraction 

= rbObc x 2n r sin 0. 

Hence the attraction of the whole sphere on the hemisphere resolved 
perpendicular to the plane base 

n 

= j j p . rd$ dr. 2irr sin 0 [y . ^ wprj cos 6 

1 , „ 4 3y M - 

The rcsultunt reaction between the two halves is clearly equal to the 
resultant attraction between them. 

Aliter. Consider a sphere of Haiti at rest under its own attraction. 

The attraction at a point distant r from the centre =y . - npr. 

• J 
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Hence the fundamental equation of Hydrostatics gives 

Sp = _ *LEV rgr . 

/» 3 

. p = C- | np- yr- = ^ rrp 2 y («-- j- 2 ), 

since the pressure clearly vanishes at the surface of the sphere. 

The resultant pressure across a plaue through the centre then 

Jo .5 y o 

If one of the hemispheres he now made rigid, it will be in equilibrium 
under the same forces as before, and hence the required reaction 

7r J p-ya* _ 3y J f~ 

= 3 “ 16" a- * 

29. If n self-attracting shell of mass J/, bounded by concentric 
spheres of radii a and b, be cut by a plane through the centre, prove that 
the pressure between the halves is 

a-+ 2ab + :ib- 
"lG (« 2 + ab + b-)- ' 

30. Shew that the force required to separate the two parts of a solid 

MM* 

uniform sphere, of radius a, divided in any manner is y —j— • PP > where 
J/, J/’ are the masses and /’, P’ the centres of gravity of the two parts. 

31. The mass of a unit length of an infinite homogeneous cylinder, of 
radius a, is .1/. It is divided into two parts by a plane through its axis. 
Shew that the pressure between the two parts due to their mutual 

4 1/" 

attractions is —■— per unit length of the cylinder. 

• >7T It 

32. A lune is divided off from a thin spherical shell by two great 
circles whose planes cut at an angle 2n. Shew that the attraction ot the 

!/•" 

rest of the shell on the lune is y —^ sin n, where M is the mass of the shell 
and <i is its radius. 


33. A solid homogeneous sphere is laid on a thin uniform circular 
plate so as to touch it at its centre, and the sphere and plate have their 
radii and masses equal. Shew that the reaction between them duo to 

their mutual gravitation is 4X/isiu j- of the weight of either, where X is 

o 

the ratio of the radius of either to the radius of the Earth, and p is the 
ratio »»f the density of the sphere to the mean density of the Earth. 

34. A homogeneous sphere, of radius a and mass J/|, is in contact 
with the centre of the plane face of a homogeneous hemisphere, of radius a 
and mass Af >. Shew that the pressure between them due to their mutual 

attraction is 1). 
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35. A uniform circular plate, of mass .1/, re>ts in >«»ntait with a fixed 
rough gravitating sphere of the same radius. A small mass "< i' tin n 
fastened to the rim of the plate. Shew that the plate will turn thr<uu:h 

an angle whose circular measure is if the squares of this ratio I-- 
neglected. 

36. Shew that the potential of a uniform thin equilateral triangle .1 lit 
at a point i 7 , situated on a perpendicular to its plane drawn through it- 
centre 0, is 

2y J/CQt af 
a _ 

where M is the mass of the triangle, <t is its side, and u<>P. 1 =<»• 

[Consider the triangle as made up of straight lines parallel to its base.] 

37. Shew that the potential of a uniform regular tetrahedron, formed 
of gravitational matter, at its centre is 

y | G log U'3 W*) - 

where M is the mass of the tetrahedron and a the length of an edge. 

[Use the result of the previous question.] 

38. A particle is let fall from an angular point of a regular tetrahedron 
whose opposite face consists of matter of surface density tr attracting a«. 
the inverse square. Shew that, when it strikes this face, the square of 
its velocity is 

y <ru s'H [log (1 + Jj) + -2 s'2 cot - 1 s'2 - > 

where a is the length of a side and the remaining faces exert no attraction. 

39. If M and M' be any two masses, and if V' l>e the potential of M 
at any clement dM of M. and V be the potential of U at any element JM 
of J/', shew that 

j VtlM' = f V'dM. 

40. If V„ be the potential of any point due to a distribution of matter 
attracting according to the nth power of the distance, and l’„- 3 the 
potential due to the same distribution attracting as the (a - 2)th power of 
the distance, shew that 

vd>(« -1)(« + 2) r..- 2 . 

41. If </,(.».-,//, z ) bo the potential at an internal point /' (j\ >/, :) of a 
thin heterogeneous spherical shell, then the potential at an external 
point 1*' (j/, y\ z') is 

a , (a*x u-z\ 

r' V V * r'- ' ) ’ 

whore a is the radius of the shell and /•' the distance of /” from its 
centre. 
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ATTRACTIONS AND POTENTIAL (continued). 

GENERAL THEOREMS 


303. Surface Integral of Normal Attraction over 
any c losed surfac e (Gauss’ Theorem). ~ 

If N be the normal attraction at any point of the element 8S 
of any closecfsuffafe'Ineashred positively along the normal out¬ 
wards^ due to any j attracting mass, then JX. dS = — Ar/irM, 
where M is t he a mount of th e attracting mass with in the surface, 
the integral being taken over the whole surface. 

Lot 0 be the position of any element m of the attracting 
mass within^ the closed 
surface. 

Through 0 draw a 
cone of very small vor- 
tieal angle and lot it 
out the surface in the 
elements PQ and P'Q\ 
whose areas are 8/S and 

8S\ 

'The attractions of 
the mass m at those 
elements are 



'O 



8S 


~ ym • bi* 

and 

8S' 

- y ,n • WP 

where PX and 
and P . 

P'N' are i 
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Scu = 


Bo = 


Through Q and Q' draw normal sections QM and Q’M of 
this slender cone, and let Bay be the solid angle of the cone. 
Then 

area QM _ BS . cos 4 /QP = BS . sin OPQ 
OQ- OQ 2 OQ* 

BS . sin OPQ 
~ UP 1 ’ | 

in the limit when PQ is very small; and similarly 

BS '. sin OP'Q' 

OP’ 1 

Hence the normal attractions for the elements BS and BS' 
at P and P' are each — ym . Bay. 

Hence the total normal attraction for t he whole sur face 

= — yin . — 8(0 — — yin . 4 - 7 T, 
i.e. for the single particle in at 0 

/ lY. (IS = — 477 nn. 

Similarly for all other particles of the attracting mass insido 
the surface. Hence finally, for the whole mass, 

/ N . (IS = — 4777-4/. 

Next, let 0 , be the position of a particle /«, of the attracting 
mass outside the closed surface, and draw similarly a s lender 
cone cutting the surface in US and P'S'. Then, just as before, 
the normal attractions at PS and P'S' are 7 in t . 8(o, in magnitude. 
But their sign is opposite. For at P the attraction is positive 
measured along the outward drawn normal PL, and at P‘ it is 
negative. Hence the elements of the normal attraction for the 
surfaces PS and P'S' arc 7m,. Bco, and — yin ,. So>,, so that their 
sum is zero. 

The same result is true foi' all such slender cones drawn 
through 0 |. Hence the surface integral of normal attraction 
is zero for any such elementary mass as ///, outside the closed 
surface, and so it is zero for the total mass 4 /, which lies out¬ 
side the closed surface. 

[In the above figure it will be noted that, when the attracting 
inass is inside the surface as at 0 , both the angles OPN and 
01 V N‘ are obtuse ; when it is outside, iis at U lt one of the angles 
OiPTJ is obtuse and the other 0 t RL is acute.] 



< 
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304. When the closed curve is cut by the slender cone in more than 
two sections as in the following figure, the same result is easily seen to be 
true. 



For the*angles OPX, OP-.iV.., OP t A\ t OP’AT and OP>S 2 ' are all 
obtuse , and hence the element of the integral for each is — ym ; also the 
angles OI\ W ,, 0P 3 X 3 , and 0P\N\ are all acute, and hence the corre¬ 
sponding elements are +-ym 8o>; so that for all these points the sum of the 
elements 

= — ~tym . du> + 3y?/J . doi = — 2y »l . 8a>, 
as in the first figure. Hence, ns before, for the whole surface 

jX.dS~-yX.4ir. 

Similarly, starting with the point 0,, the^angles O l /l l L lt 0yR 3 L 3 , and 
(>, /(;.L: are obtuse and the corresponding elements of the integral each 
- ywij. 8ci>i; also the three angles IIL, O, It>L>, 0\ R\ L K are acute and the 
corresponding elements + y>n l . 8&>,; so that for this slendor cone the total 
surface integral of normal attraction is zero. 

Hence, as in the case of the first figure, jX.dS= 0. 

305. When the point 0_ is on the surface- iV. when the element m is 
on the surface, the slender cone through O either meets the surface in one 
point, or in an odd number of joints. In either case, the element of the 
surface integral due to it is — ym . du>. Hence the whole surface integral 
due to m is — jy»i</«, where du> refers to the solid angle on one side only 
of the tangent pl ane a t O, so that - jymdo» = — ym . 2n. 
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Similarly for any other element of mass on the surface. 

Hence, if -l/i he the attracting mass < >n the c losed surface, the surface 

integral due to it is — 2»ryJ/,. 

306. Laplace’s and Poisson’s Equations. 

If iV be the normal attraction at any point of a closed 
surface measured outwards, then, by Art. 303, we ha\o 

(i X. dS = — 4-777-1/.(1 h 

where M is the amount of attracting matter contained by the 
closed surface. 

Take as the closed surface the small recta ngular para 1 Mo- 
piped one of whose angular points P is the point (x, i /, and 
whose edges PQ, PR, PS are parallel to the axes and of lengths 
Bx, By, Bz respectively. 



_, j 


Tr 

1 

,/V 


dx 

R 


/o 


/ 

'•j 


/ 


w 


—V 

V 


I— 

Q 


U 


,/v </ J v - 

->—+ ■ . -g o.z 

tlx tlx- 


The face PRTS being very small, t he force a t each poin t 

3LO ( / ] r 

of it is ultimately the same and equal to — -j- towards the 
negative direction of Ox. 

Hence the component of f iV. dS due to this face is 


dV * s 

-, - . 61/ . 62 . 

dx J 


.„dV 


Also, if -j- — f{x), the component force parallel to the positive 

direction of Ox at each point of QUV IK 
= f(x 4- Bx) = f(x) + Bx .f (x) + ... 

dV d*V 

= y d —Bx 4- terms containing higher powers of Bx. 

Hence the component of J N .dS due to this face 

(dV . d'V 


= Gc + di: **-*-•••) **•**• 
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Hence the component of J*A r . dS due to these two faces 


x * * \ d " V ^ 1 

= bx. by. bz 4- ... 


So the components for the faces perpendicular to y and z are 

d"-V 


8x.8y.Bz ar| d Bx.&y.Bz ■ 


dz 


4- 


• • • • 


C rs> »Ut •’ 

O K * k 4.^ 


Also, if the s mall parallelepip ed be i nside the attracting 
mass, then M = mass of the pamllelopiped = 8 x. 8y . 8 z. p. 

Hence equation (1) gives 

[ d i V d- V d-V 1 

— + ^ ~ 4- - -4- small quantitiesJ 

= — 47T7 x 8 x. By . 8z . p, 

i.e. on dividing by 8 x . By . 8z and proceeding to the limit, 

d*V d*V drV 

X - V= 7h? + W + d? =~^p- 

This is Poisson’s Equation . 

If P and the s mall parallele pi pe d be outside the attracting 
mass, then the mass inside the pamllelopiped is zero, and the 
equation (1) becomes 

d-V d* V d-V 

dz* + dy> + dz = 

This is Laplace’s Equatio n, 

This may also be proved by simple differentiation. For as 
in Art. 296, differentiating the expressions of Art. 292, we have 


d 1 V <PV d-V 

dy- + dz 2 


dz* 


= - 7 [dm [ p |.- 


(a? - x'Y + (y — y'Y + (z — z 


9 \o 


PQ* 


OH 


If P be outside the attracting mass, so that PQ never 


vanishes, this gives 


drV d*V d*V_ n 

dzr dy* dz 2 


307. By the ordinary methods of the Differential Calculus 
for changing the coordinates x, y, z into polar coordinates r, 0, <f> 
(i.e. where x = r cos (f> sin 0, y = r sin <f> sin 0, z = r cos 0), or. 
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by a method similar to the previous article, Poisson's equation 
may be put into the form 


r d' 

in d 

■ - „ c c dV 1 

rB6 . r sin 08<f>. ^ 

r J rdu 

r sin 08(f>. Br . 


r 


+ —. . T7 | >'80 ■ Sr . — ^ V /v r sin 08<f> 
?*sin 0d<f> 1_ r sn\0(i<f>j 


60 


r 


= — 4777 p . Br. rB0. r sin 08<f>, 


{e l\*.( 1 * dV ) + Jl 

r 2 [dr V dr ) sin 


1 


d ( . - dV\ 

0 d0 d$ ) sin- 0 d<f>\d<f>J 


i cnx 


d-V 2 dV 1 d-V . cot 0dV 


= — 4-Tryp 

1 drV 


(1>. 


i.e. 


dr- + r dr + ?•* d&- + ;- 2 </0 + sin 2 6 d<f>- e ,; K 2j* v o 

= — i-rryp .(2). 


Again, if we use cylindrical co or dinates a-, and r (so that 
a: = cos 6 and y = sin 0), the equation becomes 

d ( dF\ d (1 dV\ d ( dV\ 

s r d~) + Je U ds ) + * ( w arr _47rWCT - 

, 1 dK , 1 <PF , <7=F , 

d? + wfo + »’S + dF = - 4 ^. (3 ' Gb 


i.e. 


If the point considered be not within the attracting ma>s, 
the right-hand members of (1), (2), and (3) are zero, and we 
have the c orresponding form s of L aplace's equation . 

308. By the use of the equations of the previous article we 
may at onc e obtain the values of V in some sim ple eases._ 

7k;-. Spherical Shell. Clearly >V depends only on the distance r 
of the point P considered from the centre of the shell, and is 
independent of 0 and </>. 

Hence equation (1) of Art. 307 gives ^r 3 ) = () - 

u dV , . ir A 

r 2 —j— = const., i.e. V = —V li. 
dr r 

(i) If P be inside the shell, then clearly the resultant 

dV 

attraction -j— vanishes at the centre, so that A = 0. 

dr 

Hence V is constant all through the inside of the shell and 

, . Mass 

P> = its value at the centre = 7 . ,, 

Radius 
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(ii) If jP be outside t he shell, then, since V must vanish at 
infinity, B = 0. ^ 

Also, V being 2 continuous, its value must at the surface of 
the shell agree with that of the internal potential, so that 

A Mass . ,, 

= Radius ' ‘ e - A=y - M - 


Hence outside the shell the potential =y--p • 

Solid Spher e. Interna l point. Here, since V is independent 
of 6 and <£, Poisson’s equation gives 

[•* 57 ] - - i7T ~' p - 

Now (~^t) = the result-ant attraction at the centre =0, so 


that C = 0. 


d P” 4-7T • -j tt o o , n 

——-g-7 P r » i e - * = - ^Trypi + B. 


. • dr 3 — ‘ 

But clearly V at the centre = J = < 2.nrypa’ 1 = B. 

Ok> ^ 

• # . V = 27rypd 2 — 3 7 rypi^. 

309. Ex. 1. Matter is distributed between the infinite cylinders r = ia 

r = « m smc/i a /ray that the density is proportional to ^-, ajit£ Me 

/)cr w/jiV length parallel to the a.vis is J/. Find the laic of potential 
within the matter^ and prove that the difference between the potentials of 
the distri bution at the outer and inner surfaces is 

_i_ 33 log e 2). 


- 1 


fa r \ 

f the density l>e X I - ) , then 

. — ' V; 

J/ =/„7>'«<K"-;) = n>* x “ 3 .<’>• 


The potential V is clearly a function of r only, so that Poisson’s. 
equation [<3 of Art. 3<>7] becomes 


d-V \dV t 

» H- i -h 4 tt y A 

tlr - r 


»* •> 
tf- — /- 


= 0 . 


-177-yX / .. /‘N 

^ dr a \ .\) 


( 2 )- 




Equipotentiat Surfaces 


O • O 


r i if 

Now f dS taken over the inner surface is /cr«s hy <I.iu-> theorem* 
/ dr 

»■ * 

ami — r~ i* bv symmetry constant over this inner surface. 
dr 

dV 


• I » . " 

=0 when r = - . 
dr 2 


Hence 


11 

' = i; 77y x "" 
Iff vX / 


- C 


(2) gives l’=-l h'g'-- l -*' (^"-r- (J - ) + />. 

[Also Laplace’s e<juation gives, for a point outside the larger cylinder, 
Y— _(' log r+ />, where Ojs an infinite con-tan t, since f mu't clearly he 
zero at infinity. Since the potentials within ami without the ma>s have 
the same value at the outer surface of the cylinder, it follows thut_/*_is 

also a n infinite constant. ! „ —. 

1 4rr y X [”o* <i l , ,f S 

••• 1 •; - 1 -=- 1 l<> - g “ ~~d~ [j " T2j'' + !»J 

= - A log, 2 + ny Xu- = | r> '2ft- 33 log. 2 . 

Ex. 2. If one value of l r satisfving the equation 

u- +. 

c/.4- dt/ m dz - 

expressed in polar coordinates, then ,•-<'«</>‘ is another value ot l 
satisfying the equation. 

310. I'Jtjuipotential Surfaces. For any attracting mass J/ 
the potential V at any point l\ (./•, y, z ). will bo some* function 
(f> (x, y, z) of the coordinates of the point, so that 1 =</>(./% y, j). 

V will have a constant value C for all points P whose 
coordinates satisfy the equation 

<t> (■**. i/» z ) = c.)• 

The surface given by (1) will be such that the potential at 
any point of it for the given attracting mass is constant. It is 
hence called an Equipotential Surface. By giving a series of 
different values to V, we get, a series of equipotential surfaces. 

The same result will clearly be true whatever be the coor¬ 
dinates in terms of which V is expressed. 

Thus in the case of tin- rod A H. (Art. 2!)<S), tin* potential at 
1> is 

. . + r.. + a 

7 fcp log 

/•, + /*... — a 

and is then-fore? constant wherever /’, + r. A is constant. 


h. H. 
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But if 7 \ + r 2> i.e. AP + BP, is constant, the locus of P in 

the plane of the paper 
is an ellipse whose foci 
are A and B. Hence 
its locus in space is the 
surface obtained by ro¬ 
tating this ellipse about 
AB as axis. The equi- 
potential surfaces are 
therefore ellipsoids of 
revolution obtained by 
rotating confocal el¬ 
lipses, whose foci are 
A and B, about AB as 
axis. Some of these 
ellipses are shown in the figure. 

Again, in the case of the spherical shells and sphere of 
A?rfs. 300 and 301, the potential must clearly depend only on the 
distance of the point from the centre, and is thus constant for 
all points which lie on the surface of a concentric sphere. Thus 
the equipotential surfaces in these cases are a series of concentric 
spheres. 

»**e;o311. The attracting force at any point P is normal to th e 
eg nipotential surfa ce which passes through P. 

For if P' be any point close^to P on the equipotential surface 
passing through P, then, by Art. 204. the attracting force in the 
direction PP' 

Potential at P' — Potential at P 



— 0, since P and P' are on the same equipotential surface . 

Hence for every direction PP', which lies in the tangent 
plane at P, the attracting force is zero. 

The resultant attraction at P must therefore be in the 
direction of the normal to the equipotential surface through P. 

Analytically, any line lying in the tangent plane at P, whose 
direction cosines are (/, m, n), is perpendicular to the normal to 
the equipotential surface <£(.<•, y, c) = C, whose direction cosines 
are proportional to 

d<fr 

dr ’ 




Lines of Force 


3 ;>o 


dx; c/y 


Hence 

ax ay 

<A-V 

But since ^ , and aren't he components ot the at- 

dx dy dz A 

tractive force along the axes, this equation expresses the tact 
that the component of the attractive force resolved along the 
line (l, m, n) is zero. 

This being true for all lines lying in the tangent plane, it 
follows that the resultant attractive force must be normal to the 
equipotential surface,;and so no work is done by the attracting 
mass as the particle is moved from one point ot an equipotential 
surface to any other point of the same equipotential surface' 

312. If Bn be the length of the element of the normal draw,? 
from any point P to meet the next consecutive eg nipotent ial surpLUiL. 
the resultant a ttracting forc e at P varies in newl y as B w 

For if V be the potential at P, and V + BV the potential at 
the point P' where the normal PP' meets the next equipotential 
surface, the attractive force at P, by Art. 2!>4, 

_ Potential at P' - Potential at P _ ( V + 8 V) - V = ST 

“ ~ " pp' Bn Bn 

Hence for “points P on the same equipotential surface V the 
resultant attraction varies inversely as Bn. 

313. The Equipotential Surfaces are often called Level 
Surfaces, or Surfaces de niveau, from an analogy with the Earth. 
If we consider gravity constant, the equipotential surface at any 
point of the Earth's surface is a horizontal plane, or rather a 
portion of a very large sphere concentric with the Earth, dust 
as no work is done against gravity in moving a particle along a 
smooth horizontal plane, so no work is done ag ainst th e at trac j_ m n 
of a mass if we move a particle along one of its equipotential 
surfaces. 

314. Lines of Force. If from a point P there be drawn an 
element PP ' in the direction of the resulting attraction at P, 
t hen all element P'P" in the direction of the resulting attraction 
at l*, and so on, then, in the limit when these elements are taken 
indefinitely small, they lie on a curve which is called a Line 
of Force. 


<1 jo 
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In other words, a Line of Force is a curve such that the 
tangent at any point of it is in the direction of the resultant 

attractive force at that point. 

Since the elements PP', P’P'', ... are normal to the equi- 
potential surfaces through P, P', ...,it follows that the Line of 
Force is at each point of its length perpendicular to the 

corresponding equipotential surface. 

Hence the Lin^s of Force are lines which cu t ort hogonally 

the system of Equipotential Surfaces . 

In the case of the sp herical shells and sphe re of Arts. 300 
and 301, the lines of force are any straight lines drawn 
from the centre 0. They cut orthogonally all the Equipotential 
Surfaces, i.e. the spheres whose centres are 0. 

In the case of a thin rod A B the equipotential curves 
are ellipses whose foci are A and B (Fig. Art. 310). Isow 
a series of confocal ellipses are cut orthogonally by a series of 
hyperbolas with the same foci. Hence the lines of forces for 
a'thin rod consist of the hyperbolas whose foci are the ends of 
the rod. Some of these hyperbolas are shewn in the figure of 

Art, 310. 


315. Tube of Force. If through every point of a small 
closed curve we draw the corresponding line 
of force, we obtain a Tube of Force. 

By the definition of a line of force, it is 
clear that at any point P on the curved part 
of a tube of force there is no resultant attrac¬ 
tion in a direction normal to the curve. 

Consider the po rtion of a Tube of Force 
bounded by two small normal sections <S,and&j, 
let F x and F. 2 be the attractive forces normal 
to the ends S x and £ 2 , and let this portion 
of the tube c ontain none of the attracting matter. 

Apply the theorem of Art?* 303 to the tube. At all points 
such as P on the curved portion the element of the integral is 
zero, since there is no normal force there. The only elements 
of this integral therefore come from the ends, and the theorem 
therefore gives 

F l .S i + (-F a )S i = 0. 

Hence F x . S. = F .,. S.,. 




Tubes of Force 


:V. 


>/ 


The same theorem holds whatever be the length ot the tube 
considered. Hence F x . jS>, must be the same so long as we beep 
to the same tube, i.e. the attractive force at any point ot the 
same tube of force is inversely proportional to the normal 
section of the tube. 

316. As a p articular ca se consider the attraction ot a sohd 
sphere at an external point. The tubes of force are thin cones 
whose vertices are at the centre 0 ot the sphere. is then a 
section of such a small cone, and hence its area varies as the 
square of the distance from the centre. It follows, as was 
proved in Art. 287, that the resultant attraction at an external 
point varies i nversely as the sun arc ot the distance trom the 
centre. 

Again take an infinite solid circular cylinder . By symmetry, 
the lines of force starting from any point 0 of its axis are 
straight lines perpendicular to the axis OA ot the cylinder. I he 
tubes of force in this case are prisms and the area of the 
section S x varies as the distance trom the axis OA. Hence the 
resultant attraction of the infinite cylinder, at any point external 
to itself, varies i nversely as the distanc e of the point from the 
axis. [Cf. A'r£ 285, Ex. 2.] 


EXAMPLES 


1. A ni id S lire the poles of a magnet. If 8 and 0 are the angles 
that AP and SP make with AS produced, and AP=r, SP=r\ the lines 
of force due to the mugnot are given by 

cos 8 — cos <f> = const., 

and the equipotential surfaces by the revolution about AS of the curves 

1 1 * 

-- = const. 

r r 


2. Two infinite straight rods, alike in every respect, intersect one 
another ut right angles. Shew that the equipotential curves in their plane 
are rectangular hyi>erbolas. 

3. If the law of attraction of a thin uniform straight rod is that of 
the inverse eul»c, shew that the equipotential surfaces are generated by 
the revolution of a family of curves whoso |>olar equation is 

(r‘ + «« _ 2r*d l cos 20 )^ = 2«rsin 6 cosec (er sin 8) 
about the initial line, 2a being the length of the rod and c a parameter. 
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4. The equations of two infinite rods of the same density are 

y=.v tan a, z=c and y — —x tan a, z— — c. 

Find the equations of their equipoteutial surfaces, and shew that, for a 
particle placed on the axis of .r, the region in which displacements are 
stable is separated from those in which they are unstable by the surfaces 

cy cos a — xz sin a — + (xy sin a cos a + cz). 

[The separating surface is given by l r ( x . ,) = V x,o. o)> where y and z are 
small compared with .r.] 


317. Work done by the mutual attractive forces of the 
particles of a self-attracting sy stem , whilst the particles are 
brought f rom an infinite distanc e from one another to the positions 
they occupy in the given system. 

Let the component particles be m», ..., and let A lf An,... 
be their positions in 
the given system. 

Let the distance 
between in, and nr, 
be called r 18 , and in 
general let the distance 
between m H and m t be 

First, bring m, from infinity to its assigned position A x \ the 
work done is zero; for there arc no particles of the system near 
enough to exert attraction on it. 

Next, bring m 2 from infinity to its position An\ the work 

done = the potential of m, at An x m 2 = y. miin * 




r 


12 


Next, bring m 3 to its position A 3 ; the work done on it 


= m 3 (potential of m, and m. 2 at .d 3 ) = 7 


m 3 m 


+ 7 


m 3 nu j 


r t 3 ' r. a 

and so on for the other particles of the system. 

Hence the total work done in collecting all the particles 
from rest at infinite distances from one another to their positions 

in the configuration A 


= 7 


m,m. 2 fm, m.1 m, m 2 m 3 , 

+ ym 3 -h -- + y m 4 — 1 + —- + — 

' V2 L'13 '23 J L'H '24 * 34 _ 


= V • “ - 7 — 
' 12 


(1). 
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When the particles have all been brought to their positions in 
configuration A, let V Xi V„... be the potentials of the system at 

A x , A t ,.... 

_ _ w 2 ah . 111 * 

Then V»«7- ? + 7- + 7r+-« 

r,2 1 13 '14 


m, . " l 4 

F, = 7 7. + 7 — + 7 — 

7 t 23 7 -J4 


"i* • • • > 


Hence, clearly, expression (1) 

= A 2 ( F, »«i)- 

mi, »i r 

[For in the expression 2 ( F, »*») any such term as 7 ^ 

is twice repeated, once in the element V, x »i r and once m the 

element F„ x m,.] . , . . ■. 

Hence the work done in bringing the particles trom mhnit\ 

to the configuration A 

= *2(F 1 m,) = U* r - rf '”> 

where F is the potential of the body A at any element dm of 
itself, and the integration is taken throughout the configura¬ 
tion A. . . 

Conversely, the work done by the mutual attractive iorces 

of the system as its particles are scattered to an infinite distance 

from one another is — j V. dm. 

We can hence find the work done as the body changes Irony 

one configuration A to another configuration B. 

For this work 

= work done in the changing of its form from A to infinity 

.. „ infinity to B 

+ „ >» » >• •* ” ” ” ” J 

= — A jV . dm + i/V' • dm', 

where the first integral is taken throughout the system m the 
configuration A, and the second is similarly taken throughout 
the configuration B. 


318. Ex. A self-attracting sphere , of uniform density f> and radius a, 
changes to one of uniform density and radius b; sheic that the work done by 

its mutual attractive forces is * y M* (\ - -) , "here M is the mass of the 

sphere. 
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So 


In the first shape the potential at a distance xjrom the centre, by 

Ar« 01 , 

-w(2« 2 - T j- 

.-. \ f V dm= \ fl 77yp (2«-- ^r)*47r.r s pd.v 

= 4n~yp 2 [^® 5 ~ ^« S ]=H* r 8 W* a 5 =f y *'IP 

i r , s .v 2 

§J' dm= b y% ~b' 

Hence the required work = |y. J/ 2 [g - -'j • 

EXAMPLES 

1. Shew that the work required against gravity to condense the Earth, 
supposed of uniform density, into a thin spherical shell of the same radius 

is equal to ^ foot-lbs., M being the mass of the Earth in lbs. and a its 

radius in feet. 

2. The radius of a sphere is a and its mass is M ; if the density at 
any point of it varies inversely as the distance from the centre, shew that 
the work done in bringing the particles of the sphere from infinity under 

their mutual attraction is ^ . 

«5 Ct 

3. Shew that the work done in collecting the particles of a thin circular 
disc, attract ini: according to the Newtonian Law, from an infinite distance 

Q | # »J 

is — —— , where M is the mass of the disc and a its radius. 

3 7 ra 

[The potential Tat a distance x from the centre is easily seen to be 

TT 

4 yp I o- — a - sin- 6 (18. Hence the required work 

TT 

— li I Q P- % 2np.vdx = 4nyp 2 xdx^J^ s'a* — .r* sin'-’ 6dd\^ 

—4nypr f fK 

J o J o J o [_ 3 81 n2 & Jo 


TT 


Arryp-a* /- 1 - COS 3 6 ra Anypht* |*2f „ I j 

- .'i J „ 3 J„L cos6 + i+W e\ 

3 L 2 j o 3 3 net 1 

4. I n the caso of a homogeneous oblate spheroid of eccentricity sin &, 

semi-major axis a, and mass .1/, the work done in moving tho particles to 

o i r 'j o 

an infinite distance against their own attractions is -y " R 


5 7 a sin/3* 



Work done by a self-attracting system -3G1 


5 . Prove that for an attracting mass .V, whose potential is I and xrhnse 
resultant force is If at the point (x\ ?/, r), 


r L 

w#,K +4 
Ck. K 


\ f VdM = f- 111 R-ch dydz, 

-*»« ^fv«»2 J 8wy J J I 


the latter integral extending throughout all sjjace . 

Verify the case for a solid homogeneous t}>h>-rtL. 

Consider the integral jjj V . V- Vdxdydz taken through all .spa ce 
bounded by an infinite sphere. 

On integration by parts, 

Here ['£] must have ^(ven to it its values at the points where 

the p&rallelopiped, on bybz as/base and with its other sides parallel to 0j\ 
meets the infinite sphere. x Hence, if SS l>e the element of the sphere 
cut off by this parallelopiped 8y8z = 8S. cos A, where X is the angle the 
normal to 68 makes with the axis of x. 


Hence 




,dV. 


taken all over the infinTt^sphcrc. Now V is a quantity of the order ^ 

of the inverse cube of the distance of HS from any point of the attracting' 1 
mass, and bS is of the order of the square of this same infinite distance. 


Hence 


jj J ’ cos X d.S = 0. 

Thus (1) gives 

///'"S dxd !> ,lz = ~ jjj (rfx ) jxd * d: ' 


and hence 


}/|wiw y *=-}|/[© 

■ - III 


/dry 

+ Cfr ) + 


(?'yjw- 


IVdxdydz. 

Now within th e attrac ting nmssi V- T= — and, without it, V- 1 =0. 

Hence jjj Vpdxdydz = jjjIPdxdydz , 

<A i / Vdi '= ^Ty jjj 

= 

5 a 


Iu the case of a solid sphere the left-hand member = l!i 


Art, 318. Within the sphere r and without it — [Art. 287]. 


a 
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319. The potential of any attracting mass, or masses, cannot 
be an absolute maximum or an absolute minimum at any point 
at which there is none of the attracting mass. 

For let P be the point and describe a very small sphere 
whose centre is P. If the potential Fat P were an absolute 
maximum, it must be greater than at any point Q of the sphere. 
dV 

Hence must be negative whatever be the direction in which 
Bn is drawn from P. Hence the normal force N of attraction. 


31L 


dV 


which equals yy at any point Q of the sphere, must be always 

negative, so that JxV. dS taken over the sphere must be a 
negative quantity. 

But, by Gauss* Theore m (Art. 303), this integral must be 
zero, since the very small sphere with centre P contains none 
of the attracting mass. It is therefore impossible that the 
potential at P should be a maximum. 

Neither can it be an a bsolute minim um at P; for then, by 
a similar reasoning, / N . dS would be a p ositive quantity. 

Cor. 1. Earnshaw’s Theorem. If a particle be in equili¬ 
brium under the action of forces following the law of the inverse 
square, the equilibrium can not be stable for all displacements . 
For if it be at rest at P and be displaced through a small 

distance Bn to Q, then, if it is to return towards P, must be 

an 

negative ; and if the equilibrium is to be stable this must be 
true for all such displacements. Hence V must be an absolute 
maximum which is impossible by the preceding article. 

Neither could the equilibrium be unstable for all displace- 

d V 

immts; for this would require that ^ be positive for all 
directions and therefore V an absolute minimum at P. 


9 4 *.C 


Cor. 2. Ij the potential has any given constant value V at 
all points of a cl osed surface S, which d oes not contain any of 
tlie^ attracting mtis s, it has the same value V at all points of the 
space enclosed by S. 


V.* • 
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For if not, there must be some point inside S at which the 
potential is either greater, or less, than at any other point w ithin 
S, i.e. there must be some point at which the potential is either 
a^maximum or a minimum. But this is impossible by the 


preceding proposition. 


320. If the p otential of a distribution is given throughout p f- 
all space, we can determine the corresponding distribution. 

For, V being known, we can find V F for every point of space. 
Wherever it is zero, the corresponding d ensity of the distr i bution 
is zero by Poisson’s equation, i.e. there is no attracting ma» at 
all such points; wherever it is not zero, the corresponding 

density of the distribution is - V. 

If the form of the potential function inside any surface S is 
different from its form outside, and if there be an abrupt change 


in the value of — as we pass across this surface, then the 

(111 3(0 r 

surface distribution a_ on S is given by Art. 282. hoi it 1 , Ik 

the potential just inside S, and F. the potential just outside <S, 

and 8n be an element of the outward drawn normal, the result 

of Art. 282 may be written in the form 




i.e. 


where <x^is the superficial density of the stratum on 


= _i rrfF,_rfri . (l) , 

47T7 [_ dn du J 



■ >y. -■ >« : ! 

^ ' i- ■ 



—>cv- »- ■.wvurU'7-. - V 1 - / •*- -r- 

according as r is less nr greater than a 1 "\ i 

Let T, be the potential i nside tbe -sphere of radius a, and i a ,,IC 

potential outside , ho that \\ = a,K * * t — y ^ (j. ~ ^ 

On performing the differentiations, we have v*r, = 0 and v 2 r a = 0, 
ho that there is no distribution within or without the spherical surface of 

r'uliiiH a. 

For the distribution on the spherical surface, we have 


dVi 

dx 


Tt~. 




y M dV x dV x 

~UF~ ‘ 


3«*’ dg 
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Hence, at the spherical surface, = ^7 ‘7 = - ^ 5 . x. 


Also 


d 1 

dx 




+ &r 

3> J + r 5 


ax 2 ! dV. ,,r y . ax y~\ 

7*1 -sy =1,M l~^ + ^-J’ 


d To r 2 

»ml & =>"' / L~ 

Hence, when r = a, we have 


%-y*.*=£=*> and ^-rir. 


z (.r — o) 


dy 

Thus at the surface of the sphere 

dV.j _ d V 2 x d V > y + d V 2 2 
dx a dy a dz a 


er 


dn 

,, 3 (a- 2 + y- + : 2 ) (x - a) - a*x _ ,, 2x-3 a 
=Z ir > . c _ t - -ZXW - =yM - 3^> ’ 

U r\ ^ * M * 

Hence, from (1), <r= -—_(«-*•)» giving the distribution of matter on 

rv AttU^ 

the spherical surface. 

w. I K ( ** •. v V tk«K j ^ i 4 ) 

— 5 . 321 . //* & a closed equipotential surface , o/“ potential 

kM')»V«S ^ which includes a p hi ass M of the attracting matter , a&<2 
i/* a f /a» stratum of attracting matter be placed on S, whose 


density p at any point P is equal to 


dV 


4-7T7 * dn 


, where Bn is an 


-S 


V M'» V 


element of the outward 
drawn normal at P, 
then the potential of the 
stratum at al l points ex- 
ternal to $ is equal to that 
of M, and the sum of the 
potentials of the stratum 
and that of M' is constant 
throughout S and equal 
to V> s where AT i sth e^ part of the attracting mass exter 
— Le£ r us'lnicT uuT*clensitv p of a stratum at P su 




nal to S. 


1,8 find the density p of a stratum at P such that its 
P° tenfci!l1 together with that of M' shall = V at each point of S. 

Now the potential of M and M’ together (which make up 
the whole attracting mass) = V at each point of S. 

: v n Hence the potential of the whole stratum = the potential of 

M at each point of 8. 

It therefore we change the sign of p (i.e. we change the 
stratum into a repulsive instead of an attractive system), the 






* 4 


-vn 




vv ) - o -- 


I'K? 


+ f(±^<xs V L V=C 

-w&T - i« U‘- — - "* ;r ^ : ~ v - - 
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potential of M and the stratum, of density - p at P, is equal to 

zero all over a surface *S, just outside S. 

But the potential of M and the stratum (- p) is also zero all 

over a sphere of infinite radius. 

Hence, by Art. 319^Cor. 2 (since in the space bounded by 

S t and this infinite sphere there is none of the mass M or of the 
stratum), the potential of M and the stratum <-p) is zero v rw„.s r 
throughout all the space between S x and the infinite sphere, — 

i.e. throughout all space external to »S’,, 

i.e. the potential of M = that of the stratum of density p v nj-^s 

throughout all space external to S, in the limit .(1 )• 

• Again by the same corollary to Art. 319, since the potentials 
of the stratum and M' are together equal to V at all points of a ^-re¬ 
surface S 2 inside S, and indefinitely close to S , it follows that 
the sum of their potentials inside S, is constant and equal to . .. 

throughout the interior of the surface S, (since S.. contains none 
of the attracting system, consisting of the stratum and M), am 
hence, in the limit, throughout the interior of the surface S...C-). ( 

Let A and N' be the normal attractions, both measured 
outwards, of the whole stratum at points just within and just 

without the surface at P. 

Then, by Art? 282, 

\iryp = iV — iN .. 

Now, from (2), it follows that ^ 

y + the attraction of ,1/' at P A = 0. f— • 

And, from (1), it follows that 

N' = the normal attraction of M at P . 

Hence (3) gives 

_ 4 - 7 T 7 P = normal attraction of M' at P 4- normal attraction ot 

M at P, both measured outwards 
= outward normal attraction of the whole attracting 
mass at P 


dV J 

- dn '<•' “ 


U4.C f/ - # — -S 


1 d V 


bo that the density p of the stratum at P — ( / ;1 • 

Cor. 1. Since the potentials of the stratum and the mass M 
equal at all points external to 8, they are equal at infinity. 

> ty J *■ 11 


are 
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It follows that the mass of the stratum = M. 
Otherwise thus. The mass of the stratum 


-f'M—skfiz-* 1 


47ry 


47T'yJ dn 

x surface integral of normal attraction taken over S 


= the mass inside S, by Art. 303, = M. 

Cor. 2. Let there be no attracting mass external to S, i.e. 
let AT b e zero ; then at each point of space external to S the 
potential of the stratum = that of M, and within S the ^potential 
of the stratum = V = the potential of M at the*siTrffice o/ S. 

322. As a simple example of the previous article, let M be 
a particle O, and M' be zero. Then S is a sphere, whose centre 
is at O and whose radius is any quantity 7*. 

_ 1 dV_ 1 d ,yM\ 

^ 4iry dr iirydr\ r ) 

M 


Hence 


47T7* 3 * 

Hence, outside S. the potential of this stratum equals that 

of the particle M = y ——- -— = ■ - -. 7 —_ and, 

1 distance from O distance from O 

inside >S, the potential of this stratum is constant and = the 
potential of M at the surface of the sphere = ^ . 

These are the results of Ar\* 300. 

323. 2 ^Ex. It M be the mass o f a homogeneous thin s traight bar of 
length 2c, and 2a be the majofi'&.vis of one of its equipotential curves y then a 

distribution of mass on the equipotential curve equal to -^— at a 

4ir a(a* — c*) 

point P, where p is the perpendicular from the middle jmint of the bar 
upon the tangent at P , will have the same potential as the bar at all points 
in external spree. 

Let A B be the rod and .l/ > = r n BP =r 2 , and y = the perpendicular from 
P on A B . 

Then = attraction of the rod at P= sin (Art.*~277) 

0/ , . APB y 

-2~ 2yl-f)C 


rir 2 siu APB 


APB' 
>•, r., cos —y 




Now cos a 


APB 


Examples 

= _h’ fc 4 - » c- 

-r, Vo. < 
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= sin 2 BPT, where PT ia the tangent at P to the 

2 

equipotential curve, ^ ^ 


r. r. 




r x r.> 


■ / •» «* 
ah a\ a- — c- 


_ _ MV ^ ^ ^ 

ite to CP = — - — 


and^V r, r a = semi-diamcterfipnjugate 

-r.^*<r» w _ yJ//> 

*'• rf»“ a(«*-c*) a (« 2 - <?)' 

1 J//> 

Hence the density of the stratum — 4rr u ( u -*_ c -*) * 

Outside the equipotential curve, tlie stratum and the bar have equal 

potentials at all points. . , c 

Inside the equipotential curve, by Cor. 2 of Art. 321, the potential .of 

the stratum is the same at all points and is equal to the potential of e 

bar at all points of the equipotential curve, t.e. it 

i i r,+/\» + 2c* 

= >*<■ lo 8 f^=Tc ( Ar ‘- 29S) 

J/ a + c 

- 


EXAMPLES 


1. The values of V at any point at a distance r from a fixed point 0 


arC r= 2rryp (« a - 6 2 ), if r < b < a ; 

r= 2 ,r W («’- 

. 4ffy pa?zE if 6 < a < r. 

and 3 r 

Show that the attracting system is a spherical shell of density whose 
boundaries are spheres of centre 0 and radu a and b. 

2. Find whether any distribution of matter will give rise to the 
following potentials: 

V = t yA^t when r > a ; 

• r 3 

v== yA 3 a a + 4az-3>- 2 whon r < a , where r 2 = .i-'+y 2 + --- 

[Inside the sphere r = o, the density is i outside, it is rero ; upon 


. . 3 A /2i ,\ , 

its surface, the surface density is J 
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3. The potential of a certain distribution of matter at a point (x y y,z) is 


or 


4 y/A 7 r a 4 4-y/xTT a 0 (2x-- — : 2 ) 

3 r + 15 r" 


according jis r [ = \ / a- 3 +y- + 2 2 ] is greater or less than « ; find the distribu¬ 
tion. 

[The surface density on the surface of the s phere r—a is /ur 2 ; inside 
and outside there is no matter.] 

4. The potential outside a certain cyl indrical boundar y, whose edges 
are parallel to the axis of 2 , is zero ; inside, it is l ss =^ 3 — 3y*.r — ax \-3ay-. 
Find the distribution of matter. 

5. Find the distribution of matter which will produce the following 
potentials : 

r= 1 within the ellipsoid -4-^ 4- + -Vo — 1 ; (m < }) » 

1 /x-a- /x-o- /x-c- 

2“1 # # X* V*- 5* 

between the above ellipsoid and 1 : 


1 Ti 


y- 


1 - L 

1 «« 

“ b- 

" c 2 . 


.** . y l ** 


F = 0 outside the ellipsoid ‘^3 + 4- ^,= 1. 

w'o*. 6 . If the potentiaiof a given attracting mass at a point (.r, y, z) is 

~ (V4 ) 2 ~~~ 1 ahcw thafca 8WrfaccdonsIty " 2^ V (S»"+y 5 j* on 

^ . u-*- of the equipotentijd surfaces will produce at all external points the same 
potential as the original mass. 

—rrr v J -<-1 ^ 





CHAPTER XVI 

EQUILIBRIUM OF SLIGHTLY ELASTIC BEAMS 


324. If we want to find the form of a thin rod or beam, 
loaded in any way, we must have some relation between the 

Bending Moment and the shage. f tJU 

We shall here* assume fliatf the Bending Moment is propor- 

tional to the curvature, i.e. that the Bending Moment = — , 

where p is the radius of curvature of the beam. K is called 
the flexural rigidity. 

If the beam before being loaded were of curvature - at the 
point considered, then this Bending Moment would be 

K M. 

\p pJ 

This assumption, originally due to Bernouilli and Euler, 
may be looked upon as established by experiment as true 
approximately in the case of ordinary beams whose lengths are 
great compared with their transverse dimensions. 

A proof, involving some assumptions which are not in the 
strict sense correct, is given in the next article. 

325. A rectangular beam is bent , without tension; to shew 
that the bending moment at any point varies as the curvature. 

When a beam naturally straight is bent into the form in the 
figure, it is clear that the fibres at the upper part near E are 
in a state of tension, and those at the lower part near F in a 
state of compression. The line GG' which separates the fibres, 
which are respectively in tension and compression, is called the 
neutral line. 


l. s. 


24 
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As an approximation to the truth, we shall assume that any 
plane section of the beam perpendicular to its axis continues 
to be a plane section after the 
bending. 

Let the normals at two con¬ 
secutive points of the neutral 
line GG' meet in 0, and let 

OG = p. 

Consider any fibre PP' in 
the plane of the paper on the 
side of GG' towards E. 

If E be Hooke’s Modulus 
of Elasticity for this fibre, its 
tension per unit of area 

PP' - GG' 


= E 


= E* 



GG ' 

= E (p + x)-p = 

P P 

where GP = x. 

Hence, if BA be the area 
of the cross section of the fibre 

at P, its tension = — .8A. 

P 

[If P be on the side of G towards F, x is negative, and this 
tension becomes a compression.] 

Since the beam has no tension, the sum of the tensions 
exerted by the fibres perpendicular to OE is zero. 

Hence ^ — . BA = 0, the summation being taken over the 
P 

whole section RSS' R' at G perpen¬ 
dicular to the plane of the paper. 

Hence = 0. 

It follows, by the formulae 
giving the position of the centroid 
of any area, that the line through 
G perpendicular to the plane of 
the paper must pass through the centroid of the section RSS'R') 
thus, if the plane of the paper be a symmetrical section of the 
beam, G must be the centroid of the section RSS'R'. 




s 

T* E' 

• 

G .X 

* 

S' 


F' 
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By taking moments about the line GT perpendicular to the 
plane of the paper, the resultant couple about it 

= 2 — .BA xx = - .Zj*8A. 

P 9 

[It is clear that the tensions above G combine with those 
below' G to produce a couple.] 

But lx 3 BA is the moment of inertia of the section RSS R 
about the line GT, and is usually denoted !>} I. 

Hence the resultant couple, i.e. the bending moment , is equal 

to *01 t where E is Hookes Modulus of Elasticity, p is the radius 

of curvature of the neutral line, and I is the moment ot inertia 
of the cross section of the beam about a line through its centroid 
perpendicular to the length ot the beam. 

326. When the beam is only slightly flexible, i.e. when 

j2I 

the quantity El is large, the expression -- can be simplified. 


For 


1 

P 


+ *M 

- dx- 


■ - (S) 


in sign 


If the beam differs only a little from a straight line, then ^ 
is small, if x be measured horizontally and y vertically. ^ 

In this case + is an approximation to the value ot -, so 

that + El is the bending moment. The ambiguity i 
~ dx- 

d 2 ij 

must be determined by the sign ot 

327. Ex. A uniform slightly flexible rod AC, of length 2a, is supported 
at its two ends, and also at its middle point II; the supports being in the same 
horizontal line, find the thrusts on them and the equation to the curve in which 

the rod rests. 



24—2 
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Let P be any point in AD ; then the bending moment at it on the 
part to the left of P is equal to — in the sense % Also, if the axis of y 

be vertically downwards, ^ is decreasing at P and hence ^ is negative, 

so that - is equal to - approximately. 

If It be the reaction at A and w be the weight of the rod per unit of 
length we have, by taking moments about P for the portion PA, 

= ™ = . (1) - 

- . (2) - 

But, by symmetry, “=0 when x=a. 

. n - -II- 

• • V ~ 6 2 ' 

,, x 3 trx* , /ica 3 a-\ ,o\ 

-EIy=R g - 24 + (“6— ll ~2j x . (3)> 

the constant being zero since x and y vanish together. 

Also y = 0 when x = a. 

n ,,« 3 tea* , (ica* Ba 3 \ 

.*. J-A 0 24 + \ 6 2 / * 

Hence R= - ica = ~ of the whole weight. 

Hence S, the thrust of the central support, = g of the whole weight. 
Substituting the value of It in (1), (2) and (3), we have 

.< 4) > 

-^=I(¥-5-£).< 5 >- 

1 m io/flj? a 3 x\ 10 . xo,n , \ ,ry\ 

and -Ely -2 ~ 12 “ 24 ) “ " Jg *(•*-“) s (^+«> .(6). 

From (4), it follows that there is a point of contrary flexure when 
x = ?-= AD ; that the bending moment is a maximum when x=^ 

and that it is then *S ; at D the bending moment is ™ in the 

lZO s o 

opposite direction ; hence the beam would rupture first at D. 

From (5), we see that the greatest sag of the rod is given by 

pj(l+s'33) = '42a. 


.r = 
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The points of inflexion of a beam are often called its “ hinges or 
“ virtual joints.” For, since there is no bending moment at these points, 
hinges or joints could be introduced at them without altering the 
equilibrium of the beam. 

328. In Art.'129 it was shewn that 

Load = — ^ [Shearing Force] 

and Shearing Force = [Bending Moment], 

and from Ar?. f 326 we have, in the case of slightly elastic beams. 


Bending Moment x ^ [Slope] 


and 


d 


Slope = [Deflection]. 
(1*1 


Hence the Load Curve, the Shearing Force Curve and the 
Bending Moment Curve bear to one another the same relations 
as the Bending Moment Curve, the Slope Curve and the 
Deflection Curve. 

Hence we shall have a theorem similar to that of Art. 133, 
viz. that Any two tangents to the Deflection Curve intersect in a 
point which is vertically below the centre of gravity of the corre¬ 
sponding part of the Bending Moment Curve. 

We can verify this directly in the case of the example of 
the hist article. 

For the Bending Moment Curve here, for the part AB, is 



<< 

II 

fe! 

w 

~ 2 

3 ax 

4 

-] . 

..(1). 

and the Deflection 

Curve is 





2 El 

a* 

ax 3 

a*x 

/ \ 



“12 

8 + 

24 . 

••( — )• 

The tangent to 

(2) at the point (x,, 

y x ) is easily seen 

to be 

2 Ely 


3 ax, 2 

a 3 ] 

a;, 4 — ax,* 


w 


8 

+ 24 

4 



This intersects the tangent at (x 3 , y 3 ) where 

6 [(x.,* - a*, 4 ) - a (x 3 3 - a-,*)] 
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Also the .abscissa of the centre of gravity of the corresponding 
part of the curve (1) is given by 


I ydx . x I (Sax 1 — 4-r 3 ) ax 
_ J *1 __ J _ 

I ydx f (Sax — 4x~) cLc 

J XI J X x 


_ a (aw* — xf) — (aw 4 — a?/) 

Y (ar 9 * - #i 2 ) “ | (® 2 * - ^i 3 ) 

Hence the result given. 


6 [(t 2 4 — .r, 4 ) — a. (ay* — #i 8 )] 

8 (.To 3 — t, 3 ) — 9a (t 2 3 — t, 3 ) * 


EXAMPLES 


1. If a slightly elastic rod rests with its two ends on two supports at 
the same level, prove that the deflection at a distance x from one end is 


oJX' x (« ~ *) {« 2 + ctx - .v 2 }, 


where K is the flexural rigidity, a the length, and ica the total weight. 

2. A uniform bridge, of weight FT', formed of a single plank, is 
supported at its ends ; a man, of weight ir, stands on the bridge at a point 
whose distances from the ends are a and b. Shew that the deflection just 

. . II’' (« 2 + Zab + b*) + 8 Wab , 

under the man is- 24 £ 7 (</+ 6 ) -* ab ‘ 


3. An elastic rod, clumped at one end so that it is horizontal there, is 

3 

bent by its own weight; shew that the deflection of its extremity is 5 ths 

O 

of what it would be if the deflection were caused by a weight equal to its 
own weight hung on at its extremity. 

4. A uniform beam AD, of length l , is supported at its ends and 
loaded with a weight II' at a point (<>, where AQ — a. If the weight of the 
beam be neglected, shew that the equation of AQ is 

E1 'J = 0 (2* - a) x - .r 3 ], 

and that of (JD is 

Ehj = lil W ~" 2) {l ~ X) ~ {l ~ - c > 3 3- 


Show also that the deflection at any point P when the load is at Q is 
equal to the deflection at Q when the same load is at P. 

5. A heavy uniform rod rests horizontally on two pegs, one of which 
is at tine end. Show that the second peg must be placed at a distance 
from this end equal to two-thirds of the length of the rod, if the bending 
moment at the middle point is to be zero. 
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6 A slightly elastic beam Aft of weight II'and length 2u. is supported 

at its ends and at its middle point ft It the thrusts on the supimrts are 

equal, shew that the depth of C below All is — /,' ’ aud ls '■'l' 1 *! 

2L of the depth of C below A B when the ends only are suppi wted. 

7. A uniform beam is supported at its two points A It of trisection. 
Ml being horizontal; shew that the height of the middle pom of the 
beam aWe AB is to the depth of each end of the beam below AD 

as 19 :128. 

8. A thin uniform slightly flexible rod is of length hr, has a weight » 
attached to its middle point, and is supported at two points at equal 
distances a on each side of the middle point, if the tangents at he 
points of support are horizontal, shew that It must be one-s.rth of 

weight of the rod. 

9 A concentrated load travels from one end of a beam t<. the other. 
Shot that Urn mtio of the slopes of the deflection curve at the two ends 

commences with the value 2, and is equal to ^ when the weight is at one- 

third the span. 

10. A single-line railway bridge is carried by two main gm ers each 
of 40 feet span The total weight of a locomotive standing on the bmL 
L C8 tonVXtributed upon 4 axles, the leading axle prying 8 0 , 1 s a «l 
each of the others 20 tons. The disUnces of the leadmg i x of tl, 

other axles from one end of the bridge are 6 ft.,13* ft ^ 

respectively. Shew how to find the maximum deflection of the b ndci, 

where it occurs. 

329 Clapeyron’s Equation of the three moments. 

If M lt Mj, and M 3 are the bending moments of « uniform 

loaded beam at three successive points of support, A am 3 
which are in a horizontal line, to shew that 

1.0 

aM x + 2 (a + b) M, + bM s = i (a* + 

where w is the load per unit of length, A t A z = a, and A,A 3 = b. 



s. 


^;A, 

Mg 


Si S, 

tM a i, 


!s’. 




)A. 

Mi 


Let s: be the shearing force just to the right of zl, and ft 
and ft/ the shearing forces just to the left and right ot A,. 
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Take A x as origin, A 1 A„A 3 as the axis of x and let the axis 
of y be drawn vertically downwards. 

Then for a point P in A t A a distant x from A x we have, by 
taking moments for the part to the left of P, as in Art. 327, 




(i). 


Also, by taking moments about A» for the part A,A 2> 

M. 2 = £ wa 2 — Si a 4- Mi .(2). 

Eliminating «$»,', we have 

- El = (ax - a?) - it/, (l - -) - M 2 - .(3). 

(UV~ w \ CL/ Cl 

Hence 

7 , T dy w [ax* x 3 \ / x 2 \ X s ri ... 

- hI <6 - 2 (t - 8 ) - M ' \ X ~ Si) - M ' Ta + c .< 4 >- 

and 

w fax? a A \ [X s a?\ .. x* ri 

~ hhj “ 2 (-iT - is) ~ M ' ( 2 “ 05 ) “ iU 6T, +Cx+ D 


Now y — 0 when x = 0 or a. 
Hence D = 0, and 


and 

[ 


Hence, from (4), 

[- «£ 


r- \r a . \f a wa? 


(5). 


a 


at the point A x = C = M, ^ + M, ~ ...(6), 


6 24 


- El 


dy 

cLc 


at the point A, = a 3 — (J7, 4- M 2 ) ^ + C 


wa* ..a a 


(7). 


.So, from the equilibrium of the part A 2 A 3 , the result similar 
to (6) would be found to be 

- SI rhj 


dj 


at the point A s = M, | 4 - ilf 3 | - 


( 8 ). 


Since there is no change of direction at the point A a , tho 
results (7) and (.3) must be the same. 

Equating them, we have 

M,a 4- 24/ a (a + b) + M 3 b = ~. (a 3 4- 6 s ). 

4 
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[It will be noted that in the preceding the moments M lt M., 
and M s are measured positively in the opposite direction trom 

the cases of Arts. 129 and 332.] 

Reaction at any support in terms of the bend my moments M,. 
M „ and M 3 . 

From the equilibrium of A X A>, we have 

Si — S., = wa, 

so that, from (2), 

M x — M. wa 

9 * 


s..= 


a 


From an equation similar to (2) for the part we haw 

wb M-. — M s 

- “i 


2 b 


Hence the reaction at the support A 9 


= S' - S, = 


? a 


(a -f b) . Mi — M a M, — M a 


+ - 


a 


330. If A. if instead of being on the same level with .1, and 
A a , is at distances y, and y., below them respectively, the equation 
of the three moments is easily seen to be 

M,a + 2M, (a + b) + M,b = (a= + b') - GUI ( ! ~ + f) ■ 

331. Ex. 1. Assume that in the question of Art. 329 the Iwam ends 

at A lt so that wo have a beam supported at J|, A 2 , A 3 , whole 

A, A s = a and A s Aj = b. 

Then M x = M A = 0, and M. = ^ (a*-«& + &*), 

if the beam be of uniform load w per unit of length. 

Let It x , It 3 , /tj be the reactions at A ,, A. it A 3 . Taking moments about 

A 2 , wo havo 


tea 




and therefore 
So also 


and 


ic r3a 8 + ab - 6*"I 

—« J' 

„ w ["HU* + ab - «n 

*»" «L * J’ 

w, fx ra*4-3a6 + 6*l 

(a + 6) - !t x - Jtj = -(a + tf) ab J- 


Suppose a > b. Then ll 3 is negative if 

a* — ab > 36*, i.e. if a > |(1 4- \/13). 
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i.e. if a > bx 2*3 approximately. In this case the end A 3 would have to 
be weighted if it is to be kept in contact with its support. 

Again, the bending moment M at any point distant x from A x 


IPX 2 


„ .— 3 ar + ab — lr 

= R ' X ~ -85- 


IPX 


It is thus a maximum when x = 


3a 2 + ab- b 2 


_ , and its value then 

8 a 

_w(3a 2 + ab-b 2 y 

2 \ 8a ' ' ) . 

Also the bending moment at A 2 = i/ 2< ) = g (a 2 — ab + hr). 

The bending moment at A 2 is thus greater than (1) if 

1 6a 2 (a 2 -ab + b 2 ) > (3 a 2 + ab- b 2 ) 2 , 
i.e. if (11 a 2 + ab - b 2 ) 2 < 128a*, 

i.e. if ab - b 2 < (8 „/2 - 11) a 2 < 3136a 2 , 


( 1 ). 


i.e. if 


(b — ^ + * 0636a 2 > 0, which is true. 


Hence, if the beam rupture, it will do so at A,. 

[The results found above for R \, and Jl 3 can be verified by 

experiment for different values of a and b. We thus have a test of the 
accuracy of the assumption of Art. 324.] 

Ex. 2. A uniform rod A , A 4 is supported at its ends A x and A 4 and at 
points A 2 , A j which divide. A j .1 4 into three equal parts ; the supports being 
at the same horizontal level , find the thrusts on them and the bending 
moments at them in terms of the weight IF. 

Let the length of the rod be l ( = 3a) so that ir=?c.3a. Applying the 
formula of Art. 320 to the supports A,, A„ A 3 and then to the supports 
■‘Iim *1 3 , -Hi "*e have, since clearly J/, and i /4 are both zero at the free ends. 


tea 


tea 2 


4.1/,+ . 1 / 3 = and J/, + 4 . 1 / 3 =*^-. 

— 2* 


xr _ ir w« 2 IF. I 

• •# — -*/•> — " ■ — - - 

3 10 00 


Also, if R x be the reaction at .1,, we have, by taking moments about 
A-j for the part .1, A,, 

A/o = 5 tea 2 - Rja, 

80 that ,{ \ = 5 tea — ~ IF= R,, by symmetry. 

Hence R s and R, must each be — 11 

30 * 

If we tsikc A, ns origin and the axis of y vertically downwards, the 
equation to the middle segment A 2 A 3 is easily seen to be 


ho that 


*/**// if 

~ EI dx- == ~ 2 + (■*-«) + Ml 

** r IP r 

hI rfj = iot 5r3_ isar+iioT. 
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On integrating, since y = 0 when x=a or 2a, 

#/y=^(.r-«)(.r-'2a) (&**-lbax + \\n-\ 

Hence both y and^ are zero when x=o. £5 ± • 

The middle segment has thus two points of inflexion which both lie on 

the line joining the points of support. 

Ex. 3. ,1 uniform straight rod ABC U cla.yntd a, its ends A C .0 

that the tangent, at these ends are horizontal and .. .upi»rtedat a ,,o,nl fl, 
if A , B, and C are in a horizontal line, and AB-a , BC , h 

reactions and bending j !r 2 R 3 

moments at A, B, and C. I 1 a _ b. .A. 

Let Mi, M j, and 8 - c 

his be the bendmg actions, at the points -I. B, ooA C. 

—ml t, - x w tS “ e 

&&SS, Hence the forLla of Art ,20 will a,*., » ~ 

put A,A,-0 and A,Az-AB=a, and .t g.vcs 

0 + 2.1/, a + M,a=- tea 3 . (1 )‘ 

For the three points of support A, B, C we have 

Mi a + 2M. t (a + b) + M 3 b = \w (a* + V) .' 2 >• 

i i ^ c which may be bupposed to be done b) 

^ to C , the tZLu then givea 

M t b + 2M z b + 0 = jV . (3) ' 

Solving (1), (2), and (3), we have 

Mi = ~ (2a* + ab - 6*) = ^ <« + &) (2« - *>. 

J/,= * (a *-ab + &*), 

and d/ 3 - p (2/> s + a6 - a*) = p (« + 6) (26 - «). 

Again, taking moments about B for the part d/>, wo have 

M 2 = W “--Hia + M,, 

ho that /{ *= - s [^ n + 6 “ y • 

So also ^ = l[ 46 + a "lG‘ 

, * \ /» ,, _ ^ (a-t-fc) 3 _ ( a ±i?)* x total weight of the rod. 

/?a=»w(a + 6)-/t|— /(a-g 8a6 
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If the axis of y be drawn vertically downwards, then by taking 
moments about the section at /*, distant x from A, we have, for the 

A "■ - EI S = * - K - '°t ■ 

On substitution, we easily have the equation to the curve AB, and the 
inclination at B to the horizon. 


332. General equations of equilibrium of a rod, bent in one 
plane. 




Let PQ be an element of the rod, OP = s where 0 is a fixed 
point on the rod, PQ = 8s, and let the tangents at P, Q be in¬ 
clined at angles yfr and yfr + 8yfr to the axis of a*. 

Let T be the tension at P , T+8T that at Q. 

Let. N be the shearing stress at P on the element PQ measured 
along the inward-drawn normal at P, iV-f 8N that at Q on the 

same element which is therefore along the normal at Q measured 
outwards. 

Let M be the bending moment, or stress-couple, at P on 
the element PQ and M + 8M that at Q on the same element in 
the directions as marked. 

Let P and G be the tangential and normal impressed forces 
on PQ per unit ot length. Resolving along the tangent and 
normal at P, we have 


- T + (7 + 87) cos 8yfr + (JY + 8N) sin 8^ + F8s = 0, 
uul iV - (iV + 8N) cos 8yjr + (T + 8T) sin 8+ + G8s = 0. 
In the limit when dyjr is indefinitely small, these give 



(IT 

JY 



dJ + 

+ P= 0 . 

p 

.(1), 

and 

dA r 

T 


ds 

- G — 0. 

P 

.(2). 
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Also, taking moments about P lor the element PQ, we ha\e 
M - (M + BM ) + (N + BN) Bs — GBs . k Bs = 0 , 


or, in the limit, 

^ - N = 0 

as 



The equation states that the shear at any point is equal to 
the differential coefficient of the bending moment with regard 
to the arc. 

If p 0 be the radius of curvature of P of the rod when 
unstrained, we have, in addition, the equation 


m=k\-- - 

L p poj 



where K is the flexural rigidity of the rod. 

These four equations give T, N, M and the 
curve in which the rod lies. 


equation of the 


EXAMPLES 

1. A uniform slightly elastic rod, of length « + *, rests on tim e 
supports in a horizontal line, situated at its ends A, B am at a pom 
distant a from A ; shew that the points of inflexion 1 and •/ on the rod 
are situated in the segments AC and CD respectively, and are such that 

a.IC=b.JC=i(u--ub + 0^. 

2. A beam, of 40 feet span and carrying a load of 2 tons per foot run, 
is supported at a distance of 8 feet from one end by a column and at the 
other end it is built horizontally into a brick pier. Determine the ending 

moments at the supports, and draw the shearing foice an * n< in monn n 

. . 11 [224 and G4 ft.-tons.] 

diagrams to scale. 1 

3. A uniform girder AD, of weight It’ and length I, » built in firmly 
at A so na to be horizontal, and the other end 11 rests on a suppoi t in t o 
same horizontal lino as A. Show that the bond.ng moment and the 

shearing stress at A are and %'■ respectively, and draw diagrams for 
the bending moment and shearing stress for the whole beam, proving^that 
the points of zero and maximum bending moment are at distances -ml 

bl t 

•5 from A. 

Shew also that the beam rests in the form of the curve whose equatmn 
is 48 EIyl= MV U - x) (3 1 - 2j). 
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4. A beam AB, of length l, is loaded with a weight IF at a point Q 
where AQ = a, and the weight of the beam is neglected. If its ends are 
built in so that they are horizontal, shew that the equation to AQ is 

Ely = — 7 ^ 3 — ^- ^[Zla - 2.r a — lx), 

and that of QB is 


(iP 
Wa* 


EIy= 6p (l-x) s [3lx-2ax-al). 

5. A slightly flexible rod, of length 2or, has one end clamped horizon¬ 
tally ; a support is placed under the middle point of the rod so that the 
free end is in the same horizontal line as the fixed end. Shew that the 

height of the middle point above the end is ^ 40 /£ ’ w * iere ^ ^ ie A exura ^ 


constant and IF is the weight of the rod. Shew also that the pressure on 

♦ i „ • 6,r 

the support is . 


6 . A continuous girder, 2l feet long, is supported on three piers at 
equal distances, dividiug it into two equal spans. The central pier is of 
metal and has a vertical motion, due to change of temperature, equal to 
a feet above and below the horizontal level of the two end piers. Calculate 
the variation of normal stress, above and below that which occurs when 
the piers are in line, at a section immediately over the middle pier. 

7. A uniform slightly elastic beam, of weight IT and length l , has its 
ends built in so that it is horizontal at both ends. Find its beuding 
moment at any point, and shew that the value at the ends is twice that 
at the middle point, and that there are points of inflexion at distances 
•211/ from each end. 


8 . If a uniform slightly elastic rod be clamped horizontally at each 
end, and the middle point l>e pulled upwards by a force through a distance 5 
above the level of the ends, shew that the magnitude of the force is 


24 A' 

+ 


IF 

•> 


and that the bending couples at the ends are equal to — - 1 - }Va, whore 

is the length of the rod, IT its weight, and K the flexural rigidity. 

9. A beam of uniform section, with equal flanges and of span l , is 
built into walls so that its ends are horizontal and at the same level. One 
of the walls settles a distance 5 without disturbing the horizon tality of 
the ends of the beam. Show that due to settling the maximum stress 
. . AE( /fi . , . , . , 

induced is ^— , where a is the depth of the girder and E is Young’s 
Modulus. 


10. A continuous girder, of uniform section, rests upon four supports at 
the same level, forming three equal spans of 100 feet. The girder carries 
a load of 2 tons per foot uniformly distributed. Draw to scale the bending 
moment diagram for the whole girder, and calculate the loads carried by 
each support. [80, 220, 220 and 80 tons wt.] 
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11. A heavy uniform elastic rod rests on four rigid supports in .1 
horizontal line, two at its extremities and two at points equidistant from 
them. Find the pressures on the supports when the rod is slightly 
deflected by its own weight, and shew that the rod ceases to press on the 
terminal supports when the distance of an intermediate support from the 
nearer extremity is less than about ‘214 of the total length. 

12. A continuous beam rests on four supports in the same horizontal 
line, the width of the middle span being lo feet and that of each of the 
side spans 10 feet. The beam carries a uniformly distributed load of 
200 pounds per foot. Draw the diagrams of bending moment, and of 
shearing force and the curve of deflections. 

13. A uniform rod (length fit/, weight flexural rigidity A* is 

supported symmetrically at the ends A, 1) and at the points of trisection B 
C in such a way that the pressures on the four supports are all e«pial, and 
the rod is clamped at A and /> so that the tangents at those points are 

horizontal. Shew that A and I) are at a height above B and C\ 

that the middle points of AB and CD are points of inflexion, and that 
the curvature vanishes at B and C without changing sign. 

14 A heavy uniform slightly elastic rod rests on five points of 
support which are all in a horizontal lino. Two of the supports are 
at the ends of the rod, one is at the middle point, and two bisect the 
distances between the middle point and the ends. Shew that the vertical 
thrusts on the points of support are in the ratio 11 : 2b : .12. 

Prove also that the bending moments at the centre and at each of the 

supports next it are ^ and where It' is the weight and 41 the length 

of the rod. 

15 A wire of uniform circular section and originally straight, rests 
With its ends on two props. Shew that, if T be the maximum fibre- 

tension at any section, then the bending couple is - wr* T, and further, it 

2 « be the span, then at a distance .r from the centre of the wire 

/!• — |*- 
r= W -—-, 

ar 

where W is what the weight of the wire would have been had its cross 
Hcction boon of unit area. 

16. A uniform slightly elastic rod, of weight H\ rests with its middle 
point on a prop; the ends of a uniform string, of weight U , are then 
tied to its ends so that the string hangs in a catenary; prove that the 
deflection at each end of the rod is thereby increased in the ratio 


8 If" 
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17. A three-hinged arch, having the hinges at the springings and the 
crown, is of semi-circular shape, the span being 50 feet and the rise 25 feet. 
It carries a load of 25 tons distributed uniformly (horizontally) over the 
right-hand half span. Shew how to draw the curves of bending moment 
on the two halves of the arch. 


18. A series of small pegs are fixed into a horizontal floor in a straight 
line at equal distances, a, apart and a thin uniform rod, naturally straight, 
is bent in and out between them ; shew that, if I( lt It .,,... are the pressures 
between the rod and successive pegs, then Ii n _ l - 4ff n +R n+l =48EIca~ 3 , 
where c is the thickness of a peg, E is Young's Modulus and / the moment 
<>f inertia of the area of the cross section of the rod about the vertical 
through the centre of the section. 

19. A uniform heavy slightly elastic beam AB, of length 2c, is 
supported on three props ; shew that it will be strongest, i.e. that it will be 
least likely to break anywhere, if one prop be placed at the centre and the 

other two at points distant * ~ s ° c from the centre. 

5 

20. A brittle circular hoop is standing on the ground at rest with its 
plane vertical. Shew that the breaking moment, duo to the weight of the 
hoop, is greatest at a point whose angular distance d from the top of the 
hoop is given by tan £ + 0 = 0. 


333. Work done against the stress couples in bending a rod 

or wire. 

Let PP bo an arc 8s of the rod, yjr the angle between the 
tangents at its ends in its final bent position, so that the stress 

cuuplo at P = ^ 

P OS T 

For any intermediate position between the straight and final 
bent form, let the angle between the tangents at the end of the 
same arc 8s be <£, so that the corresponding stress couple is 

8s • 4> - 

F ) S ^ increases to ^ + 8< t>» the work done against this couple 
= . 8<f> [Art, 97]. Hence the whole work done on this are 

as <f> increases from zero to yjr = | * = . fa 

The whole work done on the rod thus = fields, the 
integral being taken over its whole length. P 



Work done in bending ci rod 
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If the rod, instead of being originally straight, was of 

1 1 

curvature — at P, where — = tt > 

p> P* ds EJ 

the stress couple = (<f> *“ '/'"iX 

and the whole work 

*— ' * . > «-« w ^ . n 


Jo 2 V/? fV 


EXAMPLES 

1. The natural form of a rod , o/ «, * «n •/« “i*"?*' 

of parameter a, having one extremity at the vertex It is bent in to he form 
of a circular arc of radius a; shew that the work- done against the stress 

couples is — (10 - 3 n), where K is the coefficient of flexural rigidity at every 
" l(5a 

point of the rod. ^ ^ + (l 2 

In a catenary s=a tan +, so that pi= £j, = tl scc ‘ - - • 

Also p = a. 

Hence the work done 

TT 

= K ( a [l _“ T d* = £ f*[ sec^-2 + cW^], 

2 J oi a * 2 +« 2 J 2a J 0 

on putting s = a tan yp, 

= | [tali + J Sl " *+l ‘ = (1 ° - 3 ’ r) 


-Jo 


2. A uniform beam, of length 2a and weight IP, rests on a smooth 
horizontal table and is raised by a force applied at its middle cross 
section ; shew that, when its ends leave the plane, ^ccjitre >« at ,l 

height above them and that the work then done is El' 

3 A uniform heavy rod, whose length is l and whose weight is IK, is 
outsorted at its two ends so as to be initially horizontal, and bends slightly 
under its own weight. Shew that the work done by gravity in bending 

.. . W*P 

IH 210 El' 

4. Shew that the work required to bend a straight wire, of length 2fru, 

round the rim of a penny, of radius a, is —— - 

5. Shew that the work done in bonding a wire, of length 2 1, into the 


form of a catenary, whose parameter is c, is ■ ~ (^tan 


El ( -l l < 


-i i j_ 

c*t*+c* 


-c 2 )’ 


2 . r » 


L. S. 
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6 One end of a heavy slightly flexible wire in the form of a circular 

Hisi 'BiM-sss 

end is r - ~, where K is the flexural rigidity, w is the weight of a umt 

length, and a is the radius of the circle. 

7 A uniform stiff wire, of weight rta and flexural rigidity A, whose 

wtttT iL S end“s m,Vro^h 'Llimtr^ne.Shel "that' the intrinsic 
equation to the form assumed by the wire is approximately 

5 = a<f> + im 4 /i~ l {hncj> + <i> COS Sin $}, 

x being measured from the highest point. # . c . 

8 \ stiff wire, whose natural shape is a semi-circle of radius a, rests 

in a* vertical plane with the middle point on a horizontal table Shew 
that the intrinsic equation to the curve formed is approximately 

, = <W> + cos cf> + 2 sin cp - , 

where „ is the weight per unit of arc, K is the flexural rigidity, and it is 
assumed that^l is very small. 

334. Bending of Long Columns. 

Suppose we have a column, or strut, whose length is great 
compan d with the dimensions of its cross 
section, ami which is of uniform strength 
and was originally straight. 

JL ( .t it he set up vertically and bear on 
its upper end a load P : it is required to 
tind the shape it assumes, its deflection 
being assumed to be small. 

Take as origin the middle point between 
the ground and the point of application of 
the load, and let O.r be vertical and Oy 
horizontal. 

If the weight of the column be small 
compared with the load P, the equation ot 
equilibrium is 

. d-v P 

i e ‘ ■ El !h 



- ei d y. = FA = p s , 

i> 


• > / 

• / 


(/./-- 


dp 


■ji, 





Bending of Long Columns 

By symmetry, ^ = 0 when x = 0. Hence B = 0. 


38 


d.c 

Let the ends of the beam be rounded, so that the tangents 
at the ends may assume any direction. But, since no couple is 

applied at the ends, — , and hence ^, is zero at each end, 

ie = 0 when a- = ± |. if l be the length of the column. 
da? * 


A cos 


Hence 


[W 5 ] - »■ 

1 / P _ 7T 

2 V El 2 ’ 


ie. 


P = 


7T* . El 


( 2 ). 


This gives the end-load which is sufficient to keep the 
column bent when the curvature has been produced. 

If P exceeds this value, the column would give way. 

Since / for a circular column varies as the fourth power ot 
the diameter, it follows from (2) that, for columns ot the same 
material, the greatest possible end-load varies directly as the 
fourth power of the diameter and inversely as the square ot the 

length of the column. 

This is known a* Euler’s Law for the bending ot long Columns 
or Struts. 

335. In the previous article if the ends A and B are fixed, 
so that the tangents at them are vertical, the 
solution is different. 


In this case ^/ = 0 when 

dx 

, l 1 

x = 0 or ^ or “ 2 ‘ 
Hence (1) gives B = 0, and 


B 



D 

\ 

\ 


0 = “ A 81,1 [2 \/El ' 


a/ 


so that P = 


4tt *El 
l * 


'C 


AtL. 

A 
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\X 


' -> ira^pu'ty'Sx ' 


The equation to the curve into which the neutral line of the 
column is bent is now 

, 27 tx 

y — A cos — j- • 

Hence there are points of inflexion where i e - where 

-e = + — . These are the points C and D and they lie on the line 
_ 4 

of action of the load. 

336. Centrifugal Whirling of Shafts. 

Suppose a thin vertical cylindrical shaft to revolve in 
bearings; it will tend to bend laterally 
under its rotation if the angular velocity 

of the rotation is sufficient. 

Suppose G ^ to be the bending moment, 
and S the horizontal thrust, at the lower 
bearing 0. Then, since the “centrifugal 
force” at any point (.'*',/) is Tra-pco^y'Bx\ 
where a is the radius and p the density of 
the shaft, the deflection being assumed to 
be small, and hence B.v and &>•' very nearly 
the same, the equation of equilibrium is 

El = G - S . ./• + t Tii-po>- I y'd.c' O - x) .. .(1). 
ax ’ 2 J o 

Differentiating twice with respect to x, we have 
El ^ = t nfpor y dx - S, and El = nra-pto-y. 

d*i / 7r</-po>- 4par p- x /n\ 

' ' dx* „ a lJ Ed 1 J l* 

h . 7ru 2 . -j 
4 

r l'he solution of this equation is 

,/ = ,1 cos y + li sin ^ + C cosh f + D sinh ^ .. .(3). 

Suppose that the shaft is so supported at 0 and A that the 
ends are compelled to be vertical there, so that when x — 0 we 

have v = 0 and = 0. 

J dx 

. • . y = A cos y - cosh ~ J + B j^sin — sinh J .. .(4). 
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Also, when x = l, y and ^ both vanish. 

0 = A [cos y — cosh y] + B [sin y — sinh /x], 
and 0 = A [- sin y - sinh y] + B [cos y - cosh y]. 

cos y — co sh m _ sin y 4 - si nh y _ _ 


(5). 


sin y — sinh y cosh y — cos y -d 
(cos y — cosh y)‘ 4- sin* y sinh - y 0. 

cos y cosh y = 1 .(®). 

, B 

This equation gives y, and hence, from (o), the value ot A 
so that the form of the curve (4) is known. 

But, from (2), = p , so that J~ 

the required angular velocity. If is greater than this value, 

the shaft bends more and more. 

On tracing the graphs of cos y and sech y, we easily see^that 

the solution of (6) is very nearly ^ • Put then M = “2 + X ’ 
where \ is small, and (6) gives, for a second approximation, 

1 1 


mg 


\ = 


, 3tj- 55 7 

cosh 


= -018, from the Tables. 


. ,, = + 018 = 4 73, as a second approximation. Substi- 

y 2 

tuting in (5), we have * = - *98 approximately. From (4), we 

now have the equation to the curve assumed by the shaft. 

For steel, E = about 3 x 10 7 lbs. wt. per sq. in., and p = about 

480 lbs. per cubic ft. 

337. In the previous question suppose that the ends ot the 
beam are not compelled to be vertical, but that at the ends 

it is freely supported only, so that d £ is not zero there but 

^ does vanish there, since there is no bending moment at either 
dec 2 

of the ends. 
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In this case G is zero. The equation (2) is as before, and 
its solution is 




Wh 


so that 


= A x cos 4- #1 sin ~ + (7j cosh + D\ sinh — . 

en x = 0, y = 0 and ^ = 0. 

A i 4 (\ = 0, and — + 

A, = C, = 0. 


d-i/ 

So when x — l, y = 0 and -j—, = 0. 

0 — B x sin fx 4 D x sinh /x, 
and 0 = - 2?, sin p 4- D, sinh /x. 

if, sin/x = 2>, sinh/x = 0. 

. •. fx = it and Z)j = 0. 


Hoik 


»« v 


tt* = = l * . 


CO 


* 


7T ' / bj 

giving o> = ^ y- • a \/ — < as the smallest value of &>. 

t ' 

Also the shape of the curve in this case is 

7r.r 


'/ = sin 


r* 


338. A thin uniform column is set up vertically; to find the 
yreatest height it can have so that it shall not give way under its 
own weight. 

The origin U being at the upper end of the column, Ox 
being drawn vertically downwards, and Oy being horizontal, 
the equation of equilibrium is 




I wd%(y- v ), 

. l> 


where w is the weight of the column per unit of length, and the 
deflection is supposed to be very small. 


Differentiating, and putting = m and = P> this gives 



mp.c. 
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Put x = and p= u^t, and this equation becomes 


Let 


Then 


d-t 

1 cZZ T 4m 1 

= 0 . 

— 4 . 

du 2 

u du ^ [9 9u 2 _ 

«» 

7 - = 

-9 = 9 m ■ and »“ 

= V. 

d 2 Z 

1 dz r. 1 1 

= 0 . 


+ V du + * L 1 9c*‘J 

• • 

t = AJ\ (u) + fi*/. 1 

(c), 


where J n ( u ) is the Bessel’s function of order n. 

p = x- [AJ^ (qx-) + BJ_ ^ ( 7 c-)]. 

Now = 0 when a; = 0, since the bending moment is zero 
dx 

at the highest point. 

» iif 7 2 ./. j q*x* “I 

Also ./j (7«*> = 7 * r ' | 1 “ 2 ^ + 1*272^1^ ] ’ 


and 


so that 


3 .1 .1 T, q ' x a ^ T 4 -** _ 1 

J-l (9®“) = 9 [ 1 “ 2 s |27*2 4 . 5 . ’ ‘' J ’ 

[Aa&/, (qxh] = A<^, when a; = 0, 


and 


(Z.r 

rZ 

dx 


[ZiA/_ , t ( 7 a:*)] = 0 . when a.- = 0 . 


Hence A = 0, since -p = 0, when x — 0. 

da 




.p = 7L: 2 •/_ ^ ( 7 -c-)• 

But p = 0 when a; = Z, the height of the column, since the 
column is fixed vertically in the ground. 

Hence ./_ ^ ( 7 Z-) = 0, an equation to give Z. 

This gives 

1 8 1 4m + 11 ? ? ( 4 "-Y 0, 

1 ~ 2*2“’ ”9" + 12 2 4 ’ 2 ’ 5 V 9 / 


i.e. 


, 7/1 Z 3 /// a Z tt 


7/1 3 Z* 


2.3 2.3.5.0 2.3.5.0.8 .9 


+ • • • 


= 0. 
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An approximate solution of this equation is found to be 

El 

ml * = 7 84, so that l 3 = 7*84 x — , giving the greatest height of 
the column. 

If we take a solid steel column of one foot radius, whose 
density is 480 lbs. per cubic foot and for which E= 3 x 10 7 lbs. 
wt. per square inch, this formula gives l = about 260 feet. 


EXAMPLES 


1. A straight steel rod, of length 20 feet and diameter one inch, is set 
up vertically, and its ends fixed so that the tangents at them are both 
vertical ; shew that the greatest load it will bear is about 1010 lbs. 

2. A straight steel rod, of uniform circular section and 5 feet long, is 
found to deflect one inch under a central load of 20 pounds when tested 
as a beam simply supported at its ends. Determine the critical load for 
the same beam when used as a vertical strut with rounded ends. 

[About 247 lbs.] 

3. A steel spindle, ^ inch in diameter, is to be supported in bearings 
having spherical sea tings, and is required to rotate 3000 times per minute. 
Calculate the maximum distance permissible between the centres of the 
bearings so that there shall be no whirling of the shaft. [I’21 ft. nearly.] 

4. A long thin rod .1/? is set up vertically and loaded with a weight If 
at Z>\ the lower end .1 being compelled to remain vertical. If it be slightly 
elastic and be of length /, shew that the equation of the curve it assumes is 


.'/=.'/i - cos , 

where .1 is the origin and is the horizontal displacement of ZJ, and 
El 4/- 

iv ~ * 


Shew also that the beam does not bend if 


ir< 


7T- El 

~AP ' 


[From this and Art. 335 it follows that a rod, with both ends fixed so 
that it is vertical at both ends, will support a weight sixteen times as great 
ns it will if the upper end Imj free to move sideways and tho lower end 
only be fixed in a vertical position.] 

5. Iti the question of Art. 33t>, if the shaft have one end compelled to 
be vertical and the other end freely supported, shew that p is given by the 
equation tan /i = tanh fi, and hence that it equals 3*93 nearly. 

If the second end be quite free, shew that is given by the equation 
cos p cosh p. = — 1, and hence that it equals 1-875 nearly. [In this case 
the shearing force is zero at the second end as well as the bending moment, 

so that both . and -=-% are zero there.! 

a. r- ajr x J 
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6. If a bow be constructed of uniform material, shew that its intrinsic 

(Is / Cl . . (|) . G 

equation when strung is sin---sin ^ =a s,n 2' 

If the bow be only slightly flexible, and if its length be 21 and the 
length of the string be 2a, where l and « are nearly equal, shew that the 

equation to the curve it assumes is y — ^ ■ 1,111 517 » A,K ^ ^ ie 

. . n-EI 

tension of the string is ^ ^ ■ 

7. A horizontal bracket, of length «, is attached to the upper end of 
a vertical pillar, of length I, which has its lower end bu.lt in. \ hen 
carrying a load If at the extremity of the bracket, the pillar tends slightly 
Shew that, on account of the flexure of the pillar, the tending nioine., 
at its base is increased, whatever be the length of the bracket, 


ratio see 


Urn ')■ 


where E is Young’s Modulus and / is the moment of 

inertia of\he ^ross section of the pillar about the line through its centre 
perpendicular to the plane of bending. 

8. A straight girder, of uniform section, is laid upon a horizontal bed 
of compressible material. At a point in the gmler where t: ie <° 
is y inches, the pressure between the girder and the bed « £ u to e 
Ky tons per inch run. If the girder is subjected to a J 

W tons concentrated at a point equidistant from its ends, shew that 

distribution of pressure is ia He "[cos a.r +sin <u] tons \ki null 

where .r is measured from the loaded section ami a = V 4 El 1 ^ ,1 " 
moment of inertia of the section of the girder about its neutral axis and 
E is Young’s Modulus for the material. 
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